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∫
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&)&') &1&.0 % .& 20')/3' 0� '&'0 ( G&82379)/3' 9&7 I'/)& (0 , &220
.6' '0 HI / '3''07'0 .& (/)I2/3' � + 0..0 /')07E/0') % .& ,3/2 (&'2 .0 )07, 0 9I/)2 + 0' (&E/&') I'0 9&7)/0 (I7&-3''0, 0') (0 .& (/70')/3' (0 9739&1&)/3' '3'2/(&7&0 E072 ( G&I)702 (/70')/3'2 + , &/2 &I22/ (&'2 .0 )07, 023I7'0 + 9I/2HI0 7&'/973HI0, 0') + (02 9*3)3'2 20 9739&10&') (&'2 (02 (/70')/3'2 HI0.'3'HI02 90IE0') 3)70(/)I2&2 (&'2 .& (/70')/3'

u
% �' & (3'' (0IF )07, 02 +

Dν = −ρmκd
νIν + ρmκd

ν

∫
φd(u

′, u)Iν(u′)dΩ′,

39
κd

ν

02) .& 20')/3' 0� '&'0 (0 (/)I2/3' 9&7 I'/)& (0 ,&220 + /')&17&0 2I7 )3I)02 .02 (/70')/3'2 + 0)
φd(u

′, u)dΩ′7097&20')0 .& 9738&8/./)& (0 (/)I2/3' (0 .& (/70')/3'
u′
E072 .& (/70')/3'

u
%EF c FI+ 9I/2HI0

Σν + Πν = E ′

ν + Aν + Dν
+ '3I2 &E3'2 . G&HI&)/3' (0 )7&'2,07) 7&1/22&') . G&E3.I)/3' (0. G/')0'2/)& 29&'/+HI0 23I2 .& ,37,0

1

c

∂Iν

∂t
+ (u.∇) Iν =

1

4π
ρmjν − ρmκa

νIν − ρmκd
νIν + ρmκd

ν

∫
φd(u

′, u)Iν(u′)dΩ′.
����

�' 90I) 2/,9./+07 '0))0 &'7/)I70 0' /')73(I/2&')
κν = ρm(κa

ν + κd
ν)
+ '30� '/0') ( G39&' /)& )3)&. 9&7 I'/)& (0E3.I, 0 + &/'2/ HI GI'0 ,3'')/3' 23I7'0

Sν
(&90'(&') M \ ROWRO (0 . G/')0'2/)& 29&'/+HI0 +

Sν =
ρm

κν

[
jν

4π
+ κd

ν

∫
φd(u

′, u)Iν(u′)dΩ′

]
=

Eν

κν

'0 HI / (3''0 dIν

ds
= −κν (Iν − Sν) .

��# �

5 &'2 '0))0 &HI&)/3' + 3' & /')73(I/) I'0 &, /22/E /)& Eν
/'' .I&') .02 0)0)2 (0 .& (/)I2/3' (0

u′
E072

u
% �3)3'2HI0 .0 '30� ' /0') ( G&82379)/3'

κa
ν

90I) /''.I70 I'0 '3770')/3' '&1&)/E0 93I7 )0'/7 '3,9)0 (0 . G&, /22/3'2)/,I.&0 + HI/ 02) 973937)/3''0..0 %
Iν
0) &'/23)7390 % 5 G&I)70 9&7) + 3' I)/./20 23IE0') .& '3)/3' ( G&9&/220I73I (0 973 ,3'(0I7 39)/HI0

τν
+ 17&'(0I7 2&'2 (/, 0'2/3' (&+'/0 9&7

dτν = κνds
%

� r r< tumq<mu lpl no< k< qu kl�ohl:r p:zwm<r9< " p g<h9ijik lm< no g:r p:rhlkwm<mu no< qu vmwno<rp< ko tz:9:r kl�ohw r g<h9 tuh;:klyw< " p< nol r g<h9 tuh smul <r Dwrwmuq }
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�� ����� �� �4!-� #� �/ 0���-�� /!� �./ 2�2 .��/  . ��#��.�/ #�3 / 03" #5 4!.
6' /')&17&') . G&HI&)/3' ��� � 2I7 .& (/70')/3' (0 9739&1&)/3'

u
+ 3' 38)/0') . G&HI&)/3' ( G&E3.I)/3' (0 .&(0'2/)& ( G&'071/0 + 0' 70, &7HI&') HI0 .02 '3')7/8I)/3'2 (0 .& (/)I2/3' 2 G&''I.0') +

∂Uν

∂t
+ ∇.F ν = ρm (jν − cκa

νUν) .

10))0 &HI&)/3' )7&(I/) 0' ,&/) .& '3'207E&)/3' (0 . G&'071/0 % C& 7&23.I)/3' '&'022/)0 '&&',3/'2 (0 '3''&�)70 .0
*IF

F ν
+ , 3,0 2/ . G&, /22/E /)& 0) .0 '30� '/0') ( G&82379)/3' 23') '3''I2 % -3I7 )73IE07 I'0 &HI&)/3' (3''&'). G&E3.I)/3' (I *IF + 3' /')(170 '0))0 ,3/2 . G&HI&)/3' ���� &97(2 . G&E3/7 ,I.)/9./&0 9&7

u
+ '0 HI / (3''0 + ( G&97(2.& (&,3'2)7&)/3' (0 �C*I + 7�� 7� +

1

c

∂F ν

∂t
+ c∇.Pν = −κνF ν .

10))0 &HI&)/3' 7097&20')0 .& '3'207E&)/3' (0 .& HI&')/)& (0 ,3IE0, 0') (02 9*3)3'2 % 6 ..0 '3,937)0 '0.90'(&') I'0 /''3''I0 2I99.&,0')&/70 + .0 )0' 20I7 (0 .& 97022/3' (0 7&(/&)/3'
Pν
+ '0 HI / , 3')70 HI G3' '0(/29320 9&2 ( GI' 2-2)(,0 ( G&HI&)/3'2 ,07, & % 6' ,&/) + HI0. HI0 23/) .0 ,3,0') (3') 3' '*07'*0 . G&HI&)/3'( G&E3.I)/3' + '0..0.'/ ,&/) )3I*3I72 &99&7&�)70 I'0 /''3''I0 2I99.&,0')&/70 + (3') .0 '3,870 (0 (017&2 (0./8 07)& E& '73/22&') % 4. ,&I(7&/) '3'2/(&707 . G/'+'/)& (02 ,3,0')2 (0 . G/')0'2/)& 29&'/+HI0 93I7 7097&20')07. G0'20,8.0 (02 97397/&)&2 (0 . G&HI&)/3' (0 )7&'2,07) (0 (&9&7) % �' 02) '3' ,73')& % I' 9738.(,0 20,8.&8 .0&I ,&/) HI0 .& '3''&/22&''0 (0 .& (/2)7/8I)/3' (0 9738&8/./)& ( GI'0 E&7/&8.0 &.&&)3/70 02) &HI/E&.0')0 % '0..0(0 . G0' 20,8.0 (0 202 ,3,0')2 % � 7 3' 2&/) HI G/. 2I� ) 8 /0' 23IE0') (0 '3''&�)70 .02 970, /072 ,3,0')2 93I7&E3/7 I'0 83''0 /(&0 (0 .& ,3'')/3' (0 (/2)7/8I)/3' % �' 207&/) (3'' 2&)/2,&/) (0 ' G&E3/7 % I)/./207 HI0 .02&HI&)/3'2 (0 '3'207E&)/3' (&* % &'7/)02 + 0) (3'' HI0 .02 )73/2 970, /072 ,3,0')2
Uν
+
F ν

0)
Pν
% � &/2 93I7'0.& /. ,&I) /')73(I/70 I'0 70.&)/3' 0')70 0IF + (0 ,&
3' % ,07, 07 .0 2-2)(,0 ( G&HI&)/3'2 %

�� ����� �3/� �!� #� �  . ��34!-� #� �  . � �-�/�. ��
�� ����� �- ��- 0 0��� #2 -� #� �  ��  #���� �
5 &'2 .0 '&2 39 . G&9&/220I7 39)/HI0 02) 17&'(0 + ' G02).%.(/70 2/ .0 ./870 9&7'3I72 ,3-0' (02 9*3)3'2 02) 90)/)(0E&') .02 &'*0..02 , &'732'39/HI02 (I 9738 .(,0 + .02 3 ''I770''02 ,I.)/9.02 (0 .& (/)I2/3' + (0 . G&82379)/3' + 0)(0 . G&, /22/3' ,3') HI0 .0 '*&,9 (0 7&-3''0,0') 02) HI&2/ /23)739 0 % 1 G02) .0 '&2 (&'2 .02 7&1/3'2 2I� 2&,,0')973,3'(02 (02 &)3/.02 + 39 . G&9&/220I7 39)/HI0 02) 2/ 17&'(0� HI0 .0 , /./0I 7&&./20 KI S MJPW I' '3792 '3/7 + (3'). G/')0'2/)& 29&'/+HI0 02) (3''&0 9&7 .& ,3'')/3' (0 - .&''5 �5 /I IP MLT+ ()))� +
Iν ' Bν(T ) =

2ν2

c2

ε

exp (βε) − 1

&E0'
ε = hν

0)
β =

1

kT

% '0 9&2 '3' ,3'(70 &E0' . G/'(/'0 29 0')7&.
.

�' 0' (&(I/) HI0 .& (0'2/)& ( G&'071/0 0) .0 )0'20I7 (0 .& 97022/3' (0 7&(/&)/3' 23') ./&2 +
Pν ' 4πBν(T )

3c
1 ' Uν

3
1

39
1
(&2/1'0 .0 )0'20I7 I'/)&

.

� G&9973F/, &)/3' ( G6((/'1)3' + &1&.0, 0') &990.&0 &9973F /, &)/3' (0 '3'(I')/3' (0 .& 7&(/&)/3' + '3'2/2)0*I2)0, 0') % 970'(70 '3,,0 70.&)/3' (0 ,07,0)I70 '0))0 (07'/(70 &HI&)/3' 0')70
Uν

0)
Pν
% 6 ..0 02) 0' ,&/).&710,0') I)/./2&0 + 93I7 .& HI&./)& (02 7&2I.)&)2 HI G0..0 ,3I7' /) + 8 /0' HI G0..0 '0 23/) ,37, 0..0, 0') E&./(0 HI0(&'2 .0 '&2 (02 17&'(02 &9&/220I72 39)/HI02 %

�� ����� �� �� �!� #� � ���2 . ��.
�I&'( . G&9&/220I7 39)/HI0 (0E/0') )739 ,&/8.0 + 3' '0 90I) '09 0'(&') 9.I2 I)/./207 . G&9973F /, &)/3' ( G6(.(/'1)3' % 4. ,&I) 70E0'/7 % . G&HI&)/3' (0 )7&'2,07) ��# � + (3') 3' 90I) '*07'*07 I'0 23.I)/3' 23I2 I'0 ,37, 00F93'0')/0..0 + 0' '3'2/(&7&') . G&HI&)/3' *3,31('0 &223 '/&0 +
dIν

ds
+ κνIν = 0

( G39
Iν(s) = Iν(0)e−κνs 23/) &I22/

Iν(τν) = Iν(0)e−τν ,

�' qq< <h9 k< q g:mkm< k<
1011

}
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0' /')73(I/2&') .& 973 ,3'(0I7 39)/HI0
τν
+ HI G3' '*3/2/) 'I..0 % . G&82' /220

s = 0
'3770293'(&') % .& ,&'0&77/(70 (I , /./0I &)I(/& % �& , &)*3(0 (0 E&7/&)/3' (0 .& '3'2)&')0 ,3I7'/) &.372 .& 23.I)/3' ,37,0..0

Iν(τν) = Iν(0)e−τν +

∫ τν

0

Sν(tν)e−tν dtν .

�0 9738.(,0 &E0' '0))0 &'7/)I70 + '3,,0 .0 23I./1'0 C*I �C*I + 7�� 7� + 02) HI0 .& ,3'')/3' 23I7'0 (&90'( 0',&/) (/70')0, 0') (0 .& 932/)/3' + 0) 2& (&90'(&''0 0' . G&9&/220I7 39)/HI0
tν
207& (/)&70')0 20.3' .& ,7&HI0''0

ν
0) .& (/70')/3' ( G/''/(0''0

u
% 4. 02) (3'' 9.I2 *I(/'/0IF + 0' 97&)/HI0 + (0 )7&E&/..07 (&'2 . G029&'0 7&0.� +

Iν(u, x) = Iν(u, x0) exp [−τν(u, x, x0)] +

∫ s

s0

Sν(u, x′) exp [−τν(u, x, x′)]κν(x′)ds′

39
x0

02) .0 93/') ( G0')7&0 (I 7&-3''0, 0') (&'2 .0 , /./0I '3'2/(&7& %
�� ����� �" ��. 2 0 �.  �!�. "�!"1. 0 �-��0- �- ��� �. 1�2����. .� 5 �#.
4. 2 G&1/) 0' ,&/) (I , 3,0 ,3(( .0 HI0 '0.I / &)I(/& &'&.-)/HI0,0') (&'2 .& )73/2/(,0 9&7)/0 + % 2&E3/7 I'0'3I'*0 9.&'.9&7&..( .0 *3,31('0 + +'/0 (&'2 .& (/70')/3'

z
,&/2 /'+'/0 (&'2 .02 (/70')/3'2

x
0)

y
% �& ,&'0&77/(70 (I 'I&10 '3770293'( %

s = 0
0)

τν = 0
% C& ,&'0 &E&') + .& 9.I2 973 '*0 (0 . G38207E&)0I7 + %

s = H
0)

τν = τH
ν

% � G/')0'2/)& 29&'/+HI0 (I 7&-3''0,0') 0')7&') 9&7 .& ,&'0 &77/(70 + 9 0790'(/'I.&/70, 0') % '0..0.'/ +02) '3)&0
I0
+ 0) 3' 2I99320 HI G/. ' G0F /2)0 9&2 (0 7&-3''0, 0') 0')7&') 9&7 .& ,&'0 &E&') % 6' 237)/0 (I 'I&10 +3' & &.372 + )3I*3I72 (&'2 .& (/70')/3' 90790'(/'I.&/70 &I 'I&10� +

Iν(τH
ν ) = I0e

−τH
ν + Sν

(
1 − e−τH

ν

)
,

����

.& ,3'')/3' 23I7'0 &)&') '3'2)&')0 '&7 .0 , /./0I 02) *3,31('0 % C/ .& '3I'*0 02) '3' &,/22/E0 + 20I. .0 970, /07)07,0 (3/) 3)70 97/2 0' '3,9)0 % �' & &.372 I'0 &))&'I&)/3' 0F93'0')/0..0 (I 7&-3''0,0') /'' /(0') % 1 G02).0 '&2 9&7 0F0,9.0 .372HI GI'0 23I7'0 /')0'20 02) 38207E&0 % )7&E072 I' 'I&10 ,73/( % C/ .& '3I'*0 02) &,/22/E0, &/2 39)/HI0, 0') , /''0 + 3' & + 0' 9 .I2 (0 '0))0 &, /22/3' &))0'I&0 973E0'&') (0 . G&77/(70 (I 'I&10 + I'0&,/22/3' &1&.0 % . G/')&17&.0 (0 . G&, /22/E /)& 2I7 .& 973,3'(0I7 (0 .& '3I'*0 +
Iν(τH

ν ) ' I0e
−τH

ν + SντH
ν = I0e

−τH
ν + EνH.

6'+' (&'2 .0 '&2 39)/HI0, 0') &9&/2 + .0 7&-3''0, 0') /'' /(0') 02) '3,9.()0,0') 70)/7& (I ,&/2'0&I &,0710') +0) .0 )07, 0 /')7/'2(HI0 20 7&(I/) % .& ,3'')/3' 23I7'0 + 23/)
Iν(τH

ν ) ' Sν
%

�' 90I) 7&2I,07 .02 7&2I.)&)2 (0 '0) 0F0,9.0 0' (/2&') HI0 (&'2 .0 '&2 , /''0 3' E3/) )3I)0 . G&, /22/E /)& 0).& 9I /22&''0 (I 7&-3''0, 0') 0' 237)/0 02) 973937)/3''0..0 &I E3.I, 0 + )&'(/2 HI0 (&'2 .0 '&2 &9&/2 + 3' E3/).& ,3'')/3' 23I7'0 % .& 2I7,&'0 (I 'I&10 % 10) 0)0) + '3,8/'& &E0' .& 97/20 0' '3,9)0 (0 . G/''./'&/23' (027&-3'2 + 9 07,0) ( G0F9./HI07 . G&223,87/220, 0') '0')70.837( (I C3.0/. �C*I + 7�� 7� %
�� ����� �4!#�#��. �- #-� #� .� 34!#�#��. �1. �2� ��- 2 #4!. ��"- �

�� ����� �- ��� ��  !"� #� � .�  #/� �#�!� #� �/ " �-// #4!./
�' & (&* % &E3HI& 9.I2 *&I) + .372HI G3' & /')73(I/) . G&9973F /, &)/3' ( G6((/'1)3' + HI0 .0 '&2 ( GI'0 17&'(0&9&/220I7 39)/HI0 '3770293'(&/) &I ,&/) HI0 .02 9*3)3'2 + &E&') (0 93IE3/7 2 G&'*&9907 (I , /./0I + /')07&1/220')I' 17&'( '3,870 (0 ,3/2 &E0' .& , &)/(70 % �& '3)/3' ( G&HI/./870 )*07,3(-'&, /HI0 ,37, &./20 '0))0 /(&0 + (0,&
3' )7(2 1&'&7&.0 % 6 ..0 (&2/1'0 . G&)&) (&'2 .0HI0. 20 )73IE0 I' 0'20,8.0 (0 9&7)/'I.02 0) (0 9*3)3'2 + 23I, /2% .0I72 /')07&')/3'2 ,I)I0..02 + (&'2 I'0 0''0/')0 ,07, &0 d	 % 5&'2 '0) &)&) + )3I) 973'022I 2 02) '3,90'2& 9&7I' 973 '022I2 /'E0720 (0 , 3,0 9738&8/./)& + (0 237)0 HI G0' 9&7)/'I./07 /. 0F /2)0 + 9&7 20'3'(0 + &I)&') ( G&)3, 022I8/22&') I'0 )7&'2/)/3' 7&(/&)/E0 ( GI' &)&) $ E072 I' &)&) D HI0 ( G&)3, 02 2I8/22&') .& )7&'2/)/3' 7&(/&)/E0


 r :o! ql< kwh:m; ulh qu kwt <rkurp< <r 9<;th " <r hott:hur9 no< q< ; lql<o <h9 kurh or mwD l; < h9u9l:rrulm< }
�F< puh k<h mu*:rh lrpqlrwh k gor urD q<

θ
tum mutt:m9 j qu p:opz< h< 9mul9< <Cup9<; <r9 k< qu ; �;< vu
:r " j p<pl tmxh no< qutm:v:rk<om :t9lno< k:l9 �9m< p:mmlDw< k gor vup9<om

(cos θ)−1e�f< nol m<s l<r9 j hott:h<m or< wtulhh<om :t9lno< lryrl< j 9:o9<h q<h q:rDo<omh k g:rk<
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39932&0 + 0) (0 , 3,0 93I7 .02 )7&'2/)/3'2 '3../2/3''0..02 0')70 '02 (0IF &)&)2 % �' 9&7.0 (0 , /'737&E072/8/./)&(02 &)&)2 %5 &'2 .0 '&2 (0 . G&HI/./870 )*07,3(-'&, /HI0 + .02 (/2)7/8I)/3'2 (02 &)&)2 HI&')/HI02 + ' G02).%.(/70 .& 9738&8/./)&HI GI'0 9&7)/'I.0 ( GI' )-90 (3''& 23/) (&'2 I' &)&) (3''& + 23') (3'' 2)&)/3''&/702 + 0) 2I/E&') .& ,&, /..0 %.&HI0..0 &99&7)/0') '0))0 9&7)/'I.0 + .& (/2)7/8I)/3' (02 &)&)2 970'( I'0 ,37, 0 8/0' 29&'/+HI0 % C/ . G3' & &)&/70
% (02 ,07, /3'2 + )0.2 HI0 .02 & .0')73'2 + (&+'/2 '3,,0 &)&') .02 9&7)/'I.02 (0 29/' (0, /.0')/07 + .0 '3,870,3-0' Nα

(0 9&7)/'I.02 (0 '0))0 029 ('0 20 )73IE&') (&'2 I' &)&) ( G&'071/0
ε
02) (3''& 9&7 .& 2)&)/2)/HI0(0 �07, /.5 /7&' +

Nα =
1

eβ(ε−µ) + 1

39
µ
02) .0 93)0')/0. '*/, /HI0

.

�0 9&7&, ()70
α
,&/) 7&,&70''0 &IF &I)702 17&'(0I72 70.&)/E02 % .& 9&7)/'I.0 + '3)&,,0') 23' &)&) (0 29/' %

�I&'( .02 9&7)/'I.02 '3'2/(&7&02 23') (02 8323'2 + ' G02).%.(/70 HI0 .0I7 29/' 02) 0')/07 + .& (/2)7/8I)/3' (02&)&)2 02) '0..0 (0 D320.6/'2)0/' +
Nα =

1

eβ(ε−µ) − 1
.

�' '0 70E/0'(7& 9&2 2I7 .02 '3'2&HI0''02 HI0 . G3' )/70 (0 '02 ,37,02 + % 2&E3/7 .0 97/'' /9 0 ( G0F'.I2/3' (0-&I./ '3''07'&') .02 ,07, /3'2 + 0) .& 9322/8/./)& ( GI'0 '3'(0'2&)/3' (0 D320 (02 9*3)3'2 (&'2 I' 20I. &)&) %
�' 70, &7HI07& *I2)0 HI0 .& .3/ (0 - .&''5 &'7/)0 9.I2 *&I) ' G02) 7/0' ( G&I)70 HI GI'0 (/2)7/8I)/3' (0 D320.6/'2)0/' % 5&'2 .& ./, /)0 '.&22/HI0 + .0 '3,870 ,3-0' (0 9&7)/'I.02 9&7 &)&) (0E/0') )7(2 9 0)/) (0E&') I' dd +0) .02 (0IF (/2)7/8I)/3'2 HI&')/HI02 97&'&(0')02 )0'(0') E072 .& (/2)7/8I)/3' (0 � &F40...D3.)B, &'' + 23/)
Nα = e−β(ε−µ) % 10))0 (/2)7/8I)/3' 02) '0..0 HI/ 2 G&99./HI0 (&'2 .0 '&2 (0 .& (/2)7/8I)/3' (02 E/)02202 (029&7)/'I.02 + , &/2 &1&.0,0') (&'2 '0.I / (02 939I.&)/3'2 (02 '/E0&IF ( G&'071/0 HI&')/+&2 %
�� ����� �� �- �� #  . � �-�"� .� /./  3 �#�3./
5 &'2 .0 '&2 (0 . G&HI/./870 )*07,3(-'&, /HI0 + . G/')0'2/)& 29&'/+HI0 02) (3''&0 9&7 .& ,3'')/3' (0 - .&''5 +(3') . G/')&17&.0 2I7 .02 ,7&HI0''02 ,3I7'/) .& .3/ (0 C)0,&'.D3.)B, &'' +
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�� ����� �" ��!��./  . " �� #//-�".
�' E/0') (0 E3/7 HI0..02 23') .02 '&I202 ( G& .&71/220, 0') (02 7&/02 29 0')7&.02 0) HI0.2 973+ .2 ( G&, /22/3' 3'02) 0' (73/) ( G&))0'(70 % 109 0'(&') + '02 973+ .2 '0 23') M \ ROWRO E&.&8 .02 HI0 .3 '&.0, 0') + 0) .0 )7&'2,07) (07&-3''0, 0') 02) 2I2'09)/8.0 (0 .02 , 3(/+07 % 6' 70)3I7 + &I '/E0&I (0 . G38207E&)0I7 + . G&)I(0 (0 . G/')0'2/)&0) (I 973+ . ( GI'0 7&/0 29 0')7&.0 (3/) 0' 97/''/9 0 907, 0))70 (0 (&)07, /'07 .02 '3'(/)/3'2 9*-2/HI02 7&1'&')(&'2 .0 , /./0I 39 0..0 2 G02) ,37, &0 % -3I7 '0.& + 3' /')73(I/) .& '3)/3' (0 .&710I7 &HI/E&.0')0

W
+ (&+'/0'3,,0 .0 7&9937) 0')70 . G/')&17&.0 (I 973+ . (0 .& 7&/0 0) . G/')0'2/)& (I '3')/'II, 23I2.* &'0') &I '0')70 (0.& 7&/0 �C9/)B07 + 7���� % 5 &'2 .0 '&2 ( GI'0 7&/0 0' &82379)/3' + 3' &'7/7& (3''

W =

∫
Ic − Iν

Ic
dλ

39
Ic
7097&20')0 . G/')0'2/)& 29 &'/+HI0 (I '3')/'II,

.

�' 90I) ,3')707 �� /*&.&2 + 7���� + 0' 970'&') 9&7 0F0,9.0 .0 '&2 )7(2 2/,9.0 ( GI'0 23I7'0 (0 7&-3''0, 0')'3')/'I 2/)I&0 (077/(70 I' 'I&10 *3,31('0 + 9I70, 0') &82378&') (&'2 .& 7&/0 29 0')7&.0 , &/2 '3' &82378&')(&'2 .0 '3')/'I + HI0 .0 7&9937) 0')70 .& .&710I7 &HI/E&.0')0 0) .& .&710I7 5399.07
σD

& .& ,37, 0
W

σD
=

√
2λ2

0

c

∫
{1 − exp [−τ0H(a, u)]} du

39
λ0

02) .& .3'1I0I7 ( G3'(0 '0')7&.0 (0 .& 7&/0
.
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�0 '30� ' /0')
τ0
02) . G&9&/220I7 39)/HI0 &I '0')70 (0 .& 7&/0 + HI/ 02) 973937)/3''0..0 % .& (0'2/)& (0 '3.3''0.0 .3'1 (0 .& ./1'0 (0 E/2&0 % �& E&.0I7 (0 '0))0 &9&/220I7 39)/HI0 (&)07, /'0 .0 '3,937)0, 0') (I 973+ . (0.& 7&/0 % C/ 9&7 0F0,9.0 0..0 02) )7(2 9 0)/)0 (0E&') I' + .0 '�I7 5399.07 (3, /'0 0) .0 7&9937)

W/σD
(0E/0')2/,9.0, 0') 973937)/3''0. % .& (0'2/)& (0 '3.3''0 % 6' 70E&''*0 + .372HI0 .0 '3,870 (0 9&7)/'I.02 2I7 .&./1'0 (0 E/2&0 (0E/0') 17&'( + 0) HI0 . G&9&/220I7 39)/HI0

τ0
(0E/0') 17&'(0 (0E&')

1/a
+ .& 7&/0 02) 2&)I7&0*I2HI G&IF &/.02 .370')B/0''02 + 0) 3' 90I) ,3')707 HI0 .& .&710I7 &HI/E&.0')0 E&7/0 &.372 '3,,0 .& 7&'/'0'&77&0 (0 .& (0'2/)& (0 '3.3''0 % �0 9&22&10 ( GI' 7&1/,0 &2-,9)3)/HI0 % . G&I)70 (&90'( (0 .& E&.0I7 (0 .&.&710I7 5399.07 % �' 90I) (3'' '3'2)7I/70 )*&37/HI0, 0') '0 HI G3' &990..0 I'0 '3I78 0 (0 '73/22&''0 93I7'*&HI0 7&/0 29 0')7&.0 + , 3')7&') . G&E3.I)/3' (0 .& .&710I7 &HI/E&.0')0 + 7&9937)&0 % .& .&710I7 5399.07 + 0',3'')/3' (0 .& (0'2/)& (0 '3.3''0 + (3') .0 '3,937)0, 0') 02) 2'*&,&)/2& 9&7 .& +1I70 06 ///%� % 6' 97&)/HI0 + 0'

W
/
σ

D

B <rhl9w k< p:q:rr<
@ AB C 06 ///%� D � L LHRI KIQ JWHRbIQ KI JRWOQQMFJI IF JWWRKWFFZIQ

log− log
;PRMOPQ = RMQ> \ WHR PRWOQ NMLIHRQ KILM LMR= IHR : W\\ LIR T UIQ PRMOPQ c FQ RI\ RZQIFPIFP LIQ JWX\ WRPIX IFPQ MQ�X\ PWPO^HIQ < \ IPOPI IP = RMFKI KIFQOPZKI JWLWFFIT

'3,9&7&') .02 (/)&70')02 7&/02 ( GI' , 3,0 290')70 + 3' 90I) '3'2)7I/70 (02 '3I7802 (0 '73/22&''0 0,9/7/HI02 +9 07, 0))&') (0 (&)07, /'07 9&7 0F0,9.0 .& E/)0220 )I78I.0')0 '&7&')&7/2)/HI0 0) .& )0,9 &7&)I70 (I 1&B % 6'2I9932&') . G6A� 7&&./2& + 3' 90I) &1&.0, 0') 0' (&(I/70 .02 939I.&)/3'2 (02 (/)&70')2 (017&2 ( G/3'/2&)/3'( GI' , 3,0 & .&,0') % 4. ,&I) '090'(&') 8 /0' E3/7 HI0 .0 '&.'I. 02) '3,9./HI& 9&7 .0 ,&/) HI0 .0 , /./0I ' G02)9&2 0' 1&'&7&. 9I70, 0') &82378&') + 0) HI0 ( G&I)70 9&7) /. ' G02) 9&2 '&'022&/70, 0') *3,31('0 %
�� ����� � �./ 2 #�#.!� 1��/ �� �
�0 '&2 (0 . G&HI/./870 )*07,3(-'&, /HI0 .3 '&. 2/,9./+0 '3'2/(&7&8.0, 0') .0 9738.(,0 (I )7&'2,07) 7&(/&)/, +9I /2HI G&.372 .& ,3'')/3' 23I7'0 02) (3''&0 9&7 .& ,3'')/3' (0 - .&''5 % -3I7)&') + (&'2 .0 '&2 (02 7&/02/')072)0..&/702 + .02 (0'2/)&2 23') 8 0&I'3I9 )739 ,&/8.02 93I7 HI G3' 9I/220 '3'2/(&707 HI0 .0 , /./0I 02) %. G6A��	 % 5 &'2 '0 '&2 (0 +1I70 + 3' '0 90I) 9 .I2 2I993207 .& , /'737&E072/8/./)& (02 &)&)2 + 0) /. ,&I) '3'2/(&707. G0'20,8.0 (02 973 '022I2 (0 )7&'2/)/3' + HI G/.2 23 /0') '3../2/3''0.2 3I 7&(/&)/,2 + 0) '&.'I.07 2/,I.)&'&,0') +(0 ,&
3' '3*&70')0 + .02 939I.&)/3'2 (02 '/E0&IF + .& ,3'')/3' 23I7'0 0) . G/')0'2/)& (I 7&-3''0, 0') + 2&'*&')HI0 )3I)02 '02 E&7/&8.02 23') /')07(&90'(&')02 % -3I7 '0.& + 3' ,&/) '&&',3/'2 . G*-93)*(20 (0 2)&)/3''&7/)& +' G02).%.(/70 HI G/. ' G0F /2)0 9&2 (0 9*&'3, ('0 ,&/2&') E&7/07 )739 7&9/(0, 0')�d .02 '3'(/)/3'2 9*-2/HI02 (&'2.02HI0..02 20 ,37,0') .02 7&/02 % �0 '&.'I. 02) 0' 1&'&7&. )7(2 '3,9.0F0 0) (3/) .0 9.I 2 23IE0') 3)70 ,&/)'I, &7/HI0, 0') + % . G&/(0 (0 2/,I.&)/3'2 � 3')0.1&7.3 % �' E& 0' 709&7.07 (&'2 .0 '*&9/)70 2I/E&') %

�

A�Bo vul9 ko 9murhv<m9 k gwr<mD l< k<h tz:9:rh uoC tum9lpoq<h kurh k<h p:qqlhl:rh lrwquh9lno<h " :r t<o9 wDuq<; <r9 �9m< tm:pz<k< q g'�F hl q gwtulhh<om :t9lno< <h9 Dmurk< " ; �;< hl qu k<rhl9w k< tum9lpoq<h r< q g<h9 tuh }
Aef g<h9ijiklm< tqoh sl9< no< q< 9<;th ;:*<r <r9m< k<oC tm: p<hhoh muklu9lvh :o p:qqlhl:rr<qh }
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� �� �� ��� �� !"� #� �

�' & 87/(E0, 0') 9&7.& + (&'2 .0 '*&9/)70 97&'&(0') + (0 .& 97/20 0' '3,9)0 (02 ,3IE0,0')2 (I 1&B + 0'9&7)/'I./07 (0 202 ,3IE0, 0')2 )I78I.0')2 + (&'2 .0 9738.(,0 (I )7&'2,07) 7&(/&)/, % �' &E&/) &.372 2/,9.0, 0')(/) HI0 .& )I78I.0''0 (I 1&B &,0))0I7 973E3HI&/) I' & .&71/220, 0') HI G3' '&.'I.&/) '3,,0 I'0 '3'E3.I)/3'(I 973+ . (0 .& 7&/0 9&7 I'0 1&I22/0''0 (0 .&710I7
σv

7097&20')&') .& E/)0220 )I78I.0')0 ,3-0''0 + % 2&E3/7
σ2

v = E
{
v2
} + 39

v
02) .0 '*&,9 (0 E/)0220 )I78I.0') d %

10))0 &9973 '*0 02) 0' ,&/) 8 /0' )739 17322/(70 + '&7 .& E/)0220 )I78I.0')0
σv

'0 90I) '3'2)/)I07 % 0..0 20I .0I'0 '&7&')&7/2&)/3' '3,9.()0 (I '*&,9 (0 E/)0220 % 4,&1/'3'2 0' 0)0) .02 (0IF '&2 9&7)/'I./072 2I/E&')2 +9 3I7 .02HI0.2 3' '*3/2/7& .& , 3,0 E&.0I7 (0
σv
% 13'2/(&73'2 93I7 '3,,0''07 .0 '&2 ( GI' '*&,9 (0 E/)0220(3') .02 *I')I&)/3'2 20 ,3') % )7(2 90)/)0 &'*0..0 % �02 ,3IE0, 0')2 )I78I.0')2 90IE0') &.372 9&7,&/)0, 0')3)70 &22/, /.&2 % I'0 &1/)&)/3' )*07, /HI0 2I99.&,0')&/70 0) )7&/)&2 '3,,0 )0.2 % �0 973+ . ( G&82379)/3' 0)( G&, /22/3' .3 '&. 02) (3'' & .&71/ + (I ,&/) (0 2& '3'E3.I)/3' 9&7 I'0 1&I22/0''0 (0 .&710I7

σv
% 6' 70E&''*0 +/, &1/'3'2 , &/')0'&') HI0 .0 '*&,9 (0 E/)0220 97&20')0 (02 *I')I&)/3'2 (0 , 3,0 &,9./)I(0 + , &/2 2I7 (02&'*0..02 29&)/&.02 8 0&I'3I9 9.I2 17&'(02 % �3 '&.0, 0') + .& E/)0220 )I78I .0')0 02) HI&2/, 0') .& , 3,0 9&7)3I) +(0 237)0 HI0 .0 973+ . ( G&, /22/3' 02) /''*&'1& % �' 38207E0 (3'' .& 2I907932/)/3' (02 7&-3''0, 0') /22I2 (0(/)&70')02 7&1/3'2 (I 'I&10 + 0) ' G02) .0 973+ . &,0710') HI/ 02) '0))0 ,3/2 '3'E3.I& 9&7 .& (/2)7/8I)/3' (02E/)02202 + .&/22&') .02 .&710I72 &HI/E&.0')02 /''*&'1&02 �"&/. IP MLT+ 7��#� %

102 (0IF '&2 (0 +1I70 0F)73,02 + 8/0' HI0 (&'7/)2 9&7 .& , 3,0 E/)0220 )I78I .0')0
σv
+ '0 (3''073') 9&2 .02, 3,02 7&/02 38207E&02 % �' 9&7.0 70290')/E0, 0') (0 ,3(( .0 , /'73)I78I.0') 0) (0 ,3(( .0 , &'73)I78I.0') %

�I&')/)&)/E0, 0') + 3' 02) (&'2 .0 970, /07 7&1/, 0 2/ . G&'*0..0 '&7&')&7/2)/HI0 (I '*&,9 (0 E/)0220 + HI G3''3)07&
lv
+ 02) 9 0)/)0 (0E&') .0 ./870 9&7'3I72 ,3-0' (02 9*3)3'2 + 0) 3' 207& (&'2 .0 20'3'( 7&1/,0 .372HI0.& '3'(/)/3' 7&' /973HI0 207& 70,9./0 % 102 (0IF ,3(( .02 '0 23') '090'(&') HI0 (02 &9973F/, &)/3'2 + 0) /.02) '&'022&/70 + 9 3I7 93IE3/7 )7&/)07 .0 )7&'2,07) 7&(/&)/, (&'2 .0 '&2 (0 'I&102 /')072)0..&/702 )I78I .0')27&&./2)02 + (0 '3,970'(70 .02 , &'&'/2,02 (I )7&'2,07) .372HI0 . G&'*0..0

lv
(0 '377& .&)/3' (I '*&,9 (0 E/)0220& I'0 E&.0I7 +'/0 % �02 )0')&)/E02 (&'2 '0 20'2 70,3')0') &IF &''&02 7��) + HI&'( A7&E/'1 �A7&E/'1 + 7��#� &973932& I' ,3(( .0 (&'2 .0HI0. .0 '*&,9 (0 E/)0220 &)&/) (&'3I9 & 0' '0..I .02 (0 )&/..0

lv
+ &I 20/' (02HI0..02 .&E/)0220 970'&/) I'0 E&.0I7 I'/,37, 0

v
+ 0) HI / 20 (&9.&
&/0') /'(&90'(&,,0') .02 I'02 (02 &I)702 % 1090'(&') +'0 ,3(( .0 02) &220B 17322/07 + 0) 8/0' HI G/. 70(3''0 .02 7&1/, 02 , /'73)I78I.0') 0) , &'73)I78I.0') + (&'2 .02./, /)02

lv → 0
0)

lv → ∞ 7029 0')/E0, 0') + 3' '0 90I) 2 G0' 2&)/2,&/70 + '0 207&/).'0 HI0 9&7'0 HI0 .0 '*&,9(0 E/)0220 HI/ - 02) (&'7/) 02) (/2'3')/'I %
�& 97/''/9&.0 (/� 'I.)& + .372HI G3' 23I*&/)0 /''3793707 I' '*&,9 (0 E/)0220 )I78I.0') (&'2 .0 9738.(,0 (I)7&'2,07) 7&(/&)/, + 973E/0') 0220')/0..0, 0') (0 .& (/� 'I.)& HI G/. - & % /''.I70 .02 *I')I&)/3'2 2)3 '*&2)/HI02(0 .& E/)0220 + &/'2/ HI0 202 '377& .&)/3'2 + (&'2 .02 7097&20')&)/3'2 /')&17&.02 (02 /')0'2/)&2 29&'/+HI02 % 6'0)0) + .0 '30� '/0') ( G&82379)/3' + HI/ (&90'( (I '*&,9 (0 E/)0220 + - /')07E/0') % .& ,3/2 (&'2 . G&,/22/E /)&�0) (&'2 .0 ,&')0I7 0F93'0')/0. ( G&))&'I&)/3' %

ef:;;< :r <r u q gzu! l9ok< " :r r:9<mu
v
qu p:;t:hur9< q:rD l9oklruq< ko pzu;t k< sl9<hh< } f g<h9 <qq< nol lr9<ms l<rkmu kurhqu hol9< " q<h mu*:rh p:rhlkwmwh w9ur9 klmlDwh s<mh q g:!h<msu9<om } Fu klht <mhl:r

σv
h<mu k gulqq<omh p<qq< k< p<99< h<oq< p:;t:hur9< "h:l9

σ2
v = E

˘

v2
¯

= (1/3)E
˘

v
2

¯ kurh q gz*t:9zxh< lh:9m:t < }
A�o g:r h< mutt<qq< qu q:l k< � lmpz:� }
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� �� �+ �. 2� � �.  . ,- #� �� ��

� �� �+ �- �- 2 3�1� . 0���-� #�#/�.
�0 ,&/) HI0 .0 '*&,9 (0 E/)0220 )I78I .0') 23/) 9&7 '&)I70 2)3 '*&2)/HI0 /'' /)0 % )7&/)07 .0 9738.(,0 (0 , &'/(709738&8/./2)0 % 10.& ' G02) &E/(0,,0') 9&2 93I7 '3I2 2I7970'(70 + &)&') (3''& HI0 ' G02) '0))0 &9973 '*0 HI/ &(&* % &)& I)/./2&0 .372HI0 '3I2 &E3'2 &837(& .0 9738.(,0 (02 '0')73 �(02 (0 E/)0220 (&'2 .& )73/2/(,0 9&7)/0 %1 G02) &1&.0, 0') . G&9973 '*0 HI/ & &)& '*3/2/0 &I , /./0I (02 &''&02 7��) 9&7 I' 173I90 &..0, &'( + (3') . GI'(02 &7)/'.02 ,3'(&)0I72 97&20')0 .& , &)*3(0 (0 .& ,&
3' 2I/E&')0 �"&/. IP MLT+ 7��#� %
�' 9&7) (0 . G&HI&)/3' (0 )7&'2,07) &'7/)0 23I2 .& ,37, 0 ��# � + HI G3' 70(3''0 /' / +
dIν

dz
= −κν [Iν(z) − Sν(z)] ,

.& '337(3''&0
z
709 &7&') .& 932/)/3' .0 .3'1 ( GI' 7&-3' .I, /'0IF % �' 2I99320 HI0 .02 973+ .2 ( G&, /22/3'0) ( G&82379)/3' 23') /(0')/HI02 % 4.2 (&90'(0') (0 .& E/)0220 .3 '&.0 + 8 /0' HI0 '0))0 (&90'(&''0 '0 23/) 9&20F9 ./'/)&0 (&'2 . G&HI&)/3' '/.(022I2 % 13,,0 .0 '*&,9 (0 E/)0220 02) 2)3 '*&2)/HI0 + .0 '30� '/0') ( G&82379)/3'&I 93/')

z
02) &.&&)3/70 % � '*&HI0 ,7&HI0''0 + . G/')0'2/)& 29&'/+HI0 0' 237)/0 (I 'I&10 02) (3'' &1&.0, 0')&.&&)3/70 + 0) (&90'(&')0 (0 .& 7&&./2&)/3' 9&7)/'I./(70 (I 973'022I 2 2)3 '*&2)/HI0 ,3(& ./2&') .0 '*&,9 (0E/)0220 % 109 0'(&') + 0' &(, 0))&') HI0 '0 973 '022I2 02) 2)&)/3''&/70 0) 0713(/HI0 + 0) &)&') (3''& HI G/. 0F /2)0I' 17&'( '3,870 (0 ./1'02 (0 E/2&0 (&'2 I' .38 0 /'2)7I, 0')&. + 3' 90I) 2I993207 HI0 .02 973+ .2 &,0710')223') (3''&2 9&7 . G029&7&''0

E {Iν(D)} &I 93/') D
,&7HI&') .& 237)/0 (I 'I&10 % 1 G02) .0 8I) (0 .& , &)*3(0(0 �"&/. IP MLT+ 7��#� HI0 (0 (&)07, /'07 0) (0 7&23I(70 I'0 &HI&)/3' 937)&') 2I7 '0))0 029&7&''0 + 0' 9&22&')9&7 .& (0'2/)& (0 9738&8/./)& (0 . G/')0'2/)& 29&'/+HI0 % �' 7&990..0 0' 0)0) HI G% 9&7)/7 (0 '0))0 (/2)7/8I)/3' +. G029 &7&''0 (0 . G/')0'2/)& &/' 2/ HI0 )3I2 .02 &I)702 ,3,0')2 (0 '0))0 (07'/(70 23') 0' )*&37/0 (/70')0, 0')&''022/8.02 + '3,,0 3' . G& ,3')7& &I '*&9/)70 /6 %

� �� �+ �� �� 3 �#/-� #� �  ! "1- 2 0  . � #�.//.
� G*-93)*(20 (0 8&20 '3'2/2)0 % 2I993207 HI0 .02 E&7/&)/3'2 (0 .& E/)0220 + &/'2/ HI0 '0..02 (0 . G/')0'2/)&29&'/+HI0 + 23') 13IE07'&02 9&7 I' 973 '022I2 , &753E/0' + ' G02).%.(/70 HI0 .& 9738&8/./)& (0 9&2207 ( GI' &)&)
(v, Iν)

&I 93/')
z
% I' &)&)

(v′, I ′ν)
&I 93/')

z′
'0 (&90'( HI0 (0 '02 (0IF &)&)2 + 0) '3' (02 '3'(/)/3'27&1'&') 0')70 .02 (0IF 93/')2

z
0)

z′
% 4. '0 2 G&1/) .% HI0 ( GI'0 &9973F /, &)/3' + '&7 0' E&7/)& .02 9738&8/./)&2(0 )7&'2/)/3' ( GI'0 E/)0220 % . G&I)70 23') ' .&/70, 0') (&90'(&')02 (02 '3'(/)/3'2 /')07, &(/&/702 + (I ,&/) (02'3')7&/')02 /,932&02 9&7 . G*-(73(-'&, /HI0 % 10 ,3(( .0 & '090'(&') . G&E&')&10 (0 9 07, 0))70 .& '3'2/(&7&.)/3' (0 '*&,92 (0 E/)0220 '3')/'I2 + '3')7&/70, 0') &IF )0')&)/E02 97&'&(0')02 % 4. 2I� ) 0' ,&/) (0 2I993207.0 '&7&')(70 , &753E/0' (I 973 '022I2 (&'7/E&') .0 '*&,9 (0 E/)0220 + '0.I / (&'7/E&') . G/')0'2/)& 29&'/+HI0&)&') &.372 &1&.0, 0') , &753E/0' (I ,&/) (0 . G&HI&)/3' (0 )7&'2,07) % �' 2I99320 HI G0' 70E&''*0 .0 '*&,9(0 7&(/&)/3' ' G/'*I0 9&2 2I7 .0 '*&,9 (0 E/)0220 + 0' 0F' .I&') (3'' .0 '&2 ( GI'0 )I78I.0''0 &./, 0')&0 9&7.& 97022/3' (0 7&(/&)/3' %6' 97&)/HI0 + .0 '*&,9 (0 E/)0220 02) , 3(& ./2& 9&7 I'0 &HI&)/3' (0 �&'10E/' + (3') 3' & 9&7.& &I '*&.9/)70 6 ///+ '&7&')&7/2&0 9&7 I' &'&7).)-9 0

σv
0) I'0 .3'1I0I7 (0 '377& .&)/3'

lv
+

dv

dz
= − v

lv
+

σv√
lv

Γv(z)
&E0'

E {Γv(z)} = 0
0)

E {Γv(z)Γv(z
′)} = 2δ(z − z′).

����

Γv
7097&20')0 .& ,37'0 (0 �&'10E/' % 10))0 ,37,0 + ( G&97(2 �2 /250' + 7���� 0) '3,,0 3' . G& EI &I '*&9/)70 6 ///+/, 9./HI0 HI0 .& (/2)7/8I)/3' (02 E/)02202

Wv(v)
02) I'0 1&I22/0''0 (0 E&7/&''0

σ2
v

0) HI0 .& ,3'')/3'( G&I)3 '377& .&)/3' (02 E/)02202
Av

970'( I'0 ,37,0 0F93'0')/0..0 +
Wv(v) =

1√
2πσv

exp

(
− v2

2σ2
v

) 0)
Av(r) = Av(0) exp

(
− r

lv

)
= σ2

v exp

(
− r

lv

)

�& +1I70 0 /0 %7 ,3')70 (0IF 0F0,9.02 (0 '*&,92 (0 E/)0220 38)0'I2 % 9&7)/7 (0 '0 ,3(( .0 % �' 70,&7HI0'3)&,,0') HI0 .& )&/..0 '&7&')&7/2)/HI0 (02 2)7I')I702 0' E/)0220 02) 70./&0 % .& E&.0I7 (0 .& .3'1I0I7 (0'377& .&)/3'
lv
% �0 .0')0I7 )73IE07& 9 .I2 (0 (&)&/.2 2I7 .& '3'2)7I')/3' (0 '02 '*&,92 2/,I.&2 &I 00 %� %
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z/D z/D

v

�
�
�
�−

1

�

v

�
�
�
�−

1

�

lv/D = 0, 01 lv/D = 0, 1

@AB C 0 /0 %7 D : IH[ I[ IX\ LIQ KI J] MX\ Q KI NOPIQQI JWFQPRHOPQ < \ MRPOR KI L VZ^HMPOWF KI UMF= INOF ;�	> T : MFQLIQ KIH[ JMQ_ LM KOQ\ IRQOWF KIQ NOPIQQIQ IQP \ ROQI Z= MLI <
σv = 1

5, 2
−1

T UIQ LWF=HIHRQ KI JWRRZLMPOWF
lvQWFP OFKO^HZIQ QHR J] MJHFI KIQ KIH[ c =HRIQ T

D
IQP LM LWF=HIHR KI LM LO=FI KI NOQZIT

10))0 (02'7/9)/3' (0 .& )I78I.0''0 20,8.0 &997397/&0 &IF 2&9&7&)/3'2
r
&220B 17&'(02 + , &/2 (&'2 .0 (3, &/'0/'07)/0. + .& )*&37/0 (0 &3., 31373E /'(/HI0 HI0

Av(0) − Av(r) ∝ r2/3 + '3,,0 .0 ,3')70 . G&HI&)/3' �� � + '0HI/ /'(/HI0 HI0 .0 ,3(( .0 ' G02) &.372 9 .I2 &(&HI&) % $I)70, 0') (/) + .372HI0 .& 2&9&7&)/3'
z − z′

(0E/0')9 0)/)0 ,&/2 '3' 'I..0 + .02 ,37'02 (0 �&'10E/'
Γv(z)

0)
Γv(z′)

'0 23') 9&2 (&'3770.&02 + '3')7&/70,0') % '0 HI02I99320 .0 , 3(( .0 (0 . G&HI&)/3' ���� % 50 )3I)02 .02 , &'/(702 + .0 93/') 0220')/0. (I ,3(( .0 02) (0 (/293207( GI' '*&,9 (0 E/)0220 '3')/'I + 8/0' HI0 90I 7&&./2)0 9*-2/HI0, 0') %
� �� �+ �" �4!-� #� �  . � �-�/�. �� �3�3 �- �#/3.
�' '3)07&

P (v, Iν ; z)dvdIν
.& 9738&8/./)& HI G&I 93/')

z
.& E/)0220 0) . G/')0'2/)& &/0') 70290')/E0, 0') 93I7E&.0I72

v
0)

Iν
%

dv
0)

dIν
97(2 % � G029 &7&''0 (0 . G/')0'2/)& 207& &.372 (3''&0 9&7 . G/')&17&.0 (3I8.0

E {Iν(z)} =

∫∫
IνP (v, Iν ; z)dvdIν

����


 )&') (3''& HI0 .& E/)0220 02) ,3(& ./2&0 9&7 I' 973 '022I2 (0 � 7'2)0/' .�*.0'80'5 + '3,,0 .0 ,3')70. G&HI&)/3' ��� � + 0) HI0 . G&HI&)/3' (0 )7&'2,07) 90I) &1&.0, 0') 3)70 EI0 '3,,0 I'0 &HI&)/3' (0 �&'10E/'(0 .& ,37,0 ��(� &E0' I' )07, 0 2)3 '*&2)/HI0 'I. +
dIν

dz
= −κν [Iν(z) − Sν(z)] + 0.ΓIν

(z)

3' 90I) &99./HI07 .02 , &)*3(02 (&'7/)02 &I '*&9/)70 6 ///+ 0' 932&')
X = (Iν , v)

0) 0' 70, &7HI&') HI0 .09&7&, ()70 )0,92 02) /' / 70,9.&'& 9&7 .& 932/)/3'
z
% �& (0'2/)& (0 9738&8/./)&

P
2I/) &.372 I'0 &HI&)/3' (0

�35507.- .&''5 + (3') .02 '30� ' /0')2 (0 (&7/E0 0) (0 (/)I2/3' 23') (3''&2 9&7
Dv = − v

lv
Dvv =

σ2
v

lv
DIν

= −κν [Iν(z) − Sν(z)] DIν ,Iν
= Dv,Iν

= DIν ,v = 0,

'0 HI G/. 02) &/2& (0 70)73IE07 % 9&7)/7 (02 ,37,I.02 &)&8./02 &I '*&9/)70 6 ///+ 0' 970'&') 1&7(0 )3I)0,3/2&IF ,&')0I72 (0 '37,&./2&)/3' + '3,,0 3' . G&E&/) (&* % ,&/) 70, &7HI07 &.372 % � G&HI&)/3' (0 �35507.- .&''5&223 '/&0 &I 973 '022I2 8/(/, 0'2/3''0.
X

&/'2/ '3'2)7I /) + (&'7/E&') . G&E3.I)/3' (0 .& (0'2/)& (0 9738&8/./)&
P
.0 .3'1 (0 .& ./1'0 (0 E/2&0 + 02) (3''

∂P

∂z
=

1

lv

∂(vP )

∂v
+

σ2
v

lv

∂2P

∂v2
+

∂

∂Iν
[κ0φ(Iν − Sν)P ]

0' 932&')
κν = κ0φ.

����

5 &'2 '0))0 &HI&)/3' +
κ0

02) .0 '30� '/0') ( G&82379)/3' &I '0')70 (0 .& 7&/0 0)
φ
02) .0 973+ . ( G&82379)/3' +2I9932& /(0')/HI0 &I 973+ . ( G&, /22/3' % 6' /')73(I/2&') . G&9&/220I7 39)/HI0

τ = κ0z
&/'2/ HI0 .& E/)0220
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7&(I/)0
u = v/σv

+ 3' 90I) &'7/70 '0))0 &HI&)/3' 23I2 .& ,37, 0
∂P

∂τ
=

1

τv

[
∂(uP )

∂u
+

∂2P

∂u2

]
+

∂

∂Iν
[φ(Iν − Sν)P ]

&E0'
τv = κ0lv.

13,,0 3' 2 G/')&70220 I' /HI0,0') % . G029&7&''0 (0 . G/')0'2/)& ���� + /. 02) .&1/)/, 0 ( G/')73(I/70 .0 970, /07,3,0') (0 .& (/2)7/8I)/3' (0 9738&8/./)&
P
9&7 7&9937) % . G/')0'2/)& +

Qν(u; τ) =

∫
∞

0

P

(
σvu, Iν ;

τ

κ0

)
IνdIν

HI/ 02) 70./&0 % . G029 &7&''0 9&7
E {Iν(z)} =

∫
σvQν(u; κ0z)du.

� G&HI&)/3' ( G&E3.I)/3' (0 '0 ,3,0') 02) 38)0'I0 9&7 /')&17&)/3' (0 . G&HI&)/3' 2I7
P
% �0 , 0,870 (0 1&I'*0&/'2/ HI0 .02 (&7/E&02 9&7 7&9937) % .& E/)0220 7&(I/)0 23') /,, &(/&)2 % '&.'I.07 + 0) 20I . .0 )07, 0 (&7/E& 9&77&9937) % . G/')0'2/)& 29 &' /+HI0 70HI/07) I'0 /')&17&)/3' 9&7 9&7)/02 +

∫
∞

0

Iν
∂

∂Iν
[φ(Iν − Sν)P ] dIν = [Iνφ(Iν − Sν)P ]

∞

0 −
∫

∞

0

φ(Iν − Sν)PdIν = −φ(Qν − WvSν),

9I/2HI0 . G/')&17&.0 (0
P
2I7 . G/')0'2/)& 29&'/+HI0 70(3''0 .& (/2)7/8I)/3' (02 E/)02202

Wv
% � /'&.0, 0') + 3'& . G&HI&)/3' &IF (&7/E&02 9&7)/0..02 7&1/22&') .0 , 3,0')

Qν
+

∂Qν

∂τ
=

1

τv

∂

∂u

(
uQν +

∂Qν

∂u

)
− φ(Qν − WvSν),

HI/ '3'2)/)I0 I'0 &HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 + 9I/2HI G0..0 (&'7/) .0 '3,937)0, 0') (0 . G/')0'2/)&,3-0''0 .0 .3'1 (0 . G&F0 (02 973,3'(0I72 39)/HI02 % 4. 2 G&1/) &.372 (0 .& 7&23I(70 0' 20 (3''&') (02 '3'(/)/3'2/'/)&.02 + 9 3I7
τ = 0

+ '&7&')&7/2&') .0 '*&,9 (0 7&-3''0, 0') % . G0')7&0 (I , /./0I + &/'2/ HI0 (02 '3'(/)/3'2&IF ./, /)02 0' ,&710 (0 .& 7&/0 + 23/) 93I7 |u| → ∞ %
� �� �+ � �. 2 - �4!./ /!� �./ 2 3�1� ./  . �3/� �!� #� �
�& 7&23.I)/3' (0 . G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 ,3I7' /) 0' 97/'' /9 0 )3I)02 .02 /' ,37,&)/3'2 HI G3' 93I7.7&/) 23I*&/)07 + 9I/2HI G0' (&+'/)/E0 + .0 973+ . (0 7&/0 &,0710') 02) *I2)0, 0') (3''& + 0' ,3'')/3' (0

ν
+ 9&7. G/')&17&.0 (0

Qν(u; τd)
2I7 .& E/)0220 + 39

τd = κ0D
(&2/1'0 .& 973,3'(0I7 39)/HI0 &I '/E0&I (I 93/') (0237)/0 (I 7&-3''0,0') %
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� G&7)/' .0 (0 "&/. IP ML �"&/. IP MLT+ 7��#� (3''0 9 .I2/0I72 , &)*3(02 &'&.-)/HI02 (0 7&23.I)/3' (0 '0))0 &HI&.)/3' % 6' 970, /07 ./0I + /. 02) 2I11&7& (0 (&E0.39907 .& ,3'')/3'

Qν
2I7 I'0 8&20 (0 ,3'')/3'2 37)*313'&.02(&90'(&') (0 .& 20I.0 '337(3''&0 (0 E/)0220 + .02 '30� '/0')2 (I (&E0.3990, 0') &)&') &.372 (02 ,3'')/3'2 (0.& 973 ,3'(0I7 39)/HI0

τ
I'/HI0,0') +

Qν(u; τ) =
∑

n>0

Tn(τ)ϕn(u)
&E0'

ϕn(u) =
1√
2πn!

∂n

∂un

(
e−u2/2

)
,

0' 9&7)/'I./07
ϕ0(u) = σvWv(σvu).

� G/'207)/3' (0 '0))0 ,37, 0 (&'2 . G&HI&)/3' (0 )7&'2,07) ,3I7' /) I' 2-2)(,0 ( G&HI&)/3'2 ./'&&/702 937)&') 2I7.02 ,3'')/3'2
Tn
+ '0 HI/ 9 07, 0) (0 '&.'I.07 '0..02.'/ ,37, 0..0, 0') + 0) (0 .02 , 0))70 23I2 .& ,37, 0

T (τ) = e−τ�T (0)
39 .02 & .&,0')2 (0 .& , &)7/'0 = 23')

Amn =
m

τv
δmn +

∫
ϕm(u)φ(u)ϕn(u)

ϕ0(u)
du

�' ,3')70 &.372 �"&/. IP MLT+ 7��#� HI G3' 70)73IE0 .02 '3''.I2/3'2 (02 '&2 , /'73)I78I.0') 0) , &'73)I78I.0')HI&'( 3' 9&220 &IF ./, /)02 70290')/E02
τv → 0

0)
τv → ∞ % �' 90I) ( G&/..0I72 1&'&7&./207 .0 7&2I .)&) 38)0'I(&'2 .& ./, /)0 , /'73)I78I.0')0 &I '&2 ( GI'0 .3'1I0I7 (0 '377& .&)/3' 90)/)0 , &/2 +'/0 + '0 HI/ 9 07, 0) (0 E3/7HI0 .0 '30� '/0') ( G&82379)/3' & &.372 I'0 E&.0I7 9.I2 ,&/8.0 HI0 (&'2 .0 '&2 , /'73)I8I.0') + 0) .02 973+ .2 (07&/0 23') &.372 9.I2 &9 .&)/2 %
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6' ,&/) + '0))0 &9973 '*0 0' )07, 02 (0 (&E0.3990, 0') 2I7 I' 0'20,8.0 (0 ,3'')/3'2 37)*313'&.02 70220,8.0
% .& 7&23.I)/3' ( GI' 9738 .(,0 HI&')/HI0 % 5 G&/..0I72 + . G/')&17&.0 &'7/)0 *I2)0 &I (022I2 (&'2 . G0F97022/3' (0
Amn

02) 20,8.&8.0 % . G0F97022/3' ( GI' & .&,0') (0 , &)7/'0 〈m|φ|n〉 ( GI' 39&7&)0I7 HI&')/HI0 φ
0')70 (0IF&)&)2

m
0)

n
% 5&'2 '0))0 39)/HI0 + �"&/. IP MLT+ 7��#� 9739320 I'0 )7&'2,37,&)/3' (0 . G&HI&)/3' (0 )7&'2,07)1&'&7&./2&08 907, 0))&') (0 .& , 0))70 23I2 I'0 ,37, 0 /(0')/HI0 % '0..0 (0 . G&HI&)/3' (0 C'*7�(/'107 % - .I297&' /2&,0') + /. 2 G&1/) ( G/')73(I/70 .& ,3'')/3'

Rν(u; τ) = exp

(
u2

4

)
Qν(u; τ)

Sν(τ)

0) (0 ,&/70 . G*-93)*(20 HI0
Rν(u; τ) = Xν(τ)Uν(u).

� G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 20 )7&(I/) &.372 9&7 . G&1&./)& (0 (0IF , 0,8702 (&90'(&') '*&'I' ( GI'020I.0 (02 (0IF E&7/&8.02
τ
0)

u
+ 0) HI/ 23') (3'' &1&IF % .& , 3,0 '3'2)&')0 −ε

% �' 0' )/70 I'0 ,37, 0/')&17&.0 93I7
Xν

0) 3' 90I) &.372 &)&8./7 HI0
Uν

2I/) I'0 &HI&)/3' (0 C'*7�(/'107 + (3') .0 93)0')/0.(&90'( (I 973+ .
φ
+

d2Uν

du2
+ (ε − V )Uν = 0

&E0'
V (u) =

u2

4
+ τvφ(u) − 1

2
.

� G0'20,8.0 (02 23.I)/3'2 02) (/2'70) + 0) '0..02.' / 9 0IE0') 3)70 70./&02 &IF ,3'')/3'2
ϕn

(&'2 .& ./, /)0
τv → 0

%-&7 7&9937) % .& , &)*3(0 , &)7/' /0 ..0 + '0))0 &9973 '*0 & . G&E&')&10 ( G3)70 E&./(0 93I7 .02 E&.0I72 HI0.'3'HI02(0
τv
+ '&7 3' 90I) /')&1707 'I, &7/HI0, 0') . G&HI&)/3' (0 C'*7�(/'107 % �& ,3'')/3'

Qν
02) &.372 I'0 2I907.932/)/3' (0 23.I)/3'2 9&7)/'I./(702 (0 .& ,37, 0

XνUν
+ HI G3' 90I) )*&37/HI0,0') '&.'I.07 0' ,3'')/3' (02'3'(/)/3'2 /'/)/&.02 0) (02 '3'(/)/3'2 &IF ./, /)02 %

5 &'2 .0 '&2 39
τv � 1

+ /. 02) 9322/8.0 (0 ,&/70 I' '&.'I. &'&.-)/HI0 0' &99./HI&') .02 , &)*3(02 9 07)I78&)/E028/0' '3''I02 0' , &'&'/HI0 HI&')/HI0 + 9I/2HI0
τvφ

&99&7&�) '3,,0 I'0 90)/)0 907)I78&)/3' (I 93)0')/0.9&7&83./HI0 % �' 70)73IE0 &.372 .0 '3,937)0, 0') &2-,9)3)/HI0 &IF ,&/8.02 .3'1I0I72 (0 '377& .&)/3' 38)0'I9&7 . G&9973 '*0 , &)7/'/0..0 %
� �� �� � #2 ! �-� #� �/ �!2 3 �#4!./

� �� �� �- ��� ��  !"� #� �
5 &'2 I' &7)/'.0 2I /E&') �"&/. % C0(., &-7 + 7��#� + "&/. 0) C0(., &-7 3') &99./HI& '0))0 , &)*3(0 &I '&2(0 7&/02 (I ,07 0) (0 . G3F-1('0 &)3, /HI02 ��0� 0) � �� ,37, &02 (&'2 .& 9*3)329*(70 23.&/70 % � G/')&17&)/3''I, &7/HI0 (/70')0 (0 . G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 (3''&') .0 973+ . (02 7&/02 + 0) (3'' .02 .&710I72&HI/E&.0')02 0) .02 '3I78 02 (0 '73/22&''0 )*&37/HI02 + /. 02) 9322/8.0 (0 '3,9&707 .02 7&2I.)&)2 38)0'I2 &IF38207E&)/3'2 (/293'/8.02 (&'2 .0 '&2 (I C3.0/. % 2 0, &7HI3'2 )3I) ( G&837( HI0 93I7 (02 7&/23'2 (0 2)&8/./)&'I, &7/HI0 + /.2 /')73(I/20') .& ,3'')/3'

qν
+ (&+'/0 9&7

Qν(u; τ) = Wv(σvu)qν(u; τ)
(3') . G&HI&)/3' ( G&E3.I)/3' 02) ∂qν

∂τ
=

1

τv

(
−u

∂qν

∂u
+

∂2qν

∂u2

)
− φ(qν − Sν),

0) ' G02) '0))0 &HI&)/3' &IF (&7/E&02 9&7)/0..02 HI/ 02) 7&23.I0 + &)&') (3''&02 .02 '3'(/)/3'2 /'/)/&.02 0).02 '3'(/)/3'2 &IF ./, /)02 % 10..02.'/ 23') 29 &' /+&02 + 93I7 .02 970, /(702 + 0' 932&') HI G% . G0')7&0 (I 'I&10 +23/) 93I7
τ = 0

+ . G/')0'2/)& '3'(/)/3''0..0
qν
02) (3''&0 9&7 .& ,3'')/3' (0 - .&''5

Bν
+ 9 3I7 I'0 '07)&/'0)0,9&7&)I70

T0
+ 0) 93I7 .02 20'3'(02 + 0' 20 (3''&') I'0 /')0'2/)& (I '3')/'I + '3)&0

Ic
ν

+ 0) 0' 932&') HI0
qν

)0'( E072
Ic
ν

93I7 |u| → ∞ % 5 GI' 93/') (0 EI0 97&)/HI0 + .02 9&7&, ()702 (0 . G&HI&)/3' (0 )7&'2,07)
�'30� '/0') ( G&82379)/3' &I '0')70 (0 .& 7&/0 0) ,3'')/3' 23I7'0 0' 9&7)/'I./07� 23') (3''&2 9&7 I' ,3(( .0( G&),329*(70 �'3.40107 + 7���� %

Ef:mm<ht :rkur9 <r vul9 j p:rhlkwm<m no< q g:r t<o9 hwtum<m q<h sumlu! q<h
τ
<9

u
" p< nol <h9 k gulqq<omh kw� j vul9 l;tqlpl9<; <r9nourk :r u wpml9

Qν(u; τ)
<r v:rp9l:r k<h

Tn(τ)
<9 k<h

ϕn(u)
}
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�& +1I70 0 /0 %( ,3')70 .02 973+ .2 (02 7&/02 ( G&82379)/3' (0 . G3F-1('0 % ���7 � 0) (I ,07 % ���� � &/'2/'&.'I.&2� + 9 3I7 (/)&70')02 E&.0I72 (0

lv
0) (0

σv
% �' E3/) HI0 .02 973+ .2 ( G&82379)/3' 23') ( G&I)&') 9.I2973,3'(2 0) .&7102 HI0 .& .3'1I0I7 (0 '377& .&)/3' (0 .& E/)0220 02) 9.I2 90)/)0 % 10' / 702)0 E7&/ )&') HI G3' ' G&9&2 &))0/') . GI'0 (02 (0IF ./, /)02 + , &'73)I78I.0')0 3I , /'73)I78I.0')0 + 93I7 .02HI0..02 .0 973+ . ( G/')0'2/)&(0E/0') 0' 97&)/HI0 /'(&90'(&') (0

lv
% 5 G&97(2 .02 7&2I.)&)2 (0 �"&/. % C0(., &-7 + 7��#� + .& )7&'2/)/3', /'73)I78I.0')0 02) &))0/')0 93I7

lv 6 1
5, 0' '0 HI/ '3''07'0 .& 7&/0 (0 . G3F-1('0 0) 93I7

lv 6 10
5,0' '0 HI / '3''07'0 '0..0 (I ,07 % 2&'/973HI0,0') + .& ./, /)0 , &'73)I78I.0')0 20 2/)I0 &IF &.0')3I72 (0

lv > 1000
5, 93I7 . G3F-1('0 0)

lv > 3000
5, 93I7 .0 ,07 %


 )&') (3''& HI0 .0 '*&,9 (0 E/)0220 )I78I.0') 20 2I9079320 % . G&1/)&)/3' )*07, /HI0 + 23' /'*I0''0 02) 9.I217&'(0 2I7 .02 7&/02 ( G& .&,0')2 (3') .& (/29 072/3' )*07, /HI0 02) 9 .I2 9 0)/)0 + '0 HI G3' '3'+ 7,0 /' /� % -3I7.02 (/29072/3'2 (0 E/)0220 )I78I.0')0 /' ,&7/0I702 % .& (/29 072/3' )*07, /HI0 �'&2 (02 9&''0&IF
(a)

0)
(e)

(0.& +1I70 0 /0 %(� + ' G02) . G&1/)&)/3' )*07, /HI0 HI/ (3, /'0 . G& .&71/220,0') (02 7&/02 + 0) .& 2)7I')I70 (I '*&,9(0 E/)0220 )I78I.0') + ' G02).%.(/70 .& E&.0I7 (0
lv
+ ' G& HI GI'0 /,937)&''0 20'3'(&/70 + )3I2 .02 973+ .2 &)&')20'2/8.0, 0') /(0')/HI02 % 6' 70E&''*0 + .372HI0

σv
(3, /'0 .& (/29072/3' )*07, /HI0 + '3,,0 ' G02) .0 '&2 2I7.02 9&''0&IF

(c)
+
(d)

+
(f)

+
(g)

0)
(h)

+ .02 973+ .2 (0 7&/0 23') &220B (/)&70')2 .02 I'2 (02 &I)702 2I /E&') .&.3'1I0I7 (0 '377& .&)/3' + '0) 0)0) &)&') ( G&I)&') 9.I2 , &7HI& HI0
σv

&I1, 0')0 % -&7 &/..0I72 + .& 2)7I')I70(I '*&,9 (0 E/)0220 ' G& 9&2 .& , 3,0 /,937)&''0 &I '0')70 (0 .& 7&/0 0) (&'2 .02 &/.02 % �02 7&2I.)&)2(0 �"&/. % C0(., &-7 + 7��#� ,3')70') HI0 + 2/ 93I7 .02 90)/)02 .3'1I0I72 (0 '377& .&)/3' + . G0'20,8.0 (0 .& 7&/002) 0)0')/E0, 0') ,37, & (&'2 .02 '3'(/)/3'2 (0 , /'73)I78I.0''0 + 0' 70E&''*0 + .372HI0
lv
02) &220B 17&'( +.0 7&1/, 0 , &'73)I78I.0') 20 ,&/) ( G&837( 0) 0220')/0..0,0') 20')/7 (&'2 .02 9&7)/02 (I 973+ . ( G&82379)/3'97&20')&') .02 17&(/0')2 .02 9.I2 ,37)2 0' ,3'')/3' (0

∆λ
+ &E&') (0 20 ,&/70 20')/7 &I '0')70 (0 .& 7&/0 0)(&'2 .02 &/.02 %

�' 70, &7HI0 0'+' HI0 (&'2 .02 &/.02 (02 7&/02 + . G&82379)/3' (0E/0') ,&/8.0 + 0) .& 2)7I')I70 (I '*&,9 (0E/)0220 9 07( 23' /,937)&''0 + ( G39 .& '3'E0710''0 (02 (/)&70')2 973+ .2 %
� �� �� �" �- ��.!�/ 3 4!#�- �.��./ � 0����� .!�/  ./ �- #./ � "�!��./  . " �� #//-�".
13' ,37, &,0') &IF 97&(/')/3'2 (0 �"&/. IP MLT+ 7��#� + ' G02) (&'2 .0 7&1/, 0 , /'73)I78I.0') HI0 .02 7&/02 23').02 9.I2 973 ,3'(02 + &/' 2/ HI0 .02 9 .I2 .&7102 + '3,,0 3' .0 E3/) 2I7 .& +1I70 0 /0 %( % 1 G02) &1&.0, 0') .&970, /(70 70, &7HI0 HI G3' 90I) ,&/70 0' '3'2/(&7&') .0 9&''0&I (0 1&I'*0 (0 .& +1I70 0 /0 %� + HI/ 7097&20')0. G&E3.I)/3' (0 .& .&710I7 &HI/E&.0')0

Wλ
0) (0 .& 973,3'(0I7�

r0
&I '0')70 (0 .& 7&/0 � � % ���7 � + 0',3'')/3' (0 .& .3'1I0I7 (0 '377& .&)/3'

lv
( GI'0 9&7) + 0) (0 .& E/)0220 )I78I.0')0

σv
( G&I)70 9&7) %

�0 '3,937)0, 0') 38207E& 02) 20,8.&8 .0 93I7 .02 &I)702 7&/02 (0 . G3F-1('0 0) (I ,07 �"&/. % C0(., &-7 + 7��#� %
�' 70, &7HI0 HI0 93I7

σv → 0
+ .& .&710I7 &HI/E&.0')0 &/' 2/ HI0 .& 973 ,3'(0I7 (0 .& 7&/0 (0E/0''0')/'(&90'(&')02 (0 .& .3'1I0I7 (0 '377& .&)/3' + '0 HI G3' & (&* % 23I ./1'& 9.I2 *&I) % � G& .&71/220, 0') (0 .& 7&/002) &.372 9I70,0') )*07, /HI0 % 5&'2 '0 '&2 + .02 7&/02 97&20')0') I'0 973 ,3'(0I7 ,&F/, &.0 0) I'0 .&710I7&HI/E&.0')0 , /'/, &.0 % �372HI0 .& (/29 072/3' (02 E/)02202 &I1, 0')0 + .& .&710I7 &HI/E&.0')0 &I1, 0')0 0) .&973,3'(0I7 (0 .& 7&/0 (/, /'I0 + (0 ,&
3' % 90I 97(2 ./'&&/70 0' ,3'')/3' (0

σv
%6' '0 HI/ '3''07'0 .02 0)0)2 (0 .& .3'1I0I7 (0 '377& .&)/3' + 3' E3/) HI0 (&'2 .& ./, /)0 , &'73)I78I.0')0 +7097&20')&0 9&7 (02 )/70)2 2I7 .02 9&''0&IF

(a)
0)

(c)
+ .& .&710I7 &HI/E&.0')0 (0E/0') /'(&90'(&')0 (0

σv
+'0 HI0 )7&(I/) &1&.0, 0') .& '3'E0710''0 (02 '3I78 02 2I7 .0 9&''0&I

(b)
%

�02 '3I78 02 (0 '73/22&''0 '3770293'(&') % .& )7&'2/)/3' % ���� � (I ,07 &)3, /HI0 23') 97&20')&02 2I7 .09&''0&I (0 (73/)0 (0 .& +1I70 0 /0 %� + 39
ln (gfε)

02) .0 9&7&, ()70 ( G&83'(&''0 (0 . G029('0 0' HI02)/3' %1*&HI0 23I2.+1I70 '3770293'( % I'0 E&.0I7 (0 .& .3'1I0I7 (0 '377& .&)/3' 0) '3,970'( HI&)70 '3I78 027097&20')&') + (0 8&2 0' *&I) + .02 '&2
σv = 0

5, 2
−1 + σv = 1

5, 2
−1 + σv = 2

5, 2
−1 0) σv = 3

5, 2
−1 % �'70, &7HI0 HI0 .372HI0

lv
&I1, 0')0 .02 (/)&70')02 '3I78 02 20 7&9973 '*0') (I '&2 9I70, 0') )*07, /HI0 + HI/02) &I22/ .0 '&2 ,&'73)I78I.0') % 4'E0720, 0') + .& ./, /)0 , /'73)I78I.0')0 02) '0..0 93I7 .&HI0..0 .02 '3I78 02(0 '73/22&''0 23') .02 9.I 2 & .3/1'&02 (I '&2 9I70, 0') )*07, /HI0 %

��:9:rh no glq h guD l9 k< tm:y qh puqpoqwh uo p<r9m< ko 
:q<lq " qu tmlh< <r p:;t9< k< q glrpqlrulh:r k<h mu*:rh hl q g:r h:ozul9<h glr9wm<hh<m uoC mul<h :!h<msw<h hom q<h ! :mkh ko klhno< w9ur9 9mxh hl;tq< }%Fu s l9<hh< k guD l9u9l:r 9z<m; lno< <h9 lrs<mh<; <r9 tm:t:m9l:rr<qq< j qu muplr< pummw< k< qu ; uhh< k< q g<ht xp< pzl; lno< } F<v<m w9ur9 tqoh q:omk no< q g:C*Dxr< " qu v:m; u9l:r k< h<h mul<h <h9 k:rp tqoh hohp<t9l! q< k g�9m< lr�o<rpw< tum q< pzu;t k< sl9<hh<9om!oq<r9 }
��<qu9ls<; <r9 uo p:r9lro }
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(a) (b) (c) (d)

(e) (f) (g) (h)r λ

∆λ
#
10−11

; $

σv = 1
); h

−1 σv = 2
); h

−1 σv = 3
); h

−1 σv = 4
); h

−1

 � #���? � $

�<� #���� � $

@AB C 0 /0 %( D � RWc LQ KIQ RMOIQ K VMbQWR\ POWF � � < ���Y � ;c =HRIQ
a − d

> IP �0� < 		�	 � ;c =HRIQ
e − h

>
JMLJHLZQ \ MR 
 �MOL � 
 IK LX M�R_ Y� ��� T �WXX I OL IQP HQHIL_ QIHLI LM X WOPOZ KI J] M^HI \ RWc L IQP \ RZQIFPZI_ZPMFP KWFFZ ^H VOLQ QWFP Q�X ZPRO^HIQ T UI JIFPRI KI LM RMOI IQP QOPHZ < = MHJ] I KI J] M^HI QWHQ�c =HRI IP

rλRI\ RZQIFPI L VMbQWR\ POWF RILMPONI MH JWFPOFH T : I = MHJ] I < KRWOPI_ LIQ c =HRIQ JWRRIQ\ WFKIFP MH[ JMQ
σv =

1
5, 2

−1 _ σv = 2
5, 2

−1 _ σv = 3
5, 2

−1 IP
σv = 4

5, 2
−1 T : MFQ J] M^HI QWHQ�c =HRI_ LIQ KO� ZRIFPQ \ RWc LQJWRRIQ\ WFKIFP < KIQ NMLIHRQ KO� ZRIFPIQ KI

lv _ JWX\ ROQIQ IFPRI 1
5, IP

3000
5, T UIQ \ RWc LQ LIQ \ LHQ \ RWS WFKQJWRRIQ\ WFKIFP MH[ LWF=HIHRQ KI JWRRZLMPOWF LIQ \ LHQ \ IPOPIQ T � O=HRI OQQHI KI 
 �MOL � 
 IK LX M�R_ Y� ��� T
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W
λ

� 1
0
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r 0

? = > ?,
102 103

σv

#); h
−1 $ lv

#); $

(a)

(c)

(b)

(d)

� � �

>

?,
>,

>

?,
>,

>

?,
>,

lv = 1
); h

−1

lv = 100
); h

−1

lv = 300
); h

−1

W
λ

� 1
0
−

1
1

��

ln (gfε)@AB C 0 /0 %� D UMR= IHR Z^HONMLIFPI IP \ RWS WFKIHR KI LM RMOI � � < ���Y � IF S WFJPOWF KIQ JMRMJPZROQPO^HIQKH J] MX\ KI NOPIQQI PHRbHLIFP ;< = MHJ] I> IP JWHRbIQ KI JRWOQQMFJI KI LM RMOI �0� < 		 �	 � ;< KRWOPI> TUIQ J] O� RIQ OFKO^HZQ QHR LIQ c =HRIQ KH \ MFFIMH KI = MHJ] I KWFFIFP LM NMLIHR KI
lv

LWRQ^HI LIQ JWHRbIQ QWFPPRMJZIQ IF S WFJPOWF KI
σv _ IP RZJO\ RW^HIX IFPT UIQ JWHRbIQ IF PORIPQ_ QHR LIQ \ MFFIMH[ KI = MHJ] I JWXX I KIKRWOPI_ JWRRIQ\ WFKIFP MH JMQ X MJRWPHRbHLIFP_ ^HO IQP OKIFPO^HI MH JMQ \ HRIX IFP P] IRX O^HIT � O=HRI OQQHIKI 
 �MOL � 
 IK LX M�R_ Y� ��� T

102 '3I78 02 (0 '73/22&''0 )*&37/HI02 90IE0') 3)70 , /202 % 973+) 93I7 (&)07, /'07 .02 '&7&')&7/2)/HI02 (I'*&,9 (0 E/)0220 &/' 2/ HI0 .02 &83'(&''02 70973(I/2&') &I , /0IF .02 973+ .2 38207E&2 % 
 )&') (3''& HI0.02 7&2I.)&)2 (0 �"&/. % C0(., &-7 + 7��#� '3''07'0') (02 7&/02 ,37, &02 (&'2 .& 9*3)329*(70 23.&/70 + 3' '0.02 (3''07& 9&2 /'/ + 9I/2HI0 .02 E&.0I72 38)0'I02 '0 23') 9&2 E7&/, 0') I)/.02 % '3)70 &)I(0 % 6' 0)0) + .02'3'(/)/3'2 7&1'&') (&'2 .02 'I&102 ,3.&'I.&/702 (I , /./0I /')072)0..&/70 23') (0 )3I)02 .02 , &'/(702 )7(2(/)&70')02 (0 '0..02 (I ,3(( .0 ( G&),329*(70 HI G/.2 I)/./20') �'3.40107 + 7���� %
� �� �� � �#/. .� "�2 0�.  ./ .�.�/ 1��/��� �

� �� �� �- ��� ��  !"� #� �
�' & 0)0')/E0, 0') (/) + &I '*&9/)70 97&'&(0') + HI0 .02 7&/02 /')072)0..&/702 &)&/0') )7(2 E7&/20,8.&8.0, 0'),37, &02 (&'2 (02 '3'(/)/3'2 *372 &HI/./870 )*07,3(-'&, /HI0 .3'&. + &)&') (3''&02 .02 ,&/8.02 (0'2/)&2 HI G3' -)73IE0 % �& , &)*3(0 0F932&0 9 .I2 *&I) (3/) (3'' 3)70 &(&9)&0 % '0 '&2 + ' G02).%.(/70 HI G0' 2I2 (0 . G&HI&)/3'(0 )7&'2,07) 1&'&7&./2&0 + /. 02) '&'022&/70 (0 7&23I(70 2/,I.)&'&,0') .02 &HI&)/3'2 7&1/22&') . G&E3.I)/3'(02 939I.&)/3'2 (02 '/E0&IF (I ,&/) (02 )7&'2/)/3'2 7&(/&)/E02 0) '3../2/3''0..02 + )3I) 0' 2&)/2,&/2&') % .&'3'207E&)/3' (02 9&7)/'I.02 % 10))0 1&'&7&./2&)/3' & &)& &,37'&0 9&7 �"&/. IP MLT+ 7���� + 9I/2 0220')/0..0, 0')9&7 �$ .870'*) % & 010. + 7���� + (3') 3' E& 97&20')07 2I'' /'')0, 0') .02 7&2I .)&)2 (&'2 .& 2I /)0 % 20, &7HI3'2&1&.0, 0') HI G/. 02) *I2)/+& (0 '*07'*07 % &)0'(70 .& , &)*3(0 (0 �"&/. IP MLT+ 7��#� &I '&2 *372 &HI/./870)*07,3(-'&, /HI0 .3 '&. 9&7'0 HI0 .0 ./870 9&7'3I72 ,3-0' (02 9*3)3'2 . HI/ 02) 97&' /2&,0') ./& % .& '3)/3'
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( G6A� . (3/) /')I/)/E0, 0') (&90'(70 (0 .& 2)7I')I70 (I '*&,9 (0 E/)0220 + ' G02).%.(/70 '3' 20I.0, 0') (0 .&E/)0220 )I78I.0')0 ,3-0''0
σv
+ , &/2 &1&.0, 0') (0 .& .3'1I0I7 (0 '377& .&)/3'

lv
%

� �� �� �� �4!-� #� �/  �3�� �!� #� �  ./ 0�0! �-� #� �/
13'2/(&73'2 I' 0'20,8.0 (0

N
9&7)/'I.02 (0 .& , 3,0 029 ('0 + 93IE&') 20 )73IE07 (&'2 I' '07)&/' '3,870( G&)&)2 (/2'70)2� % 
 )&') (3''& HI G3' 2 G/')&70220 % I'0 )7&'2/)/3' 8 /0' 9&7)/'I./(70 + (0IF (0 '02 '/E0&IF +'3)&2

m
0)

p
+ *3I073') I' 7� .0 9&7)/'I./07 % �& E&7/&)/3' (0 .& 939I.&)/3' {nk}

( GI' '/E0&I
k
02) (3''&0 9&7I'0 &HI&)/3' (0 '3'207E&)/3' + (3') .& ,37, 0 02)

dnk

dt
=
∑

j

[nj (Cjk + Ajk) − nk (Ckj + Akj)] +
∑

j

[njBjk − nkBkj ] Jkj ,

(3') .0 , 0,870 (0 (73/)0 ,&/) /')07E0'/7 .02 '30� '/0')2 ( G6 /'2)0/'
A
0)

B
/')73(I/)2 &I '*&9/)70 06 ///+&/'2/ HI0 .02 9738&8/./)&2 (0 )7&'2/)/3' '3../2/3''0..0 + '3)&02

C
% - .I2 97&' /2&,0') + .0 , 0,870 (0 (73/)002) '3,932& (0 (0IF 23,,&)/3'2 937)&') 2I7 .02 '/E0&IF

j 6= k
+ .& 970, /(70 '3770293'(&') &IF 973 '022I2'3../2/3''0.2 &/'2/ HI G% . G&, /22/3' 293')&'&0 + .& 20'3'(0 % . G&82379)/3' 0) % . G&, /22/3' /'(I/)0 % 5&'2 '*&'I'0(02 23,,02 + 3' ,&/) .& (/)&70''0 0')70 .02 973 '022I2 70,9./22&') .0 '/E0&I

k
0) '0IF .0 E/(&') % C/ . G3' & 2&9&7&.02 (0IF 23,,02 + ' G02) HI0 . G&82379)/3' 0) . G&, /22/3' /'(I/)0 ,3') /')07E0'/7 .0 '*&,9 (0 7&-3''0,0') + 23I2.& ,37,0 (I ,&')0I7

Jkj =
1

4π

∫
φIνdΩ

39
φ
02) .0 973+ . '37,&./2& ( G&, /22/3' 0) ( G&82379)/3' (0 .& )7&'2/)/3' %

�I&') &I , 0,870 (0 1&I'*0 + /. '0 970'( (02 E&.0I72 '3' '&1./10&8 .02 HI0 2/ . G&'*0..0 (0 )0,92 (02 E&7/&)/3'2, &'732'39/HI02 ' G02) 9&2 )7(2 17&'(0 (0E&') .0 )0,92 (0 70.&F&)/3' (02 973 '022I2 (0 )7&'2/)/3'2 + HI/ 02))-9/HI0, 0') ( G0'E/73'
10−8 2 % $I)&') (/70 HI G3' 90I) '3'2/(&707 HI0 .02 939I.&)/3'2 {nk}

23') '3'2)&')02&I '3I72 (I )0,92� + '0 HI/ (3''0
pk =

∑

j

[nj (Cjk + Ajk) − nk (Ckj + Akj)] + [njBjk − nkBkj ] Jkj = 0
0)

p =
∑

k

nk − N = 0,
����

'0))0 (07'/(70 &HI&)/3' )7&(I/2&') .& '3'207E&)/3' (02 9&7)/'I.02 %
� �� �� �" � #/. .� � !� �.  . �- �3�3 �- �#/-� #� �  ! 2� � �.
� G/, 9.&,0')&)/3' (02 &HI&)/3'2 (I 9738.(,0 9320 I' '07)&/' '3,870 (0 HI02)/3'2 97&)/HI02 + &837(&020' (&)&/. 9&7 �"&/. IP MLT+ 7����� % 6' '0 HI/ '3''07'0 .02 &HI&)/3'2 (02 939I.&)/3'2 + . G&9973 '*0 *372.6A�' .&22/HI0 '3'2/2)0 % 2I993207 HI0 . G&HI/./870 2)&)/2)/HI0 7097&20')& 9&7 .02 &HI&)/3'2 ��� � 02) 2&)/2,&/) 2I7'*&HI0 & .&,0') (0 E3.I,0 + , &/2 I'/HI0, 0') 93I7 .& �E&.0I7 ,3-0''0� (0 . G/')0'2/)&

Iν
+ '0))0 ,3-0''0&)&') '&.'I.&0 2I7 . G0'20,8.0 (02 '3'+1I7&)/3'2 9322/8.02 (I '*&,9 (0 E/)0220 + '0 HI / 70E/0') % 2I993207HI0 .02 &HI&)/3'2 ��� � '0 23') E&7/+&02 HI G0' ,3-0''0 2I7 )3I) . G029&'0 (02 E/)02202 0) (02 /')0'2/)&2 %10))0 &9973 '*0 20,8.0 9&7 )739 17322/(70 + , &/2 . G&9973 '*0 /'E0720 + '3'2/2)&') % 2I993207 HI0 . G&HI/./8702)&)/2)/HI0 02) 7&&./2& 0' )3I) 93/') (0 '0) 029&'0 + ' G02).%.(/70 93I7 )3I)02 .02 E/)02202 0) )3I)02 .02 /')0'2/)&29322/8.02 + 0) HI/ 907, 0) ( G& ./, /'07 9I70,0') 0) 2/,9.0, 0') .02 939I.&)/3'2 {nk}

0) (0 20 7&, 0'07 % I'020I.0 &HI&)/3' (0 )7&'2,07) + 02) 0' ,&/) (/� ' /.0 % I)/./207 + 0' 9&7)/'I./07 9&7'0 HI G0..0 &83I)/) % (02 &HI&)/3'2*&I)0, 0') '3'. ./'&&/702 %
� G&9973'*0 /')07, &(/&/70 (0 �"&/. IP MLT+ 7���� '3'2/2)0 % ' G/,93207 . G&HI/./870 2)&)/2)/HI0 HI G0' )3I) 93/')(0 . G029&'0 (02 E/)02202 + , &/2 0' ,3-0''0 2I7 . G/')0'2/)& % 6' 97&)/HI0 + 3' '3'2/((70 HI0 .02 {pk}

0)
p
23')(02 E&7/&8.02 (I 9738.(,0 + 0) 3' 2 G/')&70220 % .& (0'2/)& (0 9738&8/./)&

P (v, Iν , p, p; z)
( G&E3/7 + % .& 932/)/3'

� r t<o9 lrpqom< q< puh k<h 9murhl9l:rh us<p q< p:r9lro hurh kl� poq9w }

f< no g:r k:l9 p:;tm<rkm< kurh q< h<rh �nouhlih9u9lno<� } 'r <�<9 q< pzu;t k< s l9<hh< suml< uo p:omh ko 9<;th " ;ulh h<hsumlu9l:rh h:r9 ho� hu;;<r9 q<r9<h t:om no gj pzuno< tuh k< 9<;th " :r tolhh< puqpoq<m qu h:qo9l:r ko tm:! qx; < ko 9murhv<m9<r hott:hur9 q<h t:toqu9l:rh p:rh9ur9<h }
� r r< tumq<mu tuh lpl ko tm:! qx; < k< qu Dwrwmuqlhu9l:r j k<h ; lql<oC ! lk l; <rhl:rr<qh :o 9mlk l; <rhl:rr<qh " k:r9 klhipo9< ��ulq �� 	
�" ?���� }  r h< tqup<mu 9:o� :omh kurh q< puh j or< h<oq< kl; <rhl:r " tum <C<;tq< p<qo l k gor< p:opz< 9<qq< no<p<qq< o9lqlhw< kurh q< pzutl9m< | " hurh t:om uo9ur9 :o! ql<m no< q<h mu*:rh t<os<r9 �9m< lrpqlrwh hom q guC< }
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z
+ I'0 /')0'2/)& 29 &' /+HI0

Iν
% .& ,7&HI0''0

ν
(3''&0 + I'0 E/)0220 .3'1/)I(/'&.0 )I78I .0')0

v
+ (02 E&7/&)/3'2(0 939I.&)/3'2 {pk}

+ HI G3' & 7&220,8.&02 23I2 I'0 '3)&)/3' E0')37/0..0
p
+ 0) I' 9&7&, ()70 (0 '3'207E&)/3'

p
% 5 &'2 '0))0 39)/HI0 + /. 02) /'&E/)&8.0 (0 2I993207 HI0 .02 {pk}

0)
p
9I/220') 970'(70 (02 E&.0I72 '3''I..02d	 + , &/2 3' /,9320 '&&',3/'2 HI0 .0I72 E&.0I72 ,3-0''02 .0 23/0') % � /'&.0, 0') + .02 ,37, 02 97&)/HI02(02 &HI&)/3'2 ( G&E3.I)/3' (02 939I.&)/3'2 &/' 2/ HI0 . G&HI&)/3' (0 '3'207E&)/3' (0 .& , &)/(70 23') 38)0'I020' &99./HI&') % ���� . G39&7&)0I7 /')&17&.

∫
P (v, Iν , p, p; z)dpdpdIν

( G39 ∑

j

[nj (Cjk + Ajk) − nk (Ckj + Akj)] Wv + [njBjk − nkBkj ]Qkj = 0,

39 . G3' & ,&/) &99&7&�)70 .& (/2)7/8I)/3' (02 E/)02202
Wv

+ 0) 39 Qkj
02) (3''&0 9&7

Qkj =
1

4π

∫
φQνdΩ

2&'*&') HI0
Qν =

∫
PIνdpdpdIν

0)
Wv =

∫
PdpdpdIν .

�0 )7&/)0, 0') (0 . G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 20 ,&/) 0F&')0, 0') '3,,0 (&'2 .0 '&2 (0 . G&HI/./870)*07,3(-'&, /HI0 .3'&. + 9I/2HI0 .02 0)0)2 (02 939I.&)/3'2 (02 '/E0&IF 23') /''.I2 (&'2 .& ,3'')/3' 23I7'0
Sν

0) (&'2 .0 973+ . ( G&82379)/3' 0) ( G&, /22/3'
φ
�E3/7 .0 '*&9/)70 06 ///� % 5 0 , 3,0 + 3' 90I) /')73(I/70. G/')0'2/)& '3'(/)/3''0..0

qν = Qν/Wv
(3') . G&HI&)/3' 02) )3I*3I72

∂qν

∂τ
=

1

τv

(
−u

∂qν

∂u
+

∂2qν

∂u2

)
− φ(qν − Sν).

13,,0 ' G02) '0))0 (07'/(70 HI&')/)& HI G3' E& 0' ,&/) '3'2/(&707 + /. '3'E/0') (0 '3)07 HI0 .02 &HI&)/3'2 (02939I.&)/3'2 9 0IE0') 2 G&'7/70 + 0' ,&')37/2&') 9&7 .& (/2)7/8I)/3' (02 E/)02202 +
∑

j

[nj (Cjk + Ajk) − nk (Ckj + Akj)] + [njBjk − nkBkj ]
1

4π

∫
φqνdΩ = 0.

�7))�

4. ,&I) '3)07 HI0 + (&'2 '0))0 &9973 '*0 + .02 '3,8702 ( G3 ''I9&)/3' {nk}
'0 (&90'(0') 9.I2 20I.0, 0') (0 .&932/)/3'

z
+ , &/2 &1&.0, 0') (0 .& E/)0220 %

� �� �� � �2 0 �3 2 .��-� #� � �!2 3 �#4!.
13,,0 3' . G& (&* % &E3HI& + .0 , /./0I &)I(/& 02) '&'022&/70, 0') I'/(/, 0'2/3''0. + &I 20'2 39 .02 E&7/&)/3'2'3'2/(&7&0 '0 9 0IE0') 20 973(I/70 HI0 20.3' I' &F0

z
+ '0 HI / ' G0,9 3'*0 9&2 (0 '3'2/(&707 I'0 '3I'*0)I78I.0')0 '3,,0 3' . G& ,&/) &I '*&9/)70 0 + ((2 .372 HI0 '0..0 '/ 02) *3,31('0 )7&'2E072&.0, 0') + (&'2 .09.&'

(Ox, Oy)
% �' 90I) &.372 /''.I70 .0 )7&/)0,0') (02 7&-3'2 /'' ./'&2 ( GI' &'1.0

θ
2I7 . G&F0

z
0' ,&/2&').0 2/,9.0 '*&'10, 0') (0 E&7/&8.0

dτ −→ dτ

µ

&E0'
µ = cos θ

'0 HI/ '0 '*&'10 9&2 ,3'(&, 0')&.0, 0') .02 &HI&)/3'2 %
�I, &7/HI0,0') + �"&/. IP MLT+ 7���� )7&/)0 .0 9738.(,0 0' '*3/2/22&') I' 0'20,8.0 (0 ,7&HI0''02

(ν1, . . . , νM )0) (0 '32/'I2 (/70')0I72
(µ1, . . . , µP )

+ 0) 0' 7&23.E&') .0 2-2)(,0 (0
M ×P

&HI&)/3'2 &IF (&7/E&02 9&7)/0..022I7 . G/')0'2/)& '3'(/)/3''0..0 + 2/,I.)&'&,0') &E0' .02 &HI&)/3'2 (02 939I.&)/3'2 0) .& '3'207E&)/3' (029&7)/'I.02 % �02 '3'(/)/3'2 /'/)/&.02 (I 2-2)(,0 23') 38)0'I02 0' 2I9932&') HI0 . G/')0'2/)& '3'(/)/3''0..0/''/(0')0 % . G&77/(70 (0 .& '3I'*0 2I/) I'0 ,3'')/3' (0 - .&''5 + 93I7 I'0 '07)&/'0 )0,9 &7&)I70
T0
+ 0) HI G/.' G0F /2)0 9&2 (0 7&-3''0, 0') /''/(0') &I '/E0&I (0 .& ,&'0 (0 237)/0 % 6' 0)0) + .& 7&23.I)/3' 973932&09&7 �"&/. IP MLT+ 7���� '3'2/2)0 % 2&9&707 .02 7&-3'2 20 (&9.&'&') E072 .0 (0, / 029&'0

z > 0
(0 '0IF &..&')(&'2 .0 20'2 39932& % �' & (3'' 0' ,&/) (0IF 2-2)(,02 (0

M × P/2
&HI&)/3'2 (0 )7&'2,07) + 0) /. ,&I) I'0'3'(/)/3' /'/)/&.0 93I7 '*&'I' (0 '02 2-2)(,02 % �02 '3'(/)/3'2 &IF ./, /)02 23') (3''&02 93I7 .02 E/)02202)0'(&') E072 . G/'+'/ + 0) 29 &' /+0') HI0 . G/')0'2/)& '3'(/)/3''0..0 (0E/0') &.372 &1&.0 % . G/')0'2/)& (I '3')/'I

% .& , 3,0 ,7&HI0''0 %
e� 
urh no:l q g:r h< mu; xr< j q guttm:pz< � mlD lk<� ws:now< tqoh zuo9 }
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�' '0 (&)&/..07& 9&2 /'/ .& , &)*3(0 2I11&7&0 9&7 �"&/. IP MLT+ 7���� 93I7 7&23I(70 '02 2-2)(,02 % �' 20'3')0')07& (0 70, &7HI07 HI G0..0 70E/0') % 9&7)/7 ( GI'0 02)/, &)/3' �9&7 0F0,9.0 /22I0 ( GI' ,3(( .0 % . G6A� �(02 /')0'2/)&2 '3'(/)/3''0..02 '3770293'(&') %
µ < 0

+ 9I/2 + 0' 20 (&9.&'&') .0 .3'1 (0 . G&F0
z
+ % '&.'I.07 .02/')0'2/)&2 '3770293'(&') %

µ > 0
% �& '3,8/'&/23' (02 /')0'2/)&2 93I7 )3I2 .02 &'1.02 02) &.372 I)/./2&0 93I7'&.'I.07 .0 '*&,9 (0 7&-3''0, 0') &I 93/')

z
0) (3'' .02 939I.&)/3'2 % $97(2 &E3/7 &))0/') .0 837( 0F)&7/0I7(I 'I&10 3' 70'3,,0''0 0' 20'2 /'E0720 *I2HI G% 38)0'/7 .& '3'E0710''0 % -&7 '3,9&7&/23' + .& , &)*3(0(0 �$ .870'*) % & 010. + 7���� '3'2/2)0 % 20 (3''07 I'0 02)/, &)/3' (02 939I.&)/3'2 (&'2 )3I) . G029&'0 + % 0'(&(I/70 .02 '30� '/0')2 ( G&82379)/3' 0) .& ,3'')/3' 23I7'0 + HI G3' I)/./20 0'2I/)0 93I7 7&23I(70 .0 2-2)(,0( G&HI&)/3'2 (0 )7&'2,07) % �02 /')0'2/)&2 &/'2/ '&.'I.&02 (3''0') (0 '3IE0..02 02)/, &)/3'2 (02 939I.&)/3'2

{nk}
+ 0) 3' /)(70 .0 973'022I 2 *I2HI G% &))0/'(70 I' '7/)(70 (0 '3'E0710''0 29 &'/+& % . G&E&''0 %

� �� �� �. �3/! ��-�/ .� -�- ��/.
�02 970, /(702 2/,I.&)/3'2 'I, &7/HI02 (0 '0 ,3(( .0 *372 &HI/./870 )*07,3(-'&, /HI0 .3 '&. 23') 97&20')&029&7 �"&/. IP MLT+ 7���� (&'2 .0 '&(70 ( GI'0 &9973F /, &)/3' % (0IF '/E0&IF 0) % (0IF 7&-3'2 �

µ = ±1
� (0 .&)7&'2/)/3' % ���� � (I ,07 &)3, /HI0 + (&* % I)/./2&0 9&7 �"&/. % C0(., &-7 + 7��#� % �0 9&7&, ()70 '&7&')&7/2&')&.372 .0 '&7&')(70 *372.6A� (I ,3(( .0 02) .0 7&9937)

ε = C21/A21
(0 (&939I.&)/3' 9&7 '3../2/3'2 (I '/E0&I2I9 &7/0I7 % �' ,3')70 0' 0)0) HI0 .02 &HI&)/3'2 (0 )7&'2,07) 1&'&7&./2&02 /'' .I0') (02 )07,02 (0 '3I9.&100')70 .02 (/)&70')02 ,7&HI0''02 0) .02 (/)&70')2 &'1.02 + )07,02 HI/ 23') 973937)/3''0.2 %

(1 + ε)−1 + (0 237)0HI0 2/
ε
02) 17&'( (0E&') I' dd + 3' & 0' ,&/) I' 2/,9.0 2-2)(,0 ( G&HI&)/3'2 0F&')0, 0') /(0')/HI02 % '0..02(I '&2 (0 . G6A� % 6' 70E&''*0 + 2/

ε
02) /' ,&7/0I7 3I (0 . G37(70 (0 I' + /. ,&I) )7&/)07 .0 '&2 *372.6A� %

, "�

, "�

, "�

, "=

?� ?, � � ?, ?�
, "�

, "�

, "�

, "=

?� ?, � � ?, ?�
, "�

, "�

, "�

, "=

?� ?, � � ?, ?�

r λ

∆λ
#
10−11

; $

#8 ?$ #8=$ #� ?$ #�=$ #f ?$ #f=$

@AB C 0 /0 %# D � RWc LQ KI RMOIQ K VMbQWR\ POWF KH �0 � < 		�	 � _ KMFQ LI JMQ KI NOPIQQIQ PHRbHLIFPIQ
σv =

1
5, 2

−1
;c =HRIQ $ 7 IP $ (> _ σv = 2

5, 2
−1

;c =HRIQ D 7 IP D (> IP
σv = 3

5, 2
−1

;c =HRIQ 1 7 IP 1(> T UIQc =HRIQ $ 7_ D 7 IP 1 7 JWRRIQ\ WFKIFP < L V� �U _ LIQ c =HRIQ $ ( _ D ( IP 1( MH JMQ ] WRQ�� �U T 
HR J] MJHFI KIQQWHQ�c =HRIQ_ LIQ PRWOQ JWHRbIQ RI\ RZQIFPIFP_ KI bMQ IF ] MHP_ LIQ \ RWc LQ K VMbQWR\ POWF KMFQ LI JMQ KIQ LWF=HIHRQKI JWRRZLMPOWF
lv = 10

5, _ lv = 100
5, IP

lv = 1000
5, _ RIQ\ IJPONIX IFPT � O=HRI OQQHI KI 
 �MOL IP MLT_ Y� �	� T

�& +1I70 0 /0 %# ,3')70 + 93I7 )73/2 E&.0I72 (/)&70')02 (0 .& E/)0220 )I78I.0')0
σv

0) )73/2 .3'1I0I72 (0'377& .&)/3'
lv
+ .& '3,9&7&/23' 0')70 .02 '&2 6A� 0) *372.6A� + )0..0 HI0 '&.'I.&0 9&7 �"&/. IP MLT+ 7���� % CI7'*&HI0 23I2.+1I70 + .0 973+ . .0 9.I2 973,3'( '3770293'( &I '&2 , /'73)I78I.0') % �I0 . G3' 23/) (&'2 .0 '&2(0 . G&HI/./870 )*07,3(-'&, /HI0 .3 '&. 3I 9&2 + 3' '3'2)&)0 HI0 .02 973+ .2 ( G&82379)/3' 23') (0 ,3/'2 0',3/'2 973,3'(2 0) (0 ,3/'2 0' ,3/'2 .&7102 HI&'( .& .3'1I0I7 (0 '377& .&)/3' &I1,0')0 + '3,,0 3' . G&E&/)70, &7HI& &I 0 /0 %� %� % 5 G&I)70 9&7) + %

lv
0)

σv
/(0')/HI02 + .0 973+ . *372.6A� 02) 9.I2 973,3'( HI0 .0 973+ .6A� '3770293'(&') + 0' )3I2 .02 '&2 &I '0')70 (0 .& 7&/0 % �' 70, &7HI0 0' 70E&''*0 HI0 .02 &/.02 (0 7&/0223') 20'2/8.0, 0') /(0')/HI02 (&'2 .02 (0IF '&2 + '0 HI / 2I11(70 HI0 '0..02.'/ 23') )3I*3I72 ,37, &02 % . G6A� %

� �� �� �� �. "-/  . � �3 2 #// #� �  . 2� �3"! �./ ��

$ .870'*) 0) & 010. �$ .870'*) % & 010. + 7���� 3') I)/./2& .0 ,3(( .0 HI G3' E/0') (0 (&'7/70 93I7 '&.'I.07 'I., &7/HI0, 0') .02 973+ .2 0' &, /22/3' (0 7&/02 (I ,3'3F-(0 (0 '&783'0 + ,3(& ./2& 9&7 I'0 ,3.&'I.0 % 2/F
eef< nol hlDrly< no< q<h tm:p<hhoh p:qqlhl:rr<qh k:; lr<r9 q<h tm:p<hhoh muklu9lvh }
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'/E0&IF ( G&'071/0 % 10))0 &9973F /, &)/3' (&'7/E&') 70.&)/E0,0') 8/0' .0 (/&17&,,0 ( G&'071/0 (0 1� + .02973+ .2 38)0'I2 23') 9 07)/'0')2 93I7 . G&)I(0 (02 7&/02 (I ,3'3F-(0 (0 '&783'0 /')072)0..&/70 %

0.5

1.0

0.0

1.0

0.5

0.0

1.0

0.5

0.0
1.0 1.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.50.5 0.5

v
#); h

−1$

(E
{
I ν

}
−

I c
)/

B
ν

lv = 0, 01D lv = 0, 1D lv = 1D lv = 10D

n
=

1
0
2

�
�

−
3

n
=

1
0
3

�
�

−
3

n
=

1
0
4

�
�

−
3

@AB C 0 /0 %� D � RWc LQ KI RMOI JMLJHLZQ \ WHR LM PRMFQOPOWF
J = 1 → 0

KH X WFW[�KI KI JMRbWFIT UM NOPIQQI PHRbH�LIFPI
σv

IQP \ ROQI Z= MLI < a
σth _ \ WHR Tk = 10

& T UIQ KO� ZRIFPIQ QWHQ�c =HRIQ JWRRIQ\ WFKIFP < KO� ZRIFPIQ NM�LIHRQ KI LM KIFQOPZ
n
IP KI LM LWF=HIHR KI JWRRZLMPOWF

lv _ JWXX I OFKO^HZ IF RI= MRK_ IF RM\\ ILMFP ^HI
D

IQP LM\ RWS WFKIHR KI LM JWHJ] I PHRbHLIFPIT 
HR J] MJHFI KIQ QWHQ�c =HRIQ_ LIQ ^HMPRI JWHRbIQ JWRRIQ\ WFKIFP MH[ KO� Z�RIFPIQ KIFQOPZQ KI JWLWFFI KI 1� JWFQOKZRZIQ_ QWOP NCO = 1016 ',−2 _ NCO = 1017 ',−2 _ NCO = 1018 ',−2IP
NCO = 1019 ',

−2 _ IF \ MRPMFP KI LM RMOI LM X WOFQ OFPIFQIT � O=HRI OQQHI KI 
� LbRIJ] P � � I= IL_ Y�� �� T
�' '0 70E/0'(7& &E/(0,,0') 9&2 2I7 . G&)&8./220, 0') (0 . G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 '/ (02 &HI&)/3'27&1/22&') .02 939I.&)/3'2 (02 '/E0&IF % �& 973 '&(I70 'I, &7/HI0 & &1&.0, 0') &)& (&'7/)0 I' 90I 9.I2 *&I) +93I7 I' ,3(( .0 (0 'I&10 '3'2)/)I& ( GI'0 '3I'*0 )I78I.0')0 *3,31('0 d� (0 .&710I7

D
% � .& (/)&70''0(0 �"&/. IP MLT+ 7���� + .0 'I&10 02) /' / /..I, /'& (02 (0IF '�)&2 9&7 .0 7&-3''0, 0') (I ,3'( (/)I2 '32,3..31/HI0 + .0HI0. '3'2)/)I0 0' ,3-0''0 I'0 ,7&')/3' /,937)&')0 (I 7&-3''0, 0') &,8/&') &IF ,7&HI0''02(02 )7&'2/)/3'2 73)&)/3''0..02 (0 1� % 5 G&I)70 9&7) + .02 ,&/8 .02 (0'2/)&2 (I , /./0I /')072)0..&/70 *I2)/+0') (0970'(70 I'0 1&I22/0''0 '3,,0 973+ . ( G&82379)/3' 0) ( G&, /22/3'

φ
%

�02 9&7&, ()702 (I 9738.(,0 23') .& (0'2/)& E3.I, /HI0
n
(0 9&7)/'I.02 + % 2&E3/7 0220')/0..0, 0') '0..0 (02,3.&'I.02 (0 (/*-(731('0 + .& )0,9&7&)I70 ' /'&)/HI0

Tk
+ .& (0'2/)& (0 '3.3''0 d8 (I ,3'3F-(0 (0 '&783'0

NCO
+ 0) 8/0' 0')0'(I .02 9&7&, ()702

σv
0)

lv
(I '*&,9 (0 E/)0220 % 6' '0 HI/ '3''07'0 .0I72 /'*I0''0270290')/E02 + 3' 70, &7HI07& HI0 .& (0'2/)& (I 1&B ' G/')07E/0') HI G&I )7&E072 (02 9738&8/./)&2 (0 )7&'2/)/3'

eA &pl " z:;:Dxr< hlDrly< no glq r g<C lh9< tuh k< �op9ou9l:rh k< k<rhl9w " j r< tuh p:rv:rkm< us<p q< pumup9xm< z:;:Dxr< k< qu9om!oq<rp< ws:now kurh q< pzutl9m< | }eEF gu! :rkurp< k< f tum mutt :m9 j .
2

<h9 yCw< " kurh q< ; :kxq< " j
10−5

}
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'3../2/3''0..0 d� % �& )0,9 &7&)I70 '/'&)/HI0 + 0..0 + (&)07, /'0 ( GI'0 9&7) .& .&710I7 (02 '30� ' /0')2 ( G&82379)/3' +0) ( G&I)70 9&7) .02 )&IF (0 '3../2/3' + 0) (3'' .02 '30� '/0')2
Cjk

% -&7 &/..0I72 + .& (0'2/)& (0 '3.3''0 (0 1�*3I0 ( GI' '�)& 2I7 .& 9738&8/./)& ( G&'*&990, 0') (02 9*3)3'2 �HI/ (/, /'I0 .372HI0
N��

&I1, 0')0 � 0) ( GI'&I)70 '�)& 2I7 . G&, /22/3' (02 7&/02 % *&I)
J
% 6' 0)0) + .372HI0 .02 7&/02 '3770293'(&') &IF '/E0&IF (0 8&220&'071/0 (0E/0''0') 39)/HI0,0') &9&/2202 % 17&'(0 (0'2/)& (0 '3.3''0 + .02 '/E0&IF 0F'/)&2 '3770293'(&')23') 9.I2 ,&' /.0, 0') 9 0I9.&2 (I ,&/) (02 &, /22/3'2 0) &82379)/3'2 ,I.)/9.02 + '0 HI/ 9 07, 0) &.372 ( G0F'/)07 .02'/E0&IF 9.I2 & .0E&2 % 6'+' + 3' & (&* % (/2'I)& (0 . G/'*I0''0 (02 9&7&, ()702 (I '*&,9 (0 E/)0220 &I 0 /0 %� %

�02 +1I702 0 /0 %� 0) 0 /0 %� ,3')70') '07)&/'2 (02 7&2I.)&)2 38)0'I2 9&7 �$ .870'*) % & 010. + 7���� + 9 3I7 .&)7&'2/)/3'
J = 1 → 0

+ .& )0,9&7&)I70 ' /'&)/HI0 &)&') &1&.0 %
Tk = 10

& % CI7 .& +1I70 0 /0 %� + 3' E3/) .02973+ .2 (0 7&/0 )7&'&2 93I7 (/)&70')02 E&.0I72 (0 .& .3'1I0I7 (0 '377& .&)/3' + (0 .& (0'2/)& (0 '3.3''0 (0 1� +0) (0 .& (0'2/)&
n
(I (/*-(731('0 % �& E/)0220 )I78I .0')0 '&7&')&7/2)/HI0 02) /'/ +F&0 %

σv = 3σth
+ 39

σth02) .& (/29072/3' (0 E/)0220 )*07, /HI0 % CI7 '02 973+ .2 + 3' 70, &7HI0 . G&I)3&82379)/3' &I '0')70 (0 .& 7&/0 +HI/ 02) 9&7)/'I./(70, 0') , &7HI&0 (&'2 .0 '&2 (02 9.I 2 90)/)02 .3'1I0I72 (0 '377& .&)/3' + , &/2 HI/ (/29&7&�)9702HI0 '3,9.()0, 0') .372HI0
lv
&I1, 0')0 + '0 HI/ 93I77&/) 0F9./HI07 .0 ,&/) HI G0' 97&)/HI0 3' ' G38207E0HI0 )7(2 90I ( G&I)3&82379)/3' (&'2 .02 7&/02 /')072)0..&/702 + '3')7&/70, 0') % '0 HI0 97&(/20') .02 , 3(( .02*372.6A� , /'73)I78I.0')2 % 5 G&I)70 9&7) + .02 973+ .2 23') 9.I 2 /')0'202 0) 9 .I2 .&7102 (&'2 .0 '&2 (02 9 0)/)02.3'1I0I72 (0 '377& .&)/3' + '0 HI/ '37738370 .02 7&2I.)&)2 38)0'I2 9&7 �"&/. IP MLT+ 7���� 93I7 (02 7&/02 0'&82379)/3' %

�& +1I70 0 /0 %� 97&20')0 HI&') % 0..0 .02 '3I78 02 (0 '73/22&''0 (0 '0))0 )7&'2/)/3' + '3770293'(&') &IF , 3,02(0'2/)&2
n
0) % .& , 3,0 )0,9&7&)I70 '/'&)/HI0 % �' '3'2/((70 (0IF E&.0I72 93I7 .& E/)0220 )I78I.0')0 + 23 /)

σv = σth
0)

σv = 3σth
% 1*&HI0 23I2.+1I70 70173I90 .02 '3I7802 (0 '73/22&''0 '&.'I.&02 93I7 (/)&70')02.3'1I0I72 (0 '377& .&)/3' + )3I2 &I)702 9&7&, ()702 &)&') &1&IF 9&7 &/..0I72 % C/ . G/')0797&)&)/3' (0 '02 '3I78 02 +&/'2/ HI0 (02 973+ .2 (0 7&/0 + 02) &220B (& ./'&)0 + 3' 70, &7HI0 HI3/ HI G/. 0' 23/) HI0 .& E&.0I7 (0 .& .3'1I0I7(0 '377& .&)/3' (0 .& E/)0220 0' ,3(/+0 20'2/8.0, 0') . G&290') + '0 HI/ 2I11(70 HI0 . G/')0797&)&)/3' (02 7&/02/')072)0..&/702 (3/E0 0' )0'/7 '3,9)0 93I7 &''&(07 &IF 97397/&)&2 9*-2/HI02 (02 'I&102 %

2

0

−2

2

0

−2

18 122012 1614 14 16 18 20 12 14 16 18 20

log (NCO)

lo
g

(W
ν
)

n = 102
p;

−3 n = 103
p;

−3 n = 104
p;

−3

σ
v

=
σ
t
h

σ
v

=
3
σ
t
h

@AB C 0 /0 %� D �WHRbIQ KI JRWOQQMFJI P] ZWRO^HIQ KI LM PRMFQOPOWF
J = 1 → 0

KH X WFW[�KI KI JMRbWFI_ JMLJHLZIQ\ WHR HFI PIX\ ZRMPHRI JOFZPO^HI
Tk = 10

& T UM \ RIX O�RI LO=FI JWRRIQ\ WFK MH JMQ
σv = σth _ LM QIJWFKI <

σv = 3σth
T UIQ KO� ZRIFPIQ QWHQ�c =HRIQ RI= RWH\ IFP LIQ JWHRbIQ WbPIFHIQ \ WHR LIQ NMLIHRQ

lv = 0, 01D
;PORIPQ> _

lv = 0, 1D
;PRMOP X O[ PI> _ lv = D

;PRMOP \ LIOF> IP
lv = 10D

;\ WOFPOL LZQ> KI LM LWF=HIHR KI JWRRZLMPOWF_ LMKIFQOPZ
n
NMROMFP K VHFI QWHQ�c =HRI < L VMHPRI_ JWXX I OFKO^HZT � O=HRI OQQHI KI 
� LbRIJ] P � � I= IL_ Y�� �� T

e�Fu k<rhl9w pml9lno< k< .
2

uoik<qj k< quno<qq< q<h tm:p<hhoh p:qqlhl:rr<qh k:; lr<r9 <h9 k g<rs lm:r
105

p;
−3
}
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� �� �� �-/  �!� 2 #�#.! 0�3/.��-��  ./ � !"�!-� #� �/  .  .�/ #�3

� �� �� �- ��� ��  !"� #� �
�0 , /./0I ,3.&'I.&/70 ,73/( 0) (0'20 + (&'2 .0HI0. 20 ,37, 0') .02 7&/02 (0 1� (/2'I)&02 % .& 20')/3' 97&'&(0')0 +97&20')0 I'0 2)7I')I70 *&)&731('0 0' (0'2/)& �E3/7 .0 '*&9/)70 / /� % � 7 3' E/0') (0 E3/7 + (&'2 .0 '&2 ( GI'0'3I'*0 *3,31('0 + HI0 '0))0 (0'2/)& /'*I0 &220B '0))0, 0') 2I7 .02 973+ .2 (02 7&/02 % 4. 20,8.0 (3'' 7&/23'.'&8.0 + (&'2 I'0 '3IE0..0 &)&9 0 (0 1&'&7&./2&)/3' (I ,3(( .0 (0 �"&/. IP MLT+ 7��#� + (0 '*07'*07 % /''.I70 .020)0)2 ( GI' '*&,9 2)3 '*&2)/HI0 (&'7/E&') .& (0'2/)&

n
(I (/*-(731('0 (&'2 .0 'I&10 % 1 G02) '0 HI0 9739320')

' 01, &'' 0) & 010. �' 01, &'' % & 010. + ()))� + )3I) 0' '3)&') HI G/. 0F /2)0 (02 ,3(( .02 (0 )7&'2,07) 7&(/&)/,(&'2 (02 , /./0IF *&)&731('02d� % � /2 % 9&7) '0))0 &, & ./37&)/3' + .0 )7&E&/. (0 �'01, &'' % & 010. + ()))� 70.9320 2I7 .0 , 3,0 ,3(( .0 (0 '3I'*0 )I78I.0')0 HI0 �$ .870'*) % & 010. + 7���� + 0) /.2 2 G/')&70220') &1&.0, 0')&IF 7&/02 ( G&, /22/3' (0 1� + 7097&20')& 9&7 I' 73)&)0I7 7/1/(0 % 2/F '/E0&IF ( G&'071/0 % �' E& , &/')0'&')(&'7/70 .0 '*&,9 (0 (0'2/)& 2)3'*&2)/HI0 HI G/.2 /')73(I/20') + &E&') (0 (3''07 HI0.HI02 7&2I.)&)2 %
� �� �� �� �1- 2 0  .  .�/ #�3 /�� "1-/� #4!.

�0 ,3(( .0 (0 �"&/. IP MLT+ 7��#� 70932&/) 2I7 . G/(&0 HI0 . G&HI&)/3' (0 )7&'2,07) 93IE&/) 20 E3/7 '3,,0 I'0&HI&)/3' (0 �&'10E/' + (3') .0 )07, 0 2)3 '*&2)/HI0 9I7 02) 'I. + 0) HI G0' 970'&') I' '*&,9 (0 E/)022038& /22&') &1&.0,0') % I'0 &HI&)/3' (0 �&'10E/' + 3' 93IE&/) &.372 (&7/E07 I'0 &HI&)/3' (0 �35507.- .&''5937)&') 2I7 .& 9738&8/./)& *3/')0 (0 .& E/)0220 0) (0 . G/')0'2/)& %
5 0 , 3,0 + 2/ . G3' /')73(I/) I' '*&,9 (0 (0'2/)& (3') . G&E3.I)/3' .0 .3'1 (0 .& ./1'0 (0 E/2&0 02) 7&1/ 9&7 I'0&HI&)/3' (0 �&'10E/' + 3' 93I77& &99./HI07 .0 , 3,0 ,37, &./2, 0 93I7 .& 9738&8/./)& *3/')0 (02 )73/2 E&7/&8.02/')0'2/)& 29&'/+HI0 + (0'2/)& 0) E/)0220 % �0 9738.(,0 HI/ 20 9320 &.372 02) (0 '3')7&/'(70 .& 932/)/E /)& (0 .&(0'2/)& + '0 HI0 '0 907, 0) 9&2 M \ ROWRO . G&HI&)/3' (0 �&'10E/' % �' 2 G0' 237) 0' 970'&') '3,,0 E&7/&8.0 +'3' 9&2 .& (0'2/)&

n
973970,0') (/)0 + , &/2 23' .31&7/)*, 0 + 0' 932&')

ñ = ln

(
n

n0

) 39
n0

02) I'0 (0'2/)& (0 7&,&70''0 %
1 G02) '0))0 (0'2/)& .31&7/)*, /HI0 HI/ 02) &.372 (&'7/)0 9&7 I'0 &HI&)/3' (0 �&'10E/' /(0')/HI0 % '0..07&1/22&') .& E/)0220 + 0) '&7&')&7/2&0 9&7 I'0 (/29072/3'

σñ
0) I'0 .3'1I0I7 (0 '377& .&)/3'

lñ
+ HI/ 23') (02'3'2)&')02 /'(&90'(&')02 (02 &I)702 9&7&, ()702 (I 9738.(,0 +

dñ

dz
= − ñ

lñ
+

σñ√
lñ

Γñ(z)
&E0' 〈Γñ(z)〉 = 0

0) 〈Γñ(z)Γñ(z′)〉 = 2δ(z − z′)

20, &7HI3'2 HI G&)&') (3''& '0 HI/ & &)& (/) &I '*&9/)70 6 ///+ .& (/2)7/8I)/3' (02 (0'2/)&2 .31&7/)*, /HI02 02)1&I22/0''0 + '3,,0 .& (/2)7/8I)/3' (02 E/)02202 % -&7 '3'2&HI0') + .& (/2)7/8I)/3' (0 .& (0'2/)& 02) .31'37, &.0 +'0 HI G3' /..I 2)70 2I7 .& +1I70 0 /0 %� + .&HI0..0 , 3')70 &1&.0, 0') (02 0F0,9.02 (0 '*&,92 (0 (0'2/)& .0 .3'1( GI'0 ./1'0 (0 E/2&0 + 93I7 (0IF E&.0I72 (0 .& (/29 072/3'
σñ
%

�' 70,&7HI0 '3)&,,0') HI0 9.I 2 '0))0 (/29 072/3' 02) & .0E&0 + 9.I2 .0 1&B & )0'(&''0 & 3)70 70173I9 & (&'2(02 0')/)&2 (0'202 + 2&9&7&02 .02 I'02 (02 &I)702 9&7 (02 7&1/3'2 9 0I (0'202 % � G&'*0..0 '&7&')&7/2)/HI0 (0E&7/&)/3' (0 .& (0'2/)& 02) HI&') % 0..0 (3''&0 9&7 .& .3'1I0I7
lñ
% �3)3'2 0'+' HI0 .& (0'2/)& ,3-0''0 .0.3'1 (0 .& ./1'0 (0 E/2&0 02) 70./&0 % .& (0'2/)& (0 7&,&70''0 9&7

E {n} = n0 exp

(
σ2

ñ

2

) 0) 0' 97&)/HI0 ' G02) 0..0 HI G3' 20 (3''07& + 9.I)�) HI0
n0.

� �� �� �" �4!-� #� �  . � �-�/�. �� �3�3 �- �#/3.

CI/E&') '0 HI/ & &)& ,&/) &I 0 /0 %� %� + 3' '3'2/((70 .& 9738&8/./)&
P (v, ñ, Iν ; z)dvdñdIν

93I7 HI G&I 93/')
z
.&E/)0220 + .& (0'2/)& .31&7/)*, /HI0 0) . G/')0'2/)& &/0') 7029 0')/E0,0') 93I7 E&.0I72

v
%

dv
97(2 +

ñ
%

dñ
97(2 +

e%�:o9<v:lh " p<h zw9wm:Dwrwl9wh h:r9 m<tmwh<r9w<h tum or r:;!m< yrl k< tzuh<h z:;:Dxr<h klh9lrp9<h �(os<qu " ?���� }
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{
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}
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{
n
}

σñ = 1, 0

σñ = 0, 1

W
n
(n

)

n/E {n}

σñ = 1, 0

σñ = 0, 1

@AB C 0 /0 %� D �[ IX\ LIQ KI J] MX\ Q KI KIFQOPZ LI LWF= K VHFI LO=FI KI NOQZI ;< = MHJ] I \ WHR KIH[ NM�LIHRQ KI LM KOQ\ IRQOWF
σñ

> IP KOQPRObHPOWFQ KI \ RWbMbOLOPZ JWRRIQ\ WFKMFPIQ ;< KRWOPI> T � O=HRI RI\ RWKHOPIK VM\ R�Q 
� I=XMFF � � I= IL_ `���� T

0)
Iν

%
dIν

97(2 % 
 )&') (3''& HI0 .02 (/)&70')02 &HI&)/3'2 (0 �&'10E/' 937)&') 2I7 '02 )73/2 E&7/&8.02 '023') 9&2 '3I9.&02 + . G&HI&)/3' (0 �35507.- .&''5 937)&') 2I7
P
02) 2/,9.0, 0') d�

∂P

∂z
=

1

lv

∂(vP )

∂v
+

σ2
v

lv

∂2P

∂v2
+

1

lñ

∂(ñP )

∂ñ
+

σ2
ñ

lñ

∂2P

∂ñ2
+

∂

∂Iν
[κν(Iν − Sν)P ] ,

�7) 7�
39 + 9&7 7&9937) % . G&HI&)/3' ���� + 3' & *I2)0 &*3I)& .02 )07,02 '3770293'(&') % .& E&7/&8.0

ñ
+ (3') .& ,37, 002) /(0')/HI0 % '0..0 (02 )07, 02 20 7&9937)&') % .& E/)0220 % �' ' G/')73(I/7& 9&2 /' / .& E/)0220 7&(I/)0 3I.& 973,3'(0I7 39)/HI0 + 0) .02 HI&')/)&2

Qν
0)

qν
2073') '0))0 ,3/2 (&90'(&')02 (02 E&7/&8.02

z
+
v
0)

ñ
% 6'9&7)/'I./07 + . G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 93I7 . G/')0'2/)& '3'(/)/3''0..0

qν
02)

∂qν

∂z
=

1

lv

(
−v

∂qν

∂v
+ σ2

v

∂2qν

∂v2

)
+

1

lñ

(
−ñ

∂qν

∂ñ
+ σ2

ñ

∂2qν

∂ñ2

)
− κν (qν − Sν)

�7)(�

20, &7HI3'2 HI0 . G029&7&''0 (0 . G/')0'2/)& 29&'/+HI0 02) , &/')0'&') (3''&0 + 0' ,3'')/3' (0
Qν

. 3I (0
qν

. 9&7 I'0 /')&17&.0 937)&') '3' 20I.0, 0') 2I7 .& E/)0220 + '3,,0 ' G&)&/) .0 '&2 *I2HI G% 97&20') + , &/2&1&.0, 0') 2I7 .& (0'2/)& .31&7/)*, /HI0 +
E {Iν} =

∫∫
Qν(v, ñ; z)dvdñ =

∫∫
qν(v, ñ; z)Wv(v)Wñ(ñ)dvdñ

5 &'2 .0 '&2 *372 6A� + . G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 �7)(� (3/) 3)70 7&23.I0 2/,I.)&'&,0') &E0' .02&HI&)/3'2 �7))� (3''&') . G&E3.I)/3' (02 939I.&)/3'2 (02 '/E0&IF + &HI&)/3'2 HI/ 702)0') /''*&'1&02 + 2/ '0' G02) HI0 .02 '3,8702 ( G3 ''I9&)/3' (&90'(0') , &/')0'&') &I22/ (0 .& (0'2/)& .31&7/)*, /HI0
ñ
+ 0' 9.I 2 (0.& 932/)/3' 0) (0 .& E/)0220 %

� �� �� � �3/! ��-�/
�0 ,3(( .0 I)/./2& 9&7 �'01, &'' % & 010. + ()))� 02) .0 , 3,0 HI0 '0.I/ (0 �$ .870'*) % & 010. + 7���� + 23/) I'0'3I'*0 )I78I.0')0 8/(/,0'2/3''0..0 + *3,31('0 )7&'2E072&.0, 0') + 0) /..I, /'&0 (0 '*&HI0 '�)& 9&7 .0 7&-3'.'0, 0') (I ,3'( '32,3.31/HI0 % �& )0,9 &7&)I70 '/'&)/HI0 '*3/2/0 02)

Tk = 10
& + 0) .02 (0'2/)&2 , 3-0''02(I (/*-(731('0 23') '3,97/202 0')70

103 0) 104 ',
−3 + . G&83'(&''0 (I ,3'3F-(0 (0 '&783'0 &)&') +F&0%

8.10−5 + E&.0I7 (3''&0 9&7 �D.&'5 % � /..'07 + 7��#� % -3I7 '3,,0''07 + �'01, &'' % & 010. + ()))� 38207E0.02 0)0)2 (0 .& 20I.0 2)7I')I70 0' (0'2/)&d� + 0' 970'&') . G0F0,9.0 ( GI' '*&,9 (0 E/)0220 , /'73)I78I.0') % 4.&99&7&�) HI0 '0))0 2)7I')I70 &)0')0 8/0' .0 )7&'2,07) 7&(/&)/, + '&7 + )3I) 0' 20 9.&
&') (&'2 .02 '3'(/)/3'2 (0
e��olhno< q<h sumlu! q<h r< h:r9 tuh p:otqw<h " q<h p: <� pl<r9h k< kl�ohl:r uhh: plwh j k<oC sumlu! q<h k lh9lrp9<h h:r9 roqh }e�F<h <�<9h k< qu 9om!oq<rp< h:r9 uq:mh uhhl; lqu! q<h j q gwqumD lhh<; <r9 9z<m; lno< }
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. G6A� + . G/')0'2/)& 29&'/+HI0 &I '0')70 (0 .& 7&/0
J = 1 → 0

(/, /'I0 .372HI GI'0 (02 (0IF HI&')/)&2
σñ

3I
lñ
&I1, 0')0 + '0 HI G3' /')0797()0 0' '3)&') HI0 .02 ,37)02 E&.0I72 (0

σñ
'3'(I/20') % (02 ./1'02 (0 E/2&0 2I7.02HI0..02 .0 1&B 02) 0220')/0..0, 0') '3''0')7& (&'2 (02 'I&102 90)/)2 0) (0'202 + 2&9&7&2 .02 I'2 (02 &I)7029&7 I'0 (/2)&''0 (0 . G37(70 (0

lñ
% 5 &'2 '0 '&2 + 3' & I' 0)0) (0 (/.I)/3' (I 7&-3''0,0') HI/ &))&'I0 .& 7&/038207E&0 % 5 G&I)70 9&7) + .02 *&)&731&'& /)&2 (0 .& (0'2/)& 3') &1&.0,0') I'0 /'*I0''0 2I7 .02 939I.&)/3'2 (02'/E0&IF + 9I/2HI0 .02 )&IF (0 '3../2/3' (&90'(0') (/70')0, 0') (0

n2 % - .I2 σñ
02) 17&'(0 + 9 .I2 .& ,7&')/3' (01&B '3')0'I0 (&'2 (02 'I&102 (0'202 02) ,37)0 + 0) 9.I 2 3' 20 7&9973 '*0 (02 '3'(/)/3'2 (0 . G6A� % 1 G02) 8/0''0 HI G38207E0 �'01, &'' % & 010. + ()))� %

�& 97/20 0' '3,9)0 ( GI' '*&,9 (0 E/)0220 )I78I.0') 9322&(&') I'0 .3'1I0I7 (0 '377& .&)/3' +'/0 &83I)/) %(02 973+ .2 (0 7&/0 97&20')&2 2I7 .02 +1I702 0 /0 %� 0) 0 /0 %� + '3770293'(&') 7029 0')/E0, 0') &IF )7&'2/)/3'2
J = 1 → 0

0)
J = 4 → 3

% 5&'2 .02 (0IF '&2 + .& (0'2/)& (0 '3.3''0 (I ,3'3F-(0 (0 '&783'0 02)
NCO = 2, 4.1018 ',

−2 + .& (0'2/)& ,3-0''0 (I 1&B 02)
E {n} = 103 ',

−3 0) .& E/)0220 '&7&')&7/2)/HI0 (0.& )I78I.0''0 02)
σv = 10σth

% �02 973+ .2 '3770293'(&') &IF , 3,02 E&.0I72 (0
lñ
0)

lv
+ HI/ 23') 97/2020')70

1017 0) 2, 5.1018 ', + 23') 70173I9 &2 + .02 (/)&70')02 '3I78 02 ( GI'0 , 3,0 23I2.+1I70 7097&20')&') .02(/)&70')02 E&.0I72 (0 .& (/29 072/3' (0 .& (0'2/)& .31&7/)*, /HI0 + % 2&E3/7
σñ = 0, 1

+
σñ = 1, 0

0)
σñ = 2, 0

%
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}
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ν
(1

0
K

)

∆v
#); h

−1 $

lv = 1, 0.1017
p;

lv = 5, 0.1017
p;

lv = 2, 5.1018
p;

lñ
=

1
,0

.1
0
1
7

�
�

lñ
=

5
,0

.1
0
1
7

�
�

lñ
=

2
,5

.1
0
1
8

�
�

@AB C 0 /0 %� D � RWc LQ KI RMOI \ WHR LM PRMFQOPOWF
J = 1 → 0

KH X WFW[�KI KI JMRbWFI_ JMLJHLZQ \ WHR HFIPIX\ ZRMPHRI JOF ZPO^HI
Tk = 10

& _ HFI KIFQOPZ X W�IFFI
E {n} = 103 ',

−3 _ HFI KIFQOPZ KI JWLWFFI
NCO = 2, 4.1018 ',

−2 IP HFI NOPIQQI PHRbHLIFPI
σv = 10σth

T UM LWF=HIHR KI JWRRZLMPOWF KI LM KIFQOPZMH=X IFPI KI ] MHP IF bMQ_ JIL LI KI LM NOPIQQI MH=X IFPI KI = MHJ] I < KRWOPI_ J] M^HI QWHQ�c =HRI JWRRIQ\ WF�KMFP < HFI JWX bOFMOQWF
(lñ, lv)

T UIQ JWHRbIQ RI= RWH\ ZIQ QHR HFI QWHQ�c =HRI RI\ RZQIFPIFP LIQ KO� ZRIFPIQNMLIHRQ KI LM KOQ\ IRQOWF_ σñ = 0, 1
;\ WOFPOL LZQ> _ σñ = 1, 0

;PORIPQ> IP
σñ = 2, 0

;PRMOP \ LIOF> T � O=HRI OQQHIKI 
� I=XMFF � � I= IL_ `���� T
�' 70, &7HI0 '3)&,,0') HI0 .02 973+ .2 (0 .& 7&/0

J = 4 → 3
23') 9 .I2 /')0'202 .372HI0

σñ
&I1,0')0 + '0HI G3' /')0797()0 0' (/2&') HI0 + (&'2 '0 '&2 (0 +1I70 + .02 'I&102 (0'202 97&20')2 (&'2 .0 , /./0I ,&E37/20') .02)7&'2/)/3' 2 '3../2/3''0..02 E072 .02 '/E0&IF (0

J
& .0E& + 0) (3'' .02 (&20F'/)&)/3'2 7&(/&)/E02 '3770293'(&')02 %

� . G/'E0720 + 0) '3,,0 3' . G& (&* % 2I11&7& + .& 7&/0
J = 1 → 0

(0E/0') 9.I 2 ,&/8.0 HI&'(
σñ

&I1, 0')0 % 5 G&I)709&7) + . G&I)3&82379)/3' &I '0')70 (0 .& 7&/0 93I7 .02 ,&/8.02 E&.0I72 (0
lv
2I7 .& +1I70 0 /0 %� (/29&7&�) HI&'('0))0 .3'1I0I7 (0 '377& .&)/3' &I1, 0')0 %
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2.50.5 1.0 1.5 2.0 3.0 2.50.5 1.0 1.5 2.0 3.0 2.50.5 1.0 1.5 2.0 3.0

1.0

0.8

0.6

0.2

0.4

1.0

0.8

0.6

0.4

0.2

1.0

0.8

0.6

0.4

0.2

E
{
I ν

}
/
B

ν
(1

0
K

)

∆v
#); h

−1 $

lv = 1, 0.1017
p;

lv = 5, 0.1017
p;

lv = 2, 5.1018
p;

lñ
=

1
,0

.1
0
1
7

�
�

lñ
=

5
,0

.1
0
1
7

�
�

lñ
=

2
,5

.1
0
1
8

�
�

@AB C 0 /0 %� D � RWc LQ KI RMOI \ WHR LM PRMFQOPOWF
J = 4 → 3

KH X WFW[�KI KI JMRbWFIT UIQ \ MRMX �PRIQ IP LMKOQ\ WQOPOWF KIQ c =HRIQ QWFP OKIFPO^HIQ < JIH[ KI LM c =HRI 0 /0 %� T � O=HRI OQQHI KI 
� I=XMFF � � I= IL_ `���� T
6' 7&2I, & + .02 7&/02 (0 8&2

J
23') 0' 1&'&7&. &))&'I&02 9&7 . G0F /2)0''0 ( GI' '*&,9 (0 (0'2/)& 2)3'*&2)/HI0 +0) '0 ( G&I)&') 9.I2 HI0 .02 .3'1I0I72 (0 '377& .&)/3'

lñ
0)

lv
23') 17&'(02 �E3/7 .& +1I70 0 /0 %� � % $I '3')7&/70 +3' 38207E0 HI0 .02 7&/02 (0 *&I)

J
23') 70' ,37'&02 9&7 .02 *&)&731&'& /)&2 (0 (0'2/)& % 6' '0 HI / '3''07'0. G/'*I0''0 ( GI' '*&,9 (0 E/)0220 &-&') I'0 .3'1I0I7 (0 '377& .&)/3' +'/0 + 3' & '3)& . G&))&'I&)/3' (02 0)0)2( G&I)3&82379)/3' + (0 237)0 HI0 .02 7&/02 20,8.0') 2&)I707 8 /0' HI G3' '0 23/) 9&2 % . G6A� % 6''370 I'0 ,3/2 +'02 7&2I.)&)2 ,3')70') HI0 . G/')0797&)&)/3' (02 7&/02 /')072)0..&/702 '0 90I) 9&2 3)70 ,&/)0 '3770')0, 0') 2&'2970'(70 0' '3,9)0 .& 2)7I')I70 (02 '*&,92 (0 (0'2/)& 0) (0 E/)0220 %

�
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�� �� ��� �� !"� #� �
13,,0 3' E/0') (0 .0 E3/7 &I '*&9/)70 0 /0 + . G0F /2)0''0 (0 '*&,92 (0 (0'2/)& 0) (0 E/)0220 2)3 '*&2)/HI02(&'2 .02 'I&102 ,3.&'I.&/702 90I) '3)&8.0, 0') &)0')07 .& ,37,0 (02 7&/02 HI G3' - 38207E0 + 0' 9&7)/'I./07(02 7&/02 73)&)/3''0..02 (0 1� + (3') . G/, 937)&''0 02) ,3'(&, 0')&.0 93I7 . G&)I(0 (02 97397/&)&2 9*-2/HI02(0 '02 'I&102 % 4. 20 9320 &.372 .& HI02)/3' (0 2&E3/7 (0 HI0..0 ,&
3' 3' 93I77&/) 70'(70 '0 ,3(( .0 0''3709.I2 7&&./2)0 + (0 , &'/(70 % 0' 38207E07 .02 0)0)2 2I7 .& ,37, &)/3' (02 7&/02 %
� 7 + .0 , 3(( .0 (0 �' 01, &'' % & 010. + ()))� 97&20')0 .0 (&,&I) ( G/1'3707 )3)&.0, 0') . G0F/2)0''0 (0 '377&..&)/3'2 0')70 .02 '*&,92 (0 (0'2/)& 0) (0 E/)0220 % 4. 20,8.0 (3'' HI0 . G/')73(I')/3' (0 )0..02 '377& .&)/3'29I/220 '3'2)/)I07 I'0 &)&9 0 2I99.&,0')&/70 + % .& ,3/2 7&/23''&8.0 0) 7&&./2)0 + (0 '3,9.0F /+'&)/3' (I 9738.(,0(I )7&'2,07) 7&(/&)/, 2)3 '*&2)/HI0 )0. HI0 (&'7/) 9&7 .0 , 3(( .0 (0 "&/. IP ML �"&/. IP MLT+ 7��#� + 1&'&7&./2&9&7 �' 01, &'' % & 010. + ()))� % 1 G02) . G38 * 0')/, (0 '0 '*&9/)70 HI0 ( G/')73(I/70 '02 '377& .&)/3'2 %
5 &'2 '0))0 39)/HI0 + .& 97/20 0' '3,9)0 (02 '3')7&/')02 *-(73(-'&, /HI02 &I 20/' (I 1&B /')072)0..&/70 90I)20 ,&/70 9&7 0F0,9.0 0' 70./&') .& (0'2/)& (I 1&B % .& (/29 072/3' .3 '&.0 (02 E/)02202 + '0 HI0 '3I2 ,073'2&I 00 %� %� % $ /'2/ + )3I) 0' 702)&') (&'2 .0 '&(70 ,37,0. (0 '*&,92 (&'7/)2 9&7 (02 &HI&)/3'2 (0 �&'10E/' +/. (3/) 3)70 '.&/7 ((2 , &/')0'&') HI0 .02 &HI&)/3'2 937)&') 2I7

ñ
0)

v
'0 93I773') 9.I 2 3)70 /'(&90'(&')02 +'3,,0 ' G&)&/) .0 '&2 *I2HI G% 97&20') % � G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 0' 207& 9738&8.0, 0') ,3(/+&0 +( G&I)&') HI0 23' &'7/)I70 �7)(� & &)& 38)0'I0 0' ,&/2&') /,9./'/)0,0') . G*-93)*(20 HI G3' 93IE&/) &'7/70 .&(0'2/)& (0 9738&8/./)& *3/')0

W (v, ñ)
'3,,0 .0 973(I/) (02 (0'2/)&2 (0 9738&8/./)& &223 '/&02 % '*&'I'0 (02E&7/&8.02

ñ
0)

v
+ '0 HI/ ' G02) M \ ROWRO 9.I2 9322/8.0 ((2 .372 HI G3' /')73(I/) (02 '377& .&)/3'2 0')70 .& (0'2/)&0) .& E/)0220 %

�� �+ �4!-� #� �  �3�� �!� #� �  . � �#��.�/ #�3 "�� #� #� ��. ��.

�� �+ �- ���2 . �3�3 �- �.  . ��3 4!-� #� �  �3�� �!� #� �  . ��#��.�/ #�3 2��.��.

-3I7 2/,9./+07 . G&9973 '*0 + 3' '3'207E07& .02 &HI&)/3'2 ( G&E3.I)/3' (0 .& E/)0220 0) (0 .& (0'2/)& .31&7/)*., /HI0 .0 .3'1 (0 .& ./1'0 (0 E/2&0 + )0..02 HI G/')73(I/)02 9&7 �"&/. IP MLT+ 7��#� 0) �'01, &'' % & 010. + ()))� %1090'(&') + &)&') (3''& HI0 . G&HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 02) 2I2'09)/8.0 ( G3)70 ,3(/+&0 9&7 .& 97&.20''0 (0 '377& .&)/3'2 0')70 .& (0'2/)& 0) .& E/)0220 + /. '0 20,8.0 9&2 2I907*I (0 709&7)/7 (0 ,37, 02 )7(21&'&7&.02 93I7 .02 &HI&)/3'2 (0 �&'10E/' (&'7/E&') '02 (0IF '*&,92 + 0) ( G0' (&7/E07 . G&HI&)/3' ( G&E3.I.)/3' (0 . G/')0'2/)& ,3-0''0
Qν

+ HI G3' 2/,9./+07& 0'2I/)0 0' 70E0'&') &IF &HI&)/3'2 (0 �&'10E/' 29 &'/+&029&7 �' 01, &'' % & 010. + ()))� %
������� � 
������ ��� �� 	
����� 	
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�& ,37, 0 1&'&7&.0 (02 &HI&)/3'2 (0 �&'10E/' 937)&') 2I7

ñ
0)

v
02) 38)0'I0 0' 2I9932&') HI0 .02 9&7&, ()702(02 &HI&)/3'2 23') (02 ,3'')/3'2 (0

ñ
0)

v
+ &/'2/ HI0 (0 .& 932/)/3'

z
+

dñ

dz
= hñ(v, ñ; z) + gñ(v, ñ; z)Γñ(z)

0) dv

dz
= hv(v, ñ; z) + gv(v, ñ; z)Γv(z).

�' 70'3''&�) .% I'0 ,37, 0 (&* % 2/,9./+&0 (02 &HI&)/3'2 (0 �&'10E/' ��(� + 0' '0 20'2 HI G3' 2I99320 HI0 .02& .&,0')2 '3'.(/&13'&IF (0 .& , &)7/'0
g
23') 'I.2 % �' ,&/) '0))0 *-93)*(20 93I7 '0 9&2 )739 &.3I7(/7 .02'3)&)/3'2 0) . G0F97022/3' +'&.0 (0 . G&HI&)/3' 2I7

qν
+ 0) 9&7'0 HI0 .02 &HI&)/3'2 HI G3' I)/./207& OF c FI 23')(0 '0 )-9 0 % �02 ,37'02 (0 �&'10E/'

Γñ
0)

Γv
9322((0') .02 97397/&)&2 (&'7/)02 &I '*&9/)70 6 ///+ ' G02).%.(/70
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HI G/. 2 G&1/) (0 973 '022I2 1&I22/0'2 /'(&90'(&')2 + &E0'
E {Γv(z1) . . . Γv(z2n−1)} = 0

0)
E {Γv(z1) . . . Γv(z2n)} = 2n

[
∑

Pn

δ(zi1 − zi2) . . . δ(zi2n−1
− zi2n

)

]
,

0' 7&990.&') HI0
Pn

02) . G0'20,8.0 (02
(2n)!/(2nn!)

907,I)&)/3'2 (0
(1, 2, . . . , 2n)

'0 .&/22&') 9&2 /'E&7/&').0 973(I/) (02 (/2)7/8I)/3'2 (0 5 /7&' % �' & 8/0' 2�7 .& , 3,0 97397/&)& 93I7
Γñ
%6' 7&9973 '*&') .02 (0IF &HI&)/3'2 ( G&E3.I)/3' (0

ñ
0)

v
(0 . G&HI&)/3' (0 )7&'2,07) '.&22/HI0 + 3' 90I) )7&/)07.0 9738.(,0 (&'2 .0 '&(70 1&'&7&. (02 &HI&)/3'2 (0 �&'10E/' '3' ../'&&/702 % 9.I2/0I72 E&7/&8 .02 % 5 &'2 '3)70'&2 + .0 E0')0I7 '3,932& (02 (/E072 973 '022I2 2)3 '*&2)/HI02 '3'2/(&7&2 02)

X = (v, ñ, Iν)
+ 0) .02 ,3'')/3'2

hi0)
gij

&99&7&/22&') (&'2 .02 &HI&)/3'2 ��(� 2 G&'7/E0') 70290')/E0, 0')
h1 = hñ h2 = hv h3 = −κν(Iν − Sν) g11 = gñ g22 = gv

0)
g33 = 0,.02 & .&,0')2 '3' (/&13'&IF (0 .& , &)7/'0

g
&)&') 'I.2 + '3,,0 3' . G& (&* % 23I./1'& % � 9&7)/7 (0 '020F97022/3'2 + 3' 90I) 0' (&(I/70 (/70')0, 0') . G&HI&)/3' (0 �35507.- .&''5 7&1/22&') . G&E3.I)/3' + .0 .3'1 (0.& ./1'0 (0 E/2&0 + (0 .& (0'2/)& (0 9738&8/./)& )7/( /, 0'2/3''0..0

P (v, ñ, Iν ; z)
+ 0' 2I/E&') .& , &)*3(0 (&'7/)0&I '*&9/)70 6 ///% -3I7 . G&'7/70 + /. '3I2 2I� ) (0 '&.'I.07 .02 '30� '/0')2 (0 (&7/E0 0) (0 (/)I2/3' + '0 HI/ 02)/,, &(/&) % 9&7)/7 (02 ,37,I.02 ���� +

D1 = hñ + gñ
∂gñ

∂ñ
D2 = hv + gv

∂gv

∂v
D3 = −κν(Iν − Sν) D1,1 = g2

ñ D2,2 = g2
v D3,3 = 0,.02 '30� '/0')2 (0 (/)I2/3' '3' (/&13'&IF &)&') 'I.2 (I ,&/) HI0 .& , &)7/'0

g
02) 0..0., 3,0 (/&13'&.0 %4'2&7&') '02 0F97022/3'2 (&'2 . G&HI&)/3' (0 �35507.- .&''5 �� 7� + 3' 38)/0')

∂P

∂z
= − ∂

∂ñ

[(
hñ + gñ

∂gñ

∂ñ

)
P

]
− ∂

∂v

[(
hv + gv

∂gv

∂v

)
P

]
+

∂

∂Iν
[κν(Iν − Sν)P ] +

∂2
(
g2

ñP
)

∂ñ2
+

∂2
(
g2

vP
)

∂v2
.

�' ,3')70 2&'2 (/� 'I.)& HI G0' 70,9.&
&')
hñ
+

gñ
+

hv
0)

gv
9&7 .0I72 E&.0I72 (&'2 .0 '&2 '3'2/(&7&9&7 �' 01, &'' % & 010. + ()))� + 3' 70)73IE0 .0I7 &HI&)/3' + (3''&0 &I '*&9/)70 0 /0 9&7 . G&HI&)/3' �7) 7� %

������� � 
������ ��� � ����
�� ��� � ��
 ��

CI/E&') )3I*3I72 .& , &)*3(0 (0 �' 01,&'' % & 010. + ()))� + . G&)&9 0 2I/E&')0 '3'2/2)0 % (&+'/7 . G029 &7&''0 (0. G/')0'2/)& + .&HI0..0 (&90'( '3' 20I.0, 0') (0 .& 932/)/3' 2I7 .& ./1'0 (0 E/2&0 + , &/2 &1&.0, 0') (0 .& E/)02200) (0 .& (0'2/)& .31&7/)*, /HI0 % 6F9./'/)0, 0') + 3' 9320
Qν(v, ñ; z) =

∫
P (v, ñ, Iν ; z)IνdIν ,

0) 3' '*07'*0 % (&)07, /'07 23' &HI&)/3' ( G&E3.I)/3' %
5 &'2 '0 8I) + 3' ,I.)/9./0 . G&HI&)/3' 937)&') 2I7 .& (0'2/)& (0 9738&8/./)&

P
9&7 . G/')0'2/)& 29&'/+HI0

Iν
+&E&') ( G/')&1707 2I7 '0))0 , 3,0 E&7/&8.0 % 6' I)/./2&') . G/')&17&)/3' 9&7 9&7)/02 (&'7/)0 &I 0 /0 %� %� + 3'38)/0') &.372 . G0F97022/3' 2I /E&')0

∂Qν

∂z
= − ∂

∂ñ

[(
hñ + gñ

∂gñ

∂ñ

)
Qν

]
− ∂

∂v

[(
hv + gv

∂gv

∂v

)
Qν

]
− κν(Qν − SνW ) +

∂2
(
g2

vQν

)

∂v2
+

∂2
(
g2

ñQν

)

∂ñ2

10))0 &HI&)/3' 02) . G&HI&)/3' (0 )7&'2,07) (&'2 .0 '&2 .0 9.I 2 1&'&7&. '3'2/(&7& /' / % 6 ..0 ,&/) /')07E0'/7 .&(0'2/)& (0 9738&8/./)& *3/')0 93I7 .& (0'2/)& .31&7/)*, /HI0 0) .& E/)0220 .3'1/)I(/'&.0 +
W (v, ñ; z) =

∫
P (v, ñ, Iν ; z)dIν ,

(3') 3' 70, &7HI0 HI G0..0 E&7/+0 &1&.0,0') I'0 &HI&)/3' (0 �35507.- .&''5 + HI G3' 90I) ( G&/..0I72 &'7/70(/70')0, 0') + 9I/2HI G0..0 02) &223 '/&0 &I 973 '022I2 2)3 '*&2)/HI0 8 /(/, 0'2/3''0.
Y = (v, ñ)

+ .0HI0. 02) (&* %9&7,&/)0, 0') (&)07, /'& 0' )07, 02 (0 '30� '/0')2 (0 (&7/E0 0) (0 (/)I2/3' +
∂W

∂z
= − ∂

∂ñ

[(
hñ + gñ

∂gñ

∂ñ

)
W

]
− ∂

∂v

[(
hv + gv

∂gv

∂v

)
W

]
+

∂2
(
g2

ñW
)

∂ñ2
+

∂2
(
g2

vW
)

∂v2
.

�7)��

10))0 70, &7HI0 ' G02) 9&2 HI0 ,37, 0..0 + '&7 3' 20 207E/7& (0 '0))0 &HI&)/3' (&'2 .& 2I/)0 %
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$E&') (0 7&23I(70 '0))0 &HI&)/3' (0 )7&'2,07) 1&'&7&./2&0 + 3' E& ( G&837( 0F9./' /)07 .02 ,37, 02 HI0 E3')970'(70 .02 '377& .&)/3'2 0')70 .02 '*&,92 (0 (0'2/)& 0) (0 E/)0220 % C/ . G3' 20 9 0''*0 2I7 '0 9738.(,0,&/')0'&') + &.372 HI G3' ' G& 9&2 0''370 &'7/) . G&HI&)/3' 13IE07'&') . G&E3.I)/3' (0 . G/')0'2/)& '3'(/)/3''0..0
qν
+ ' G02) HI0 .02 0F97022/3'2 (0E/0''0') 0F)73,0,0') .3I7(02 (&'2 .0 '&2 1&'&7&. HI G3' & I)/./2& *I2HI G/'/ %

�' E& (3'' /')73(I/70 .02 ,37, 02 29 &' /+HI02 HI0 '3I2 &..3' 2 I)/./207 (&'2 .& 2I /)0 % 4. ' G02) 9&2 (&7&/23''&8.0 +0' EI0 ( G/,93207 I'0 '377& .&)/3' 0')70 .02 '*&,92 (0 (0'2/)& 0) (0 E/)0220 + (0 2I993207 HI0 .0 1&B 2I/)I'0 &HI&)/3' ( G&)&) 93.-)739/HI0 + 20.3' .&HI0..0 .& 97022/3' )I78I.0')0 E&7/0 '3,,0 I'0 9I/22&''0 (0 .&(0'2/)& + 23 /)
Pturb ∝ nγ % 13,,0 ( G&I)70 9&7) + '0))0 97022/3' )I78I.0')0 02) ./&0 % .& (/29072/3' .3 '&.0 (I'*&,9 (0 E/)02202

σv
9&7

Pturb ∝ nσ2
v

+ 3' 02) &, 0'& % '3'' .I70 HI0 .& (/29 072/3' (02 E/)02202 02) 0..0., 3,0./&0 % .& (0'2/)& +
σv = σ0

(
n

n0

)α

= σ0 exp (αñ)
&E0'

α =
γ − 1

2

0) 39
n0

02) .& (0'2/)& (0 7&,&70''0 (I 0 /0 %� %�
.

-3I7 702)07 973 '*0 (I ,3(( .0 (0 �"&/. IP MLT+ 7��#� 0) �' 01, &'' % & 010. + ()))� + 3' '*3/2/) &.372 2/,9.0.,0') (0 970'(70 .02 , 3,02 &HI&)/3'2 (&'7/E&') . G&E3.I)/3' (I '*&,9 (0 E/)0220 0) (I '*&,9 (0 (0'2/)&.31&7/)*, /HI0 +
dñ

dz
= − ñ

lñ
+

σñ√
lñ

Γñ(z)
0) dv

dz
= − v

lv
+

σv√
lv

Γv(z),
�7)# �

% '0' / 97(2 HI0 + (&'2 '3)70 '&2 + .0 9&7&, ()70
σv

' G02) 9 .I2 I'0 '3'2)&')0 , &/2 (&90'( (0 .& E&7/&8.0
ñ
% �02&I)702 9&7&, ()702 +

lv
+
lñ
0)

σñ
702)0') HI&') % 0IF /''*&'1&2 %

$+' ( G&E&.I07 .02 E&.0I72 9322/8.02 (0
γ
+ /. '3'E/0') (0 70,&7HI07 HI0 .& 97022/3' )I78I.0')0

Pturb
02)/'/ '3'2/(&7&0 '3,,0 I'0 97022/3' ' /'&)/HI0 &223' /&0 &IF ,3IE0,0')2 , &'732'39/HI02 (I 1&B + 0) 3' 90I)(3'' 2 G/'29/707 (02 E&.0I72 (0 . G/'(/'0 93.-)739/HI0 '3''I02 93I7 .& 97022/3' '/'&)/HI0 , /'732'39/HI0

Pk
&I20/' ( GI' 1&B 2I9932& 9&7,&/) % $I '3I72 ( GI'0 &E3.I)/3' /23)*07, 0 +

γ = 1
0)

α
02) (3'' 'I. + )&'(/2 HI G0'&E3.I)/3' &(/&8&)/HI0 + 0) 2I/E&') HI G3' 20 )73IE0 9.I)�) (&'2 I'0 9*&20 &)3, /HI0 3I /3'/2&0 + 3I 9.I)�)(&'2 I'0 9*&20 ,3.&'I.&/70 +

γ
E&7/0 0')70

5/3
�
α = 1/3

� 0)
7/5

�
α = 1/5

� % 6' '3'' .I 2/3' + /. 20,8.0 HI0 (02E&.0I72 (0
γ
'3,97/202 0')70 7 0) ( 23/0') 7097&20')&)/E02 (02 '3'(/)/3'2 70''3')7&02 (&'2 .02 (/)&70')029*&202 (I , /./0I /')072)0..&/70 %

$E0' '02 *-93)*(202 + .& ,37, 0 (0 . G&HI&)/3' 7&1/22&') . G&E3.I)/3' (0 . G/')0'2/)& ,3-0''0
Qν

02) .& , 3,0HI0 '0..0 (0 �'01, &'' % & 010. + ()))� + % '0'/ 97(2 HI0 .& (/2)7/8I)/3'
W

' G02) 9&2 ,&')37/2&8.0 (I ,&/) (02'377& .&)/3'2 + 0) HI0
σv

' G02) 9&2 I'0 '3'2)&')0 ,&/2 (&90'( (0 .& (0'2/)& +
∂Qν

∂z
=

1

lñ

∂

∂ñ

[
ñQν + σ2

ñ

∂Qν

∂ñ

]
+

1

lv

∂

∂v

[
vQν + σ2

v

∂Qν

∂v

]
− κν(Qν − SνW ) .

�7)��

6' 0)0) + .02 0F97022/3'2 (02 (/)&70')02 ,3'')/3'2
hñ
+
hv
+
gñ

0)
gv

23') /''*&'1&02 9&7 7&9937) &I '&22&'2 '377& .&)/3' % �& 20I.0 '3IE0&I)& E/0') (I ,&/) HI0
gv
02) I'0 ,3'')/3' (0

ñ
+ '0 HI / '0 '*&'10 7/0' &I'30� '/0') (0 (&7/E0

D2
9I/2HI0 ' G02) .& (&7/E&0 9&7 7&9937) %

v
HI/ /')07E/0') + .&HI0..0 02) 'I..0 %

�� �+ �" ��� �!� #� �  . � �#��.�/ #�3 "�� #� #� ��. ��.
� G/')0'2/)& ,3-0''0

Qν
(&90'( (0 .& (0'2/)& .31&7/)*, /HI0 0) (0 .& E/)0220 % 4. 02) (3'' /')&7022&') + '3,,0'0.& 02) ,&/) (&'2 .02 (/)&70')02 &9973 '*02 (I )7&'2,07) 7&(/&)/, 2)3 '*&2)/HI0 + (0 �"&/. % C0(., &-7 + 7��#�

% �' 01, &'' % & 010. + ()))� + ( G/')73(I/70 . G/')0'2/)& '3'(/)/3''0..0
qν
+ HI/ 70E/0') % '37, &./207 . G/')0'2/)&,3-0''0 9&7 .& (/2)7/8I)/3' *3/')0

W
(0 .& (0'2/)& .31&7/)*, /HI0 0) (0 .& E/)0220 +

qν(v, ñ; z) =
Qν(v, ñ; z)

W (v, ñ; z)

(0 237)0 HI0
E {Iν(z)} =

∫∫
qν(v, ñ; z)W (v, ñ; z)dñdv.

�' 70, &7HI0 HI0
qν
& 0)0')/E0, 0') .& (/, 0'2/3' ( GI'0 /')0'2/)& 29 &' /+HI0 + '3')7&/70, 0') %

Qν
% �3)3'2( G&I)70 9&7) HI0 '0))0 HI&')/)& 02) I)/./2&0 9&7 �'01, &'' % & 010. + ()))� 93I7 (02 7&/23'2 (0 2)&8/./)&
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'I, &7/HI0 % � G/')73(I')/3' (0 '0))0 ,37,0 (&'2 . G&HI&)/3' �7)�� (3''0 &.372
∂qν

∂z
=

qν

lñ

(
1 +

ñ

W

∂W

∂ñ
+

σ2
ñ

W

∂2W

∂ñ2

)
+

1

lñ

∂qν

∂ñ

(
ñ +

2σ2
ñ

W

∂W

∂ñ

)
+

σ2
ñ

lñ

∂2qν

∂ñ2

+
qν

lv

(
1 +

v

W

∂W

∂v
+

σ2
v

W

∂2W

∂v2

)
+

1

lv

∂qν

∂v

(
v +

2σ2
v

W

∂W

∂v

)
+

σ2
v

lv

∂2qν

∂v2
− κν(qν − Sν).

�& 2/,9./+'&)/3' (0 '0))0 &HI&)/3' )/0') &IF 97397/&)&2 (0 .& (/2)7/8I)/3' (0 9738&8/./)& *3/')0 + (3') 3' &&'7/) 9.I 2 *&I) . G&HI&)/3' ( G&E3.I)/3' % 4. 02) .&1/)/, 0 + 0' 20 9.&
&') % I'0 932/)/3'
z
&220B 17&'(0 (0E&').02 .3'1I0I72 (0 '377& .&)/3'

lñ
0)

lv
+ (0 2I993207 HI0 '0))0 (/2)7/8I)/3' & &))0/') .0 7&1/, 0 2)&)/3''&/70 + (0237)0 HI G0..0 E&7/+0 . G&HI&)/3' 2&'2 20'3'( ,0,870

1

lñ

(
W + ñ

∂W

∂ñ
+ σ2

ñ

∂2W

∂ñ2

)
+

1

lv

(
W + v

∂W

∂v
+ σ2

v

∂2W

∂v2

)
= 0,

�7)��

HI G3' 38)/0') (/70')0, 0') % 9&7)/7 (0 . G&HI&)/3' �7)�� 0' 70,9.&
&') .02 ,3'')/3'2
hñ
+
hv
+
gñ

0)
gv

9&7.0I72 0F97022/3'2 70290')/E02 + 9I/2 0' (&E0.399&') .02 (&7/E&02 % �' 0' (&(I/) HI0 .02 )07, 02 0' ,&')0I7 (0
qν
(&'2 . G&HI&)/3' (0 . G/')0'2/)& '3'(/)/3''0..0 2 G&''I.0') + (0 237)0 HI0 +'&.0, 0')

∂qν

∂z
=

1

lñ

∂qν

∂ñ

(
ñ +

2σ2
ñ

W

∂W

∂ñ

)
+

σ2
ñ

lñ

∂2qν

∂ñ2
+

1

lv

∂qν

∂v

(
v +

2σ2
v

W

∂W

∂v

)
+

σ2
v

lv

∂2qν

∂v2
− κν(qν − Sν) .

�7)��

5 &'2 .0 '&2 ./, /)0 39 .02 '377& .&)/3'2 23') &820')02 + 23 /) 93I7
γ = 1

+ 3' & ( GI'0 9&7)
σv = σ0

HI0..0 HI0 23/).& (0'2/)& + , &/2 &1&.0, 0') ,&')37/2&)/3' (0
W
+ 23I2 .& ,37,0

W (v, ñ) = Wñ(ñ)Wv(v)
+ 39 .02 (/2)7/8I)/3'270290')/E02 (0 .& (0'2/)& .31&7/)*, /HI0 0) (0 .& E/)0220 23') (3''&02 9&7 (02 1&I22/0''02 + 9I/2HI0 '02 (0IFE&7/&8.02 + 2I9932&02 /' / /'(&90'(&')02 + 23') 7&1/02 9&7 (02 &HI&)/3'2 (0 �&'10E/' 0F&')0, 0') /(0')/HI02 %'0..0 &)I(/&0 0' (&)&/. (&'2 . G0F0,9.0 (I ,3IE0, 0') 8734'/0' + &I '*&9/)70 6 ///% �' & (3'' + (&'2 '0 '&29&7)/'I./07 +

W (v, ñ) = Wñ(ñ)Wv(v) =
1√

2πσñ

exp

(
− ñ2

2σ2
ñ

)
× 1√

2πσ0

exp

(
− v2

2σ2
0

)
,

0) . G&HI&)/3' �7)�� 970'( &.372 .& ,37, 0 9.I2 2/,9.0 I)/./2&0 9&7 �' 01, &'' % & 010. + ()))�

∂qν

∂z
= − ñ

lñ

∂qν

∂ñ
+

σ2
ñ

lñ

∂2qν

∂ñ2
− v

lv

∂qν

∂v
+

σ2
0

lv

∂2qν

∂v2
− κν(qν − Sν),

'0 HI / ,&/) (/29&7&�)70 KI S MJPW .& (/2)7/8I)/3' *3/')0
W
% 6' 70E&''*0 + (&'2 .0 '&2 1&'&7&. 39 .02 '377& .&)/3'223') 97&20')02 + 3' '0 90I) '.&/70, 0') 9&2 973'&(07 % '0))0 2/,9./+'&)/3' 2&'2 97&'&I)/3' % 4. '3'E/0') (3''(0 (&)07, /'07 .& ,37, 0 (0 .& (0'2/)& (0 9738&8/./)& *3/')0 % 13,,0 3' .0 E077& + .0 '&.'I. (/70') 9320 (01732202 (/� 'I.)&2 + 0) /. 9&7&�) I)/.0 (0 '3,,0''07 9&7 '&.'I.07 .& (/2)7/8I)/3' (02 E/)02202

Wv
0) '0..0 (02(0'2/)&2 .31&7/)*, /HI02

Wñ
+ (&+'/02 9&7 .02 /')&17&)/3'2

Wv(v) =

∫
W (v, ñ)dñ et Wñ(ñ) =

∫
W (v, ñ)dv.

-3I7 70970'(70 .& )07, /'3.31/0 (I '*&9/)70 /6 + .02 ,3'')/3'2
Wñ

0)
Wv

23') .02 (0'2/)&2 (0 9738&8/./)&,&71/'&.02 (0 .& .3 / (I '3I9.0 (0 E&7/&8 .02 &.&&)3/702
(v, ñ)

%
�� �� � #/� �#�!� #� �  ./  .�/ #�3/ ���- �#�1 2 #4!./


 )&') (3''& HI0 .02 9&7&, ()702 (0 . G&HI&)/3' (0 �&'10E/' 13IE07'&') . G&E3.I)/3' (0
ñ
.0 .3'1 (0 .& ./1'0(0 E/2&0 23') (02 '3'2)&')02 + /. 02) 9322/8.0 (0 .& '3'2/(&707 2&9&7&,0') (02 &HI&)/3'2 2I7 .& E/)0220 0) 2I7. G/')0'2/)& 29 &' /+HI0 % �I &/'2/ + .0 '&.'I. (0 .& (/2)7/8I)/3' (02 (0'2/)&2 .31&7/)*, /HI02 & 0' ,&/) (&* % &)& ,&/)&I '*&9/)70 6 ///+ 0) 3' & (3'' + 0' )7&'2932&') +

Wñ(ñ) =
1√

2πσñ

exp

(
− ñ2

2σ2
ñ

)
,

'0))0 (/2)7/8I)/3' ' G&)&') (3'' 9&2 ,3(/+&0 9&7 .02 '377& .&)/3'2
.
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�0 93/') /,937)&') % 70.0E07 /'/ ' G02) 9&2 )&') .0 7&2I .)&) + HI G3' '3''&/22&/) (&* % + , &/2 .& , &)*3(0 I)/./2&0&I 6 ///%� %� 93I7 '&.'I.07 .& (/2)7/8I)/3' (02 E&.0I72 97/202 9&7 I' 973 '022I2 7&1/ 9&7 I'0 &HI&)/3' (0
�&'10E/' % 10))0 , &)*3(0 + 2I11&7&0 9&7 �2 /250' + 7���� + E& , &/')0'&') 3)70 &99./HI&0 &I '&2 + 8/0' 9.I2'3,9.0F0 + (0 .& (/2)7/8I)/3' (02 E/)02202 %
�� �� � #/� �#�!� #� �  ./ � #�.//./

�� �� �- � �. 2 #� �. .�0�.// #� �  ./ 2�2 .��/  . �- � #�.//.
�& 973 '&(I70 0' HI02)/3' '3'2/2)0 % '&.'I.07 .& (/2)7/8I)/3'

Wv(v)
% 9&7)/7 (02 ,3,0')2 (0 .& E/)0220

µ′

p = E {v(z)p} + 97/2 0' 7&1/,0 2)&)/3''&/70 + ' G02).%.(/70 93I7 z � lv
0)

z � lñ
% �& 970, /(70 &)&90 '3'2/2)0(3'' + 9&7)&') (0 . G&HI&)/3' (0 �&'10E/' 2I7 .& E/)0220 + % 0' &'7/70 .& 23.I)/3' ,37, 0..0

v(z)
.0 .3'1 (0 .& ./1'0(0 E/2&0 0' I)/./2&') .& E&7/&)/3' (0 .& '3'2)&')0 + '0 HI/ 70E/0') % 70,&/70 .0 '&.'I. 0' )07, 02 (0 ,3'')/3'2(0 " 700' (I 6 ///%� %� +

v(z) =

∫ z

0

σv(t)√
lv

exp

(
−z − t

lv

)
Γv(t)dt =

σ0√
lv

∫ z

0

exp

[
αñ(t) +

t − z

lv

]
Γv(t)dt,

0' 970'&') 1&7(0 % .& '37, &./2&)/3' + 0) 0' '*3/2/22&') I'0 E/)0220 /'/)/&.0
v0 = v(0)

'I..0 + '0 HI/ '0 '3'2)/)I09&2 I'0 907)0 (0 1&'&7&./)& + 9I/2HI G0' 7&1/,0 2)&)/3''&/70 + .0 )07, 0 (&90'(&') (0 .& E/)0220 /'/)/&.0 02)'&1./10&8.0 d % �0 ,3,0') ( G37(70
p
(0 .& E/)0220 &I 93/')

z
02) &.372 . G029&7&''0

µ′

p = E {v(z)p} =

(
σ0√
lv

)p ∫ z

0

dt1 . . .

∫ z

0

dtp E

{
p∏

i=1

exp

[
αñ(ti) +

1

lv
(ti − z)

]
Γv(ti)

}
,

10 HI G3' 90I) 7&&'7/70 0' 0)0')I&') .02 '*&'10, 0')2 (0 E&7/&8.02
τi = z − ti

+

µ′

p =

(
σ0√
lv

)p ∫ z

0

dτ1 . . .

∫ z

0

dτp exp

(
− 1

lv

p∑

i=1

τi

)
E

{
exp

[
α

p∑

i=1

ñ(z − τi)

]
.

p∏

i=1

Γv(z − τi)

}
,

�7)��

�02 )07, 02 2)3 '*&2)/HI02
Γv

% . G37/1/'0 (02 *I')I&)/3'2 (0 E/)0220 23') '&)I70..0, 0') (&'3770.&2 (0 .& (0'.2/)& + .& '377& .&)/3' '0 20 ,&/2&') HI G&I )7&E072 (02 '30� ' /0')2
σv
(0 '02 ,37'02 (0 �&'10E/' % -&7 '3'2&HI0') +.02 , 3-0''02 ( G0'20,8.0 97&20')02 (&'2 . G&HI&)/3' �7)�� 90IE0') 3)70 ,&')37/2&02

E

{
exp

[
α

p∑

i=1

ñ(z − τi)

]
.

p∏

i=1

Γv(z − τi)

}
= E

{
exp

[
α

p∑

i=1

ñ(z − τi)

]}
E

{
p∏

i=1

Γv(z − τi)

}
.

�7)��

20, &7HI3'2 HI0 (&'2 .0 '&2 9&7)/'I./07 39 /. ' G- & 9&2 (0 '377& .&)/3' +
α
02) 'I. + (0 237)0 HI0 '0))0,&')37/2&)/3' 02) & .&,0')&/70 % -&7 &/..0I72 + .02 97397/&)&2 2)&)/2)/HI02 (0

Γv
,3')70') �2 /250' + 7���� HI0.02 ,3,0')2 ( G37(70 /,9&/7 23') 'I.2 + 0) HI0 .02 , 3,0')2 ( G37(70 9&/7 ,3') /')07E0'/7 (02 973(I/)2 (0(/2)7/8I)/3'2 (0 5 /7&' HI/ E3') 2/,9./+07 .02 /')&17&.02 �7)�� % �' 7&990..0 0' 0)0) HI0

E

{
2m+1∏

i=1

Γv(z − τi)

}
= 0

0)
E

{
2m∏

i=1

Γv(z − τi)

}
= 2m

∑

Pm

δ(τi1 − τi2) . . . δ(τi2m−1
− τi2m

),

39
Pm

7097&20')0 . G0'20,8.0 (02
(2m)!/(2mm!)

907,I)&)/3'2
(i1, i2, . . . , i2m)

(0
(1, 2, . . . , 2m)

93I7 .02.HI0..02 .02 973(I/)2 (0 (/2)7/8I)/3'2 (0 5 /7&' 23') 0)0')/E0, 0') (/2)/'')2 % 4. (&'3I.0 &.372 /,, &(/&)0, 0')(0 '02 97397/&)&2 HI0 .02 ,3,0')2 /,9&/72 23') 'I.2 + 0) HI0 .02 , 3,0')2 9&/72 2 G&'7/E0')

µ′

2m =

(
2σ2

0

lv

)m∑

Pm

∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp

[
− 1

lv

2m∑

i=1

τi

]
E

{
exp

[
α

2m∑

i=1

ñ(z − τi)

]}
m∏

j=1

δ(τi2j−1
− τi2j

).

eF< q<p9<om r< k:l9 tuh �9m< t <m9om! w tum qu r:9u9l:r
t
t:om qu sumlu! q< ;o<99< } &q h guD l9 ! l<r k gor< t:hl9l:r <9 r:r k gor9<;th } B< ; �;< " kurh qu hol9< " q<h r:9u9l:rh

τ
kwhlDr<m:r9 wDuq<; <r9 k<h t:hl9l:rh " <9 r:r k<h tm:v:rk<omh :t9lno<h }
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� 7 + (&'2 '*&'I'0 (02 /')&17&.02
2m

.(/, 0'2/3''0..02 (0 '0))0 23,,0 + .02 &71I, 0')2 (02 (0IF ,&')0I720F93'0')/0.2 23') 9&7,&/)0, 0') 2-, &)7/HI02 (&'2 .02 E&7/&8.02 ( G/')&17&)/3'
τi
% -&7 '3'2&HI0') + . G&')/3'( GI'0 9 07,I)&)/3' HI0.'3'HI0 &99&7)0'&') % . G0'20,8.0

Pm
.&/220 . G/')&17&'(0 /'E&7/&') % A3I2 .02 )07, 0223') (3'' /(0')/HI02 + 0) 3' 90I) 2 G&) 7&''*/7 (I 2/1'0 23,,0 0' &'7/E&') (/70')0, 0')

µ′

2m =
(2m)!

m!

(
σ2

0

lv

)m ∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp

[
− 1

lv

2m∑

i=1

τi

]
E

{
exp

[
α

2m∑

i=1

ñ(z − τi)

]}
m∏

i=1

δ(τ2i−1 − τ2i).

$I 9&22&10 + 3' & 2/,9./+& .& '3)&)/3' (02 /'(/'02 (&'2 . G&71I, 0') (02 (/2)7/8I)/3'2 (0 5 /7&' + '0 HI/ 70E/0')
% 970'(70 '3,,0 907,I)&)/3' 9&7)/'I./(70 . G/(0')/)& %
�� �� �� �3�. ��00. 2 .�� .� 0!#//-�"./  .

α-3I7 38)0'/7
µ′

2m

(&'2 .0 '&2 (0 '*&,92 (0 (0'2/)& 0) (0 E/)0220 '377& .&2 + /. ,&I) (3'' '&.'I.07 .0 ,&')0I7

E

{
exp

[
α

2m∑

i=1

ñ(z − τi)

]}
=

∞∑

k=0

αk

k!
E






[
2m∑

i=1

ñ(z − τi)

]k



 =

∞∑

k=0

αk

k!

∑

Ck,m

E






k∏

j=1

ñ(z − τij
)






0' (&E0.399&') . G0F93'0')/0..0 0' 2&7/0 /'+'/0 + (0 ,&
3' % ,&/70 &99&7&�)70 (02 973(I/)2 (0 '377& .&)/3' (0 .&(0'2/)& .31&7/)*, /HI0 + (3') 3' 90I) 029&707 93IE3/7 '&.'I.07 .02 97397/&)&2 + 0' I)/./2&') .& , 3,0 973'&(I70HI0 '0..0 I)/./2&0 *I2HI G% ,&/')0'&') 93I7 '&.'I.07 .02 , 3,0')2 (0 .& E/)0220 % �' '3)0 ( G&/..0I72 HI0 '0))0&'7/)I70 9 07, 0) ( G/23 .07 .02 0)0)2 (02 '377& .&)/3'2 (0'2/)&.E/)0220 + 9I/2HI0 .0 )07, 0 ( G37(70 B&73
(k = 0)'3770293'( *I2)0,0') &I '&2 2&'2 '377& .&)/3' % �& (07' /(70 &1&./)& (&'2 . G&HI&)/3' 97&'&(0')0 I)/./20 .0(&E0.3990, 0') ,37, 0. (0 .&

k�
� � 9I/22&''0 (0 .& 23,,0 (02

ñ(z − τi)
% � G0'20,8.0

Ck,m
02) &/'2/ '0.I/ (02

k
.I9.02

(i1, . . . , ik)
97/2 (&'2

(1, . . . , 2m)
% �0 '&.'I. (I ,3,0')

µ′

2m

20 7&(I/) (3'' % '0.I/ (02 /')&17&.02(0 .& ,37,0

Ik,m =
∑

Ck,m

∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp

[
− 1

lv

2m∑

i=1

τi

]
E






k∏

j=1

ñ(z − τij
)






m∏

i=1

δ(τ2i−1 − τ2i).
�77)�

-3I7 '&.'I.07 '02 (07'/(702 + 3' (3/) (3'' 2 G/')&702207 &IF '377& .&)/3'2 (I '*&,9 (0 (0'2/)& .31&7/)*, /HI0 0'(/)&70')2 93/')2 (0 .& ./1'0 (0 E/2&0 % 6' 9&7)&') (0 .& 23.I)/3' ,37,0..0 (0 . G&HI&)/3' (0 �&'10E/' 7&1/22&'). G&E3.I)/3' (0
ñ
+ 3' &'7/)�

E






k∏

j=1

ñ(z − τij
)




 =

(
σñ√
lñ

)k ∫ z−τi1

0

dt1 . . .

∫ z−τik

0

dtk exp




k∑

j=1

tj + τij
− z

lñ



E






k∏

j=1

Γñ(tj)




 ,
�777�

. G0F93'0')/0..0 93IE&') 3)70 0F)7&/)0 (0 . G029&7&''0 9I/2HI G0..0 ' G& 9&2 (0 '&7&')(70 &.&&)3/70 % 4. 2I� ) (3''0' )*&37/0 (0 '&.'I.07 .02 , 3-0''02 (0 973(I/)2 (0
Γñ
+ (3') 3' '3''&�) .02 97397/&)&2 + 9I/2HI G0..02 23') .02, 3,02 HI0 '0..02 (0

Γv
+ % 2&E3/7

E






2r+1∏

j=1

Γñ(tj)




 = 0
0)

E






2r∏

j=1

Γñ(tj)




 = 2r
∑

Pr

δ(tj1 − tj2) . . . δ(tj2r−1
− tj2r

).
�77(�

4. 2 G0'2I/) HI0 93I7 )3I)0 E&.0I7 /,9&/70 (0
k
+ .02 /')&17&.02 Ik,m

23') 'I..02 % C0I.02 702)0') '0..02 '37702.93'(&') &IF E&.0I72 9&/702 (0
k
% �' & (&* % 70,&7HI& HI0 .0 )07, 0 ( G37(70 B&73 I0,m

(3''&/) .0 '&2 2&'2'377& .&)/3' + 9I/2HI0 ' G02) .0 20I. )07,0 97&20') .372HI0
α
02) 'I. % �' & (&* % &)&8./ I'0 0F97022/3' 20,8.&8 .0&I '*&9/)70 6 ///+ , &/2 3' 70(3''0 /' / .0 '&.'I. 93I7 (02 7&/23'2 (0 '3,,3(/)& (0 .0')I70 % � G/')&17&.0 I0,m20 ,&')37/20 0'

m
/')&17&.02 (3I8.02 /(0')/HI02 + '0 HI / 907, 0) ( G&'7/70

I0,m =

[∫ z

0

dτ1

∫ z

0

dτ2 exp

(
−τ1 + τ2

lv

)
δ(τ1 − τ2)

]m

=

(
lv
2

)m 0' 7&1/, 0 2)&)/3''&/70
(z � lv).

A�o g:r p:;tum< us<p q<h <Ctm<hhl:rh #?,�$ <9 #?,�$ kurh q< puh tum9lpoql<m α = 0
}
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� 9&7)/7 (0 .% + .& 97/20 0' '3,9)0 (02 '377& .&)/3'2 0')70 .02 '*&,92 (0 (0'2/)& 0) (0 E/)0220 /,9./HI0 HI0.02 )07,02 ( G37(70
k = 2r

9.I2 & .0E& '0 23') 9&2 'I.2 M \ ROWRO% �3)70 8I) 02) /'/ (0 '&.'I.07 .02 0F97022/3'2'3770293'(&')02 + '0 HI/ 9&220 9&7 .0 '&.'I. (02 /')&17&.02 2I /E&')02 + 38)0'I02 0' /'2&7&') .02 97397/&)&2 �77(�(0
Γñ

(&'2 . G0F97022/3' �777� +

E






2r∏

j=1

ñ(z − τij
)




 =
(2r)!

r!

(
σ2

ñ

lñ

)r ∫ z−τi1

0

dt1 . . .

∫ z−τi2r

0

dt2r exp




2r∑

j=1

tj + τij
− z

lñ




r∏

j=1

δ(t2j−1 − t2j).

�' & 7&I)/./2& /' / .0 ,&/) HI0 . G/')&17&'(0 02) /'E&7/&') 23I2 . G0)0) ( GI'0 9 07,I)&)/3' (0
Pr
% $97(2 &E3/7 ,&/).02 '*&'10, 0')2 (0 E&7/&8.02

uj = z − tj
93I7

j = 1, 2, . . . , 2r
0) ,&')37/2& .02 /')&17&.02 0' 70173I9&') .02E&7/&8.02 97&20')02 (&'2 .& , 3,0 (/2)7/8I)/3' (0 5 /7&' + 3' 38)/0')

E






2r∏

j=1

ñ(z − τij
)




 =
(2r)!

r!

(
σ2

ñ

lñ

)r r∏

j=1

W(2j − 1, 2j; z),

0' /')73(I/2&') )0,937&/70, 0') .& '3)&)/3' '3'(0'2&0 W(a, b; z)
+ 9 3I7 2 G&) 7&''*/7 ( GI'0 &HI&)/3' )739.3'1I0 % 10))0 ,3'')/3' 7097&20')0 . G/')&17&.0 (3I8.0 38)0'I0 .372HI G3' & 0)0')I& .0 70173I90, 0') (02 E&.7/&8.02 ( GI'0 , 3,0 (/2)7/8I)/3' (0 5 /7&' +

W(a, b; z) =

∫ z

τia

dua

∫ z

τib

dub exp

[
τia

− ua + τib
− ub

lñ

]
δ(ua − ub).

10..0.'/ 02) /')&17&8 .0 0F9./'/)0, 0') + 0) 2& ./, /)0 0' 7&1/, 0 2)&)/3''&/70
(s � lñ)

970'( .& ,37, 0 ( GI' ,&')0I70F93'0')/0. (&90'(&') (0 .& 2&9&7&)/3' |τia
− τib

| + '3,9&7&8 .0 % '0.I / (0 .& ,3'')/3' ( G&I)3 '377& .&)/3' (I'*&,9 (0 (0'2/)& .31&7/)*, /HI08 % -&7 '3'2&HI0') + (&'2 '0 7&1/, 0 2)&)/3''&/70 + .02 ,3'')/3'2 (0 '377& .&)/3'( G37(70 9&/7 (0 .& (0'2/)& .31&7/)*, /HI0 23')

E






2r∏

j=1

ñ(z − τij
)




 =
(2r)!

r!

(
σ2

ñ

2

)r

exp



− 1

lñ

r∑

j=1

|τi2j−1
− τi2j

|



,

'0 HI/ 9 07, 0) ( G0F9./'/)07 .02 /')&17&.02 I2r,m
0' /'2&7&') '0))0 ,37, 0 (&'2 . G0F97022/3' �77)� + 0) ,3I7'/)I'0 &HI&)/3' &99&70,,0') 2/,9.0 + 9I/2HI0 '0 ,&/2&') /')07E0'/7 HI0 (02 ,&')0I72 0F93'0')/0.2 +

I2r,m =
(2r)!

r!

(
σ2

ñ

2

)r ∑

C2r,m

∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp



− 1

lv

2m∑

i=1

τi −
1

lñ

r∑

j=1

|τi2j−1
− τi2j

|




m∏

i=1

δ(τ2i−1 − τ2i).

�� �� �" � #�3 �.��/ �� 0./  �#��3� �- �./
-3I7 2 G&) 7&''*/7 (I 97&,&')0I7 HI/ '0 ,07&/) HI G&.3I7(/7 .02 '3)&)/3'2 (&'2 .02 '&.'I.2 HI/ E3') 2I/E70 + '3I2&..3'2 &'7/70 .02 ,3,0')2 9&/72 (0 .& E/)0220 23I2 .& ,37, 0
µ′

2m =
(2m)!

m!

(
σ2

0

lv

)m ∞∑

r=0

α2r

(2r)!
I2r,m =

(2m)!

m!

(
σ2

0

lv

)m ∞∑

r=0

α2r

r!

(
σ2

ñ

2

)r

Kr,m,
�77��

39 . G3' & /')73(I/) .02 23,,02 ( G/')&17&.02 Kr,m
(&+'/02 9&7

Kr,m =
∑

C2r,m

∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp



− 1

lv

2m∑

i=1

τi −
1

lñ

r∑

j=1

|τi2j−1
− τi2j

|




m∏

i=1

δ(τ2i−1 − τ2i).
�77# �

13,,0 (/) 9.I2 *&I) + .& '3')7/8I)/3' '3770293'(&') %
r = 0

02) '0..0 (I '&2 2&'2 '377& .&)/3' 0')70 .& (0'2/)&0) .& E/)0220 % 4. 2 G&1/) (3'' (0 (&)07, /'07 .02 '3')7/8I)/3'2 (02 37(702 2I/E&')2 % � &/2 &E&') (0 '3I2 .&''07
Ef< nol r g<h9 tuh t:om r:oh homtm<rkm< " <9 hlDrly< no< q gwpz<qq< pumup9wmlh9lno< k< kwpm:lhhurp< <h9

lñ
}
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(&'2 .0 '&.'I. + '3'2/(&73'2 .& ,37, 0 (02 )07, 02 Kr,m
% 1*&'I' ( G0IF 02) '3,932& ( GI'0 23,,0 ( G/')&17&.02

2m
.(/,0'2/3''0..02 + (3') .& 9&7)/'I.&7/)& 02) . G&71I, 0') (0 . G0F93'0')/0..0 % 10.I/.' / ,&/) /')07E0'/7 I' )07, 09&7,&/)0, 0') 2-, &)7/HI0 0' )3I)02 .02 E&7/&8.02

τi
+ &/'2/ HI GI' )07,0 (&90'(&') (0

2r
E&7/&8.02 '*3/2/029&7, / .02

2m
9322/8.02 % �3)3'2 HI0 '0 '*3/F 02) ,&/) 2&'2 702)7/')/3' + ' G02).%.(/70 HI G3' 90I) '*3/2/7 (0IF,3/2 .& , 3,0 E&7/&8.0 + '0 HI/ (0E/0') ( G&/..0I72 /'&E/)&8 .0 ((2 HI0

r > m
% 5 G&I)70 9&7) + .02 '3I9.02 (0E&7/&8.02 /')07E0'&') (&'2 I'0 , 3,0 E&.0I7 &823.I0 90IE0') )3I) &I22/ 8/0' 20 70)73IE07 (&'2 .& , 3,0(/2)7/8I)/3' (0 5 /7&' + 3I 8/0' (&'2 (0IF (/2)7/8I)/3'2 (/)&70')02 % �' E3/) (3'' HI0 + 2I/E&') .0 '*3/F (0

(i1, . . . , i2r)
(&'2

J1, 2mK2r + . G/')&17&.0 ,I.)/9.0 '3770293'(&')0 93I77& 3)70 (0 9.I2/0I72 )-902 % -3I7 , /0IF'3,970'(70 '0 93/') + 970'3'2 . G0F0,9.0 (0 . G37(70
r = 1

% �02 /'(/'02
i1
0)

i2
+ &99&7&/22&') (&'2 .& E&.0I7&823.I0 (&'2 . G0F97022/3' �77# � + 23') % '*3/2/7 9&7, /

2m
9322/8/./)&2 + '*&HI0 9&/70 (3''&') I'0 /')&17&.0M \ ROWRO (/)&70')0 (&'2 .& 23,,0 K1,m

% 1*&'I'0 (0 '02 /')&17&.02 + '09 0'(&') + 70.(E0 ( GI' (02 )73/2 '&22I/E&')2 +
K(1)

1,m =

∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp

[
− 1

lv

2m∑

i=1

τi

]
m∏

i=1

δ(τ2i−1 − τ2i)

K(2)
1,m =

∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp

[
− 1

lv

2m∑

i=1

τi −
1

lñ
|τi1 − τi2 |

]
δ(τi1 − τi2)

m∏

i=1

2i6=i1,i2

δ(τ2i−1 − τ2i)

K(3)
1,m =

∫ z

0

dτ1 . . .

∫ z

0

dτ2m exp

[
− 1

lv

2m∑

i=1

τi −
1

lñ
|τi1 − τi2 |

]
δ(τi1 − τi′

1
)δ(τi2 − τi′

2
)

m∏

i=1

2i6=i1,i2,i′
1

,i′
2

δ(τ2i−1 − τ2i),

2I/E&') HI0
i1 = i2

�970, /07 '&2� + HI0
i1 6= i2

&99&7&/220') (&'2 .& , 3,0 (/2)7/8I)/3' (0 5 /7&' �(0IF/(,0'&2� + 3I 0''370 HI0
i1 6= i2

&99&7&/220') (&'2 (02 (/2)7/8I)/3'2 (0 5 /7&' (/)&70')02 �)73/2/(,0 '&2� % �0'&.'I. (0 '02 /')&17&.02 02) &220B ,&2)/(/0IF + , &/2 /. 20 ,&/) 2&'2 (/� 'I.)& ,3'(&,0')&.0 % �0 970, /07 )-9 0( G/')&17&.0 02) 0' ,&/) (3''& 9&7 .0 '&2 2&'2 '377& .&)/3' + 0) .02 (0IF &I)702 20 7&, ('0') 70290')/E0, 0') &IF'&.'I.2 ( GI'0 /')&17&.0 (3I8.0 0) ( GI'0 /')&17&.0 HI&(7I9.0 + .02HI0..02 9 0IE0') 3)70 0F9 ./'/)&02� + (0 237)0HI G0' 20 9.&
&') (&'2 .0 7&1/, 0 2)&)/3''&/70 + 3' & +'&.0, 0')
K(1)

1,m =

(
lv
2

)m

, K(2)
1,m =

(
lv
2

)m 0) K(3)
1,m =

2lñ
lv + 2lñ

(
lv
2

)m

.

�I&') % .& E&.0I7 (I )07,0 K1,m
'3,9.0) + /. ,&I) .& '&.'I.07 0' '3,9)&') .0 '3,870 ( G/')&17&.02 (0 '*&HI0)-90 % 4. 0' 0F /2)0

2m
(I 970, /07 + 2I /E&') . G/'(/'0

i1 = i2
'*3/2/ 9&7, /

(1, . . . , 2m)
% 4. - & &1&.0,0')

2(2m−1))07,02 (I (0IF/(,0 )-90 0)
2(m−1)(2m−1)

)07,02 (I )73/2/(,0 )-90� % $I )3)&. + /. - & (3''
(2m)2

)07, 02 +'3,,0 /. 20 (3/) %10) 0F0,9.0 ,3')70 HI0 + ( GI'0 , &'/(70 1&'&7&.0 + Kr,m
02) .& 23,,0 (0

(2m)2r )07, 02 70.0E&') '*&'I'( GI' )-90 ( G/')&17&.0 9&7, / I' '3,870
N
(&90'(&') M \ ROWRO (0

r
0)

m
% -3I7 I' )-90

n
(3''& 0')70

1
0)

N(r, m)
+ 3' (&'3,870

D(r, m, n)
/')&17&.02 (0 '0 )-9 0 + '3)&02 K(n)

r,m
+ (0 237)0 HI0

Kr,m =

N(r,m)∑

n=1

D(r, m, n)K(n)
r,m avec

N(r,m)∑

n=1

D(r, m, n) = (2m)2r.

�0 93/(2
D(r, m, n)

(0 '*&HI0 )-90 ( G/')&17&.0 K(n)
r,m

02) .0 '3,870 (0 202 7097&20')&')2 &99&7&/22&') (&'2
Kr,m

% 10 23') '&'022&/70,0') (02 93.-'�,02 0'
m

% '30� ' /0')2 0')/072 + (0 (017& &I 9.I 2
2r
+ 0) &I ,3/'2. GI' ( G0')70 0IF 02) (0 (017&

2r
+ ( G&97(2 .& '3')7&/')0 2I7 .0I7 23,,0 &'7/)0 97&'&(0,,0') +

D(r, m, n) =

2r∑

p=0

apm
p 39 .02 '30� ' /0')2

ap
(&90'(0') M \ ROWRO (0

r, m
0)

n.

�3)3'2 HI0 .& (&90'(&''0 E/2.%.E/2 (0
m
' G02) 9&2 I' 382)&' .0 % . G&'7/)I70 23I2 '0))0 ,37, 0 93.-'�, /&.0 % 10HI G3' 7&990..0 2/,9.0,0') 0' (/2&') HI0 .02 '30� ' /0')2 (&90'(0') (0

m
+ ' G02) HI0 93I7 '07)&/'02 E&.0I72

�F< q<p9<om lr9wm<hhw t:ommu m<vulm< q< puqpoq <r h glrhtlmur9 ko puh hurh p:mmwqu9l:r }%f<pl <r hott:hur9 no<
m > 2

" hlr:r lq r g<C lh9< tuh k glr9wDmuq< ko 9m:lhlx; < 9*t < }
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(0 '0) 0')/07 + .02 /')&17&.02 ( GI' )-90 (3''& ' G3') 9&2 ./0I ( G3)70 + 9&7 0F0,9.0 93I7
m < 2

0)
r = 1

+ /. ' G-& HI0 (0IF )-902 ( G/')&17&.02 9322/8 .02 % �37,0..0, 0') + '0.& 70E/0') % &''I.07 .02 '30� '/0')2
ap

93I7 '02E&.0I72 (0
r
+
m
0)

n > 3
%10'/ &)&') (/) + .0 '&.'I. 0F9./' /)0 (0 '02 /')&17&.02 % . G37(70 I' + 8/0' HI0 '0 97&20')&') 9&2 (0 (/� 'I.)&'3''09)I0..0 + 02) (&* % &220B 9 &'/8.0 + (0 237)0 HI G&IF 37(702 2I9 &7/0I72 + .& ,I.)/9 ./'&)/3' (02 /')&17&.02(0 )-902 9 .I2 '3,9.0F02 0''370 20,8.0 0' 97&)/HI0 0' /')07(/70 .0 '&.'I. &'&.-)/HI0 % �' 90I) '&&',3/'2/'E3HI07 I' &71I,0') (/, 0'2/3''0. 0' 932&')

τi = xilv
0)

z = xlv
0) 0' 7&&'7/E&') Kr,m

'3,,0

Kr,m = lmv
∑

C2r,m

∫ x

0

dx1 . . .

∫ x

0

dx2m exp



−
2m∑

i=1

xi −
lv
lñ

r∑

j=1

|xi2j−1
− xi2j

|




m∏

i=1

δ(x2i−1 − x2i),

( G39 .& 973937)/3''&./)& (0 '*&'I'0 (02 /')&17&.02 K(n)
r,m

%
lmv
% 6' 7&&./)& + 2I/E&') . G0F0,9.0 (0 . G37(70 I' +3' &'7/7& HI G0..02 23') 973937)/3''0..02 %

(lv/2)m + .0 '30� '/0') (0 973937)/3''&./)& (&90'(&') (I 7&9937)(02 .3'1I0I72 (0 '377& .&)/3'
lv/lñ

&/'2/ HI0 (02 E&.0I72 (0
r
+
m
0)

n
% -&7 2I /)0 +

Kr,m =

N(r,m)∑

n=1

[
2r∑

p=0

apm
p

]
cn

(
lv
2

)m

=

2r∑

p=0

bpm
p

(
lv
2

)m

,

39 '*&HI0 '30� '/0')
bp
(&90'( (3'' (02 0')/072

r
0)

m
0) (I 7&9937) (02 .3'1I0I72 (0 '377& .&)/3' %
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(ασñ)2r

2rr!

2r∑

p=0

bpSp

(
−u2

vσ
2
0

2

)
avec Sp(x) =

∑

m>0

xm

m!
mp = Qp(x)ex,

39
Qp

02) I' 93.-'�,0 ( G37(70
p
% �& ,3'')/3' '&7&')&7/2)/HI0 9 0I) (3'' 2 G&'7/70 '3,,0 I'0 '3,8/'&/23'./'&&/70 (0 ,3'')/3'2 (0 .& ,37,0

Fk(uv) =

(
uvσ0√

2

)2k

exp

(
−u2

vσ
2
0

2

)
puisque Zv(uv) =

∞∑

r=0

(ασñ)2r
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5, 2
−1 IP

α = 0, 33
T UIQ PORIPQRI\ RZQIFPIFP LIQ NMLIHRQ X W�IFFIQ ;FHL LIQ> KIQ KIH[ J] MX\ Q T

C
v
,n

α@AB C 00 %( D � NWLHPOWF KI LM JWRRZLMPOWF IFPRI LIQ J] MX\ Q KI KIFQOPZ IP KI NOPIQQI_ X IQHRZI \ MR LM ^HMFPOPZ
Cv,n

OF PRWKHOPI KMFQ LI PI[ PI_ IF S WFJPOWF KH \ MRMX �PRI
α
T UIQ MHPRIQ \ MRMX �PRIQ KH X WK�LI QWFP c [ ZQ_ IPLIHRQ NMLIHRQ RIQ\ IJPONIQ QWFP
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ñ(0) = 0
0)

v(0) = 0
0) 0' /')&17&')'I, &7/HI0, 0') '02 &HI&)/3'2 .0 .3'1 (0 .& ./1'0 (0 E/2&0 % �02 973 '022I2 2)3 '*&2)/HI02

Γñ
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σñ
&I1, 0')0') % � . G/'E0720 + .& (/2)7/8I)/3'

Wñ
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