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Ĩ(X) =

n∑

k=1

Tk(X)wk =

n∑

k=1

wk

∫
Gk(u)Tb(X, u)du

+,032 *-4
I(X) =

∫
Tb(X , u)du.

&4 *41.30	(4 (4 ) /.4224 42. +9+,4( 41. 42./( + *0((4 -14 20((4 ( /2*3,.4 5

C̃(X) =

n∑

k=1

ukTk(X)wk =

n∑

k=1

ukwk

∫
Gk(u)Tb(X, u)du

+,032 *-4
C(X) =

∫
uTb(X , u)du.

1 4 ( J(4 5 , =42./( +./01 ;3+./*-4
C̃0

(- *41.30	(4 (4 ) /.4224 103(+,/2+
C0

5 ,4*-4, 42. (+-1/ *0((4 ,4 3+;;03.
C/I

5 42. +,032 (011+4 ;+3 ,4 3+;;03. (4
C̃

4
Ĩ
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∫
wTb(X, u)du = wI(X) =

W

n
I(X).

/1 *4 *-/ *01*4314 ,4 *41.30	(4 103( +,/2+ 5 /, 14 '+/. +-*-1 (0-.4 *-4 , =/1*43./.-(4 *-/ , =+D4*.4

∆0(X) = C̃0(X) − C0(X) =
∆(X)

I(X)

42. ( +.03+4 ;+3 W

n
.

& =42./( +./01 1-( +3/*-4 (4 , =/1 *43./.-(4 24 '+/. 41 .3+12,+.+1. ,+ 3+/4 ;+3+,,, ,4( 41. 4 4,,4:( J(4 ,4 ,019(4 , =+'4 (42 ) /.42242 5 ( =-14 *-+1./.+
u0

5 4. 41 +.-( /+1. ,+ )+3/+./01 (4
∆

+)4*
u0

< \ ,- 2 ;3+*/2+(41. 5 0124 (0114 -14 3+/4 2;4*.3+,4 (+-1/4 ;+3 -1 93+1( 10(834
N

(4 ;0/1.2 4. 4 2-;;03. *0(;+*. 5 ;-/2 -143+20,-./01 41 ) /.4224
w

5 *0(;.+4 41 ;/'4,2 4. 2; +*/-+4 ;+3 ,4 10(834
n

(4 *+1+-' 5 ;-/2*-4 , =4'.412/01 (4,+ 3+/4 42. (011+4 +- (+;+3. < ^1 *012/(,34 412-/.4 .0-.42 ,42 2-8( /) /2/012 ;43./141.42 (- 2-;;03. (4 ,+ 3+/4+)+1. *4..4 3+20,-./01 5 2+*7+1. *- =/, 41 4' /2.4 41) /301
w/2

< &+ �)3+/4� )+,4-3 (- *41.30	(4 +.+1. *+,*-,+4 2-3, =4124(8,4 (42
N

;0/1.2 5 01 ;4-. *+,*-,43 , =4334-3
∆

*0(( /24 ;0-3 *7+*-4 2-8( /) /2/01 4 3+20,-./01 -'+4 5 4.01 (01143+ 5 *0((4 42./( +./01 (4 , =/1*43./.-(4 4 *4..4 3+20,-./01 5 , =+*+3.:.); 4
σ∆

(4 , =4124(8,4 (42 )+,4-32(4
∆

< ^1 *+,*-,4 (4 ,+ ( J(4 '+�01 , =+*+3.:.); 4
σ∆0

2-3 ,42 )+,4-32 (4
∆0

< &4 3+2-,.+. (42 .42.2 4D4*.-+22-3 , =4'4(;,4 ( =-14 3+/4 *012./.-+4 (4 ,+ 20((4 (4 (4-' 9+-22/41142 42. ;3+241.+ 2-3 ,+ -9-34 F_ <� 5 *-/(01.34 , =+)0,-./01 (4
σ∆

4. (4
σ∆0

41 '01*./01 (4 , =/1)4324 (4 ,+ ,+394-3 41 ) /.4224
w

(42 *+1+-' <

1/w �m ��−1 � 1/w �m ��−1�

σ
∆

��
	


2

�−2

�

σ
∆

0

�	

�−

1

�

���  F_ <� ! 
 %#O( M&#$ 'L) *0N+M)8M�. L
σ∆

57 4 N(0� L6 LM
σ∆0

57 '+#&ML6 L$ � #$0M&#$ 'L ON +*)# O( M&#$ L$ %&ML))L1. #(+ ($ L +N&L '#$ M ON � #+- L L)M &$ '&2(*L L$ - *'N&O O#$ )(+ 0� N2(L � 4(+LP /L) - L)(+L) )#$ M +L. +*)L$ M*L). N+ 'L) O#)N$4 L)1 OL) 0#(+:L) L$ M+N&M . OL&$ )#$ M 2(N$ M 7 LO OL) 'L) N3 ()ML- L$ M) 'L ON � #+- L
(a + b/w)−2 P

�(+ ON � 4(+L 'L 4 N(0� L1 OL) '&� *+L$ ML) 0#(+:L) 0#++L). #$'L$ M 7 'L) . +#� O) 'L +N&L � #- #M� *M&2(L) OL) ($)'L) N( M+L) P � L( OL ON 0#(+:L &$� *+&L(+L L)M ($ N3 ()ML- L$ M1 OL) N( M+L) L$ )#$ M '*'(&ML) L$ - ( OM&. O&N$ M . N+ OL+N.. #+M 'L) &$ ML$)&M*) &$ M*4 +*L) P
^1 )0/. 10.+((41. *-4 ,42 +*+3.2:.);4 41.34 ,42 42./( +.4-32 (42 *41.30 	(42 4. ,42 )+,4-32 )3+/42 5 +,032 *- =01;0-33+/. 2 =+..41(34 4 *4 *-4

σ∆ ∝ wI
4.

σ∆0
∝ w

5 24 *0(;03.41. 41 '+/. *0((4

σ∆ = I

(
a +

b

w

)−2 4.
σ∆0

=

(
a +

b

w

)−2

,

��y suttlvvl ��l vu 	�y�nr�y ryqr�unsr�l
1I

q k�y rynlszuvvl I lmn vu 	�y�nr�y zuvuyn � m�s I ln � tusn��n urvvl�sm |



���� F��� F_ � �����	�� F�
� �� �������� F
���� F� ���
(+/2 8/41 41.41(- ,42 ( +.03+./012 *- =01 + +*3/.42 ;,-2 7+-. 201. .4,,4( 41. 93022/,342 *- =/, 1 =42. ;+2 +.011+1.(4 .30-)43 -1 *0(;03.4( 41. ( /D+341. < @4; 41(+1. 5 ,+ ;3+*/2/01 (4 , =+.-2.4( 41. .30-)+ 2-3 ,42 *0-38 42 (4 ,+-9-34 F_ <� 14 (0/. ;+2 J.34 *012/(+3+4 *0((4 -1/)4324,,4 < &, 2-V . 5 ;0-3 2 =41 341(34 *0(;.4 5 (4 (0( /-43 ,+3+/4 -./,/2+4 (4 '+�01 4 ,+ 341(34 ; ,-2 *7+0./*-4 5 41 ,+ (-,./;,/+1. 2/(;,4( 41. ;+3 -1 83061/41 '3+*./011+/34-1 /( /( 412/0114, < &+ -9-34 F_ <Z (01.34 ,4 3+2-,.+. (4 (4-' 4';+3/41*42 1-( +3/*-42 (4 *4 .); 4 <

1/w �m ��
−1 � 1/w �m ��

−1�

σ
∆

0

�	

�−

1

�

���  F_ <Z ! 
 %#O( M&#$ 'L O 9*0N+M8M�. L
σ∆0

L$ � #$0M&#$ 'L ON +*)# O( M&#$ L$ %&ML))L1 . #(+ ($ L +N&L '#$ M ON
� #+- L L)M &$ '&2(*L L$ - *'N&O O#$ )(+ 0� N2(L � 4(+LP � O ) 9N4 &M 'L ON +N&L 'L ON � 4(+L F_ <� 1 -( OM&. O&*L . N+ 'L)- #(%L- L$ M) :+#�$&L$) � +N0M&#$$N&+L) ' 9&$'&0L) ). L0M+N(� +L). L0M&� )

β = 2
57 4 N(0� L6 LM

β = 2, 5
57 '+#&ML6 P/L) - L)(+L) )#$ M +L. +*)L$ M*L) . N+ 'L) O#)N$4 L) LM OL) 0#(+:L) L$ M+N&M . OL&$ )#$ M 'L) N3 ()ML- L$ M) 'L ON

� #+- L
(a + b/w)−2 P

^1 )0/. *-4 5 8 /41 *-4 ,4 *0(;03.4( 41. 9,08+, 24(8,4 .0-.0-32 2-/)34 ,+ ,0 / 41
(a + b/w)−2 5 ,+ ( /2; 432/01+-.0-3 (4 *4,,4:*/ (4) /41. +2243 /( ;03.+1.4 < ^1 41.34)0/. ,4 .0-.4 -14 ;308,+(+./*-4 (01. /, 1 =42. ;+2+;;+341. *- =4,,4 20/. -./,4 ;0-3 , =+.-(4 (4 ,+ 2.+./2./*-4 (42 *41.30 	(42 (4 ) /.4224 *-/ )+ 2-/)34 < @ =42.;0-3*-0/ 01 2 =41 ./41(3+ ,4 41 *4 *-/ *01*4314 ,+ ;3+*/2/01 (42 42./( +.4-32 5 4. 01 ,42 +22/( /,43+ (03+1+)+1.+-' )+3/.+8,42 )+,4-32 5 *03342;01(+1. 4 -14 3+20,-./01 41 ) /.4224 /1-1/4 <

�



��� F_ �G � ������ 
�H� 
�� ��H� 
��� 
� � �
����	
�� �� 
� �������
�



� �� ��� �� �
���� � � �� ��� ���� � �� �� �� 
��� �� � � � ������

� �� ���  !"#$� %! �
� ���b �# > %" %Bd�c %! ��d @ b# �  %" %Bd�c %! ��d @
&4 *7+;/.34 ;3+*+(41. + ;43( /2 (4 (01.343 *-4 5 (+12 ,4 *+2 .3,2 2/(;,/-+ ( =-14 20-3*4 08243)+4 (+12 -14.3+12/./01 0;./*-4( 41. ( /1*4 5 4. 2/ ,42 *01( /./012 ( =4'*/.+./01 201. -1/'03( 42 5 01 ;4-. 34,/43 2/(;,4( 41.(42 *-+1./.+2 08243)+8,42 5 4 2+)0/3 ,42 ( 0(41.2 (4 ,+ ( /2.3/8-./01 41 ) /.4224 (4 ,+ .4(;+3+.-34 (4 83/,,+1*4(+12 -14 ( /34*./01 (011+4 5 4 (42 *-+1./.+2 (+;41(+1. 5 20-2 '03( 4 /1.+93+,4 5 (42 *7+(;2 .3/( /( 412/0114,2(4 (412/.+ 4. (4 ) /.4224 < ^1 ( /2; 024 (01* 5 .7+03/*-4( 41. 5 ( =-14 /1-1/.+ (4 *+3.42 8/( /( 412/0114,,42 (4220-3*42 08243)+42 5 10.+42

Wn(X)
5 (+;41(+1. +) /(4((41. (4 ,+ ,/914 (4 ) /2+4

X
4. (4 , =03(34

n
(- (0(41.*012/(+3+ <

&+ *-42./01 *-/ 24 ;024 +,032 1+.-34,,4(41. 42. (4 2+)0/3 2/ 4. *0((41. 01 ;4-. 34,/43 ,42 ;30;3/+.+22.+./2./*-42 (4 *42 *+3.42 8/( /( 412/0114,,42 4 (42 ,0 /2 ( =+*74,,4 2 =+;;,/*-+1. +-' *7+(;2 .3/( /( 412/0114,2(4 (412/.+
ρ(x)

4. (4 ) /.4224
v(x)

<
�1 4'4(;,4 (4 ,/41 (4 *4 .); 4 42. *4,-/ +.+8,/ 5?.-.3Q / LM NOP5 RSSW; 5 ;0-3 (42 08243)+./012 (+12 -14 3+/40;./*-4( 41. ( /1*4 ( =-1 ( /,/4- -1/'03( +(41. 4'*/.+ 5 2.+./2./*-4( 41. 70(09,14 4. /20.30;4 5 41.34 , =/1( /*42;4*.3+,

βI
(4 ,+ *+3.4 ( =+( /22/01 /1.+93+4 4. *4,-/

βρ
(- *7+(; (4 (412/.+ .3/( /( 412/0114, < ^1 (01.3441 4D4. *-4 *42 (4-' /1( /*42 201. +9+-' (,2 ,032 *-4 ,+ ;30'01(4-3 201(+4 42. ;,-2 93+1(4 *-4 ,42 +*74,,42.3+12)43242 *012/(+3+42 5�0,((+1 5 9:::; < 1+12 ,4 *+2 0E 5 +- *01.3+/34 5 ,42 +*74,,42 .3+12)43242 201. 8/41;,-2 93+1(42 *-4 ,+ ;30'01(4-3 (- ( /,/4- 5 ,+ 34,+./01 41.34 *42 (4-' /1( /*42 42. +9+,4( 41. .3,2 2/(;,4 < &+.3+12/./01 41.34 ,42 (4-' 3+9/( 42 ; 43( 4. (4 (+.43( /143 , =+;+/224-3 ( =-14 2.3-*.-34 ( /D-24 5 *0((4 , =+ '+/./ ,( 493441 5/ ,( 493441 LM NOP5 9:: R; (+12 ,4 *+2 (- 93+1( 1-+94 (4 > +94,,+1 �&>@ � <

/1 *4 *-/ *01*4314 , =08.41./01 (42 ;30;3/+.+2 2.+./2./*-42 (- *7+(; (4 ) /.4224 5 /, +;;+3+�. .3,2 ) /.4 *-4, =01 14 ;4-. ;+2 N . +&#+& 4D4*.-43 -14 +1+,)24 +-22/ 2/(;,4 *-4 (+12 ,4 *+2 (- *7+(; (4 (412/.+ 5 *4*/;+3*4 *-4 ,42 08243)+8,42 +*3/.42 +- *7+;/.34 ;3+*+(41. 14 '01. . +( +/2 /1.43)41/3 ,4 *7+(; (4 ) /.4224 24-, <
�0-.42 ,42 /1.+93+,42 ,4 ,019 (4 ,+ ,/914 (4 ) /2+4 *01./41141. 41 4D4. ,4 *7+(; (4 (412/.+ < &42 ;30;3/+:.+2 2.+./2./*-42 *- =01 ;0-33+/. (+(-/34 243+/41. (01* 1+*422+/34( 41. 41.+*7+42 5 ( =-14 ( +1/,34 0- ( =-14+-.34 5 ;+3 ,42 [-*.-+./012 (4 ,+ (412/.+ (- ( /,/4- < \0-3 *01.0-3143 *4..4 ( /V *-,.+ 5 /, 4' /2.4 -1 *43.+/110(834 (4 ( +.70(42 /1( /34*.42 5 ) /2+1. 4';,/*/.4( 41. 4 (+(-/34 ,42 ;30;3/+.+2 2.+./2./*-42 (- *7+(; (4) /.4224 4 ;+3./3 (42 (011+42 08243)+./0114,,42 < \+3( / 4,,42 5 01 10.4 , =+1+,)24 (42 *+1+-' 41 ) /.4224 �K@< �(4 &+3+3/+1 4. \0902)+1 5&+3+3/+1 7 \0902)+1 5 9:::; 5 '01(+4 2-3 , =+.-(4 +1+,)./*-4 (42 ;30;3/+.+2 (42*+3.42 ;+3 *+1+-' 41 '01*./01 (4 ,4-3 ,+394-3 41 ) /.4224 < / ,,4 42. ;308+8,4( 41. ( /V */,4 4 -./,/243 41 ;3+:./*-4 2-3 (42 08243)+./012 3+4,,42 5 *0((4 01 ,4 )433+ +- *7+;/.34 _ FFF< ?+ .-2./-*+./01 +1+,)./*-4 42. 410-.34 ;+3./*- ,/,34( 41. +3(-4 4. ;+3'0 /2 *01.34:/1.-/./)4 < &42 *41.30 	(42 (4 ) /.4224 (0( /'+2 (4 &+3+3/+14. / 2*-/)4, 5&+3+3/+1 7 / 2*-/)4, 5 9::�; 201. -14 .41.+./)4 3+*41.4 4. ;30( 4..4-24 (4 3+(-/34 , =/1[-41*4(42 [-*.-+./012 (4 (412/.+ (+12 ,42 ;30;3/+.+2 2.+./2./*-42 (42 *41.30	(42 5 8 /41 *- =01 ;-/224 ,4-3 34;30:*743 (4 1 =J.34 (+-1/2 5 24(8,4:.:/, 5 *- =+- .3+)432 (4 ,4-3 '01*./01 (4 2.3-*.-34 ( =03(34 (4-' < �1 (431/434'4(;,4 (4 ( +.70(4 (4 3+*-; +3+./01 (42 2.+./2./*-42 (4 ) /.4224 42. , =+1+,)24 41 *0(;02+1.42 ;3/1*/;+,42
�\@< � 5 *-/ +.-( /4 ( /34*.4( 41. ,42 *-842 (4 (011+42

Tb(X , u)
4. ,42 (+*0(;024 2-3 -14 8+24 03.70901+,4+-1 ( =41 (+(-/34 ,42 ;30;3/+.+2 (- *7+(; (4 ) /.4224 4 *7+*-4 +*74,,4 < / ,,4 + +.+ *+,/83+4 1-( +3/*-4( 41.;+3 5C 3-1. LM NOP5 9::�; 2-3 (42 2/(-,+./012 (4 *7+(;2 83061/412 '3+*./011+/342 <

� ���> �dc !>� d$� %�c
@-3/4-24( 41. 5 /, 1 =4' /2.4 *4; 41(+1. +-*-14 +;;30*74 ( /34*.4 (- ;308,,(4 5 *012/2.+1. 4 ;341(34 ,42 *+3.428/( /( 412/0114,,42 .4,,42 *- =4,,42 24 ;3+241.41. 5 4. 4 *+,*-,43 ,4-32 ;30;3/+.+2 2.+./2./*-42 4 , =+/(4 ( =-1 0-./,



��� _ �� � �� ��
� �� 
� ������ ����� ����� 
���
� ��H�	���	H ������
2-V 2+((41. 2/(;,4 ;0-3 ;0-)0/3 J.34 ( +1/;-,+8,4 5 ( +/2 2-V 2+((41. ;-/22+1. ;0-3 J.34 ( =-2+94 *0-3+1. <&, +;;+3+�. 41 4D4. 1+.-34, (4 ; 41243 *-4 ,42 ;30;3/+.+2 2.3-*.-34,,42 (42 *7+(;2 (4 ) /.4224 4. (4 (412/.+(0/)41. 5 ( =-14 ( +1/,34 0- ( =-14 +-.34 5 +;;+3+�.34 (+12 ,42 ( 42-342 2.+./2./*-42 4D4*.-+42 2-3 ,42 *+3.42
Wn

5 +.+1. (011+42 ,42 34,+./012 �Z R� < @ =42. ;3+*/2+(41. , =08 . 4*./' ;34( /43 (4 *4 *7+;/.34 *-4 (4 (01.343 5(+12 ,4 *+(34 ( =-1 (0(, ,4 4'.3J(4(41. 2/(;,4 (4 1-+94 /1.432.4,,+/34 .-38-,41. 5 *- =/, 42. 4D4*./)4( 41.;022/8,4 (4 34,/43 ,42 ;30;3/+.+2 2.+./2./*-42 (42 *41.30	(42 (4 ) /.4224
C = W1

4 *4,,42 (42 *7+(;2 (4 (412/.+4. (4 ) /.4224 5 4. (4 *+,*-,43 4';,/*/.4( 41. *4..4 34,+./01 (0)411+1. *43.+/142 7);0.7,242 3+/2011+8,42 <&4 (4-' /,(4 08 . 4*./' (4 *4 *7+;/.34 42. (4 ( /4-' *0(;341(34 *4 *-4 34;3+241.4 ,+ 103(+,/2+./01 (42*41.30	(42 (4 ) /.4224 5> �1*7 5 RSXW 5 1 /*Q(+1 7 8 ,4/143 5 RSWX; < /1 4D4. 5 *0((4 01 , =+ (+. 4 '+/. 34( +3*-43 5+.+1. (011+4 , =4';3422/01 �Z9� (- *41.30 	(4
C

5 /, +;;+3+�. *-4 ,42 [-*.-+./012 (4 (412/.+ ;0-33+/41. +D4*.43, =42./( +./01 (42 2.+./2./*-42 (4 ,+ ) /.4224 4 ;+3./3 (4 *4..4 *+3.4 < \0-3 ;+,,/43 *4..4 ( /V *-,.+ 5 /, 42. ( =-2+94( =-./,/243 ,4 *41.30	(4 103(+,/2+
C0

5 *- =01 (+-1/. 2/(;,4( 41. ;+3 ,4 3+;;03.
C/I

5 0E
I

42. , =/1.412/.+ (011+4;+3 , =+*-+./01 �Z9� < @4..4 ( +.70(4 42. 7+8/.-4,,4( 41. 4. 4(;/3/*-4(41. .-2./-+4 ;+3 , =7);0.7,24 24,01,+*-4,,4 ,42 [-*.-+./012 (4 (412/.+ (+12
C

201. +9+,4( 41. ;3+241.42 (+12
I
5 (4 203.4 *- =4,,42 (0/)41. ( =-14*43.+/14 '+�01 ( /2;+3+ �.34 (+12

C0
< 1 +12 ,4 *+2 2/(;,/-+ 0E ,42 24-,42 [-*.-+./012 (4 (412/.+ ;3+241.42 201..3+12)43242 4 ,+ ,/914 (4 ) /2+4 5 *4 3+/20114(41. 42. *,+/34( 41. *0334*. 5 4. ,+ 103( +,/2+./01 ;43( 4. +,032 (42 =+D 3+1*7/3 )+3/.+8,4( 41. (42 [-*.-+./012 (4 (412/.+ < @4; 41(+1. 5 , =7);0.7,24 ( =/20.30;/4 /1.43( /. ( =+)0/3(42 [-*.-+./012 .3+12)43242 2+12 [-*.-+./012 ,019/.-( /1+,42 5 (4 203.4 *- =/, 42. 1+*422+/34 5 20-2 ;4/14 (4(4)0/3 24 *01.41.43 ( =-1 *+2 .3/) /+,0 5 (4 ;341(34 41 *0(;.4 *42 [-*.-+./012 ,019/.-( /1+,42 (4 (412/.+ 5 4.( =+.-( /43 +1+,)./*-4( 41. ,4-3 /1[-41*4 2-3 ,42 *41.30	(42 (4 ) /.4224 5 (+12 ,4 *+(34 (- (0(, ,4 2/(;,4 *-4, =01 )+ ( +/1.41+1. ;3+241.43 <

� �` �d B!"h @d "d $!#$ed �# ># @d��d %�� �%d �  b �c?d  cb @dBd��
� �` �b � cgd$�c �C!BC�  %�#dc
^1 3+;;4,,4 *- =-1 ;0/1. (4 , =42;+*4 4 .30/2 ( /( 412/012 42. 34; +3+ ;+3 2+ ;02/./01

x
;+3 3+;;03. 4 -14 03/9 /14

O
*- =01 ;3+*/243+ (+12 ,+ 2-/.4 5 4. *-4 ,+ ;30 . 4*./01 (4

x
2-3 ,4 ; ,+1 (- */4, 42. -1 )4*.4-3 8 /( /( 412/0114,

X
< &+ 2+;+3+./01 .3/( /( 412/0114,,4 41.34 ,42 ;0/1.2

x1
4.

x2
42. 10.+4

r = x2 − x1
4. 4,,4 (0114 ,/4- 4-14 2+;+3+./01 +;;+341.4

R = X2 − X1
41.34 ,42 ,/9142 (4 ) /2+4 *03342;01(+1.42

X1
4.

X2
< &, *01) /41.( =/12/2.43 2-3 ,4 '+/. *- =01 14 *012/(+343+ *-4 (42 +*74,,42 +2243 ;4./.42 2-3 ,4 ;,+1 (- */4, ; 0-3 *-4 ,42,/9142 (4 ) /2+42 *012/(+3+42 ;- /2241. .0-.42 J.34 2-;;02+42 ;+3+,,, ,42 <1 +12 .0-. *4 *-/ 2-/. 5 ,4 ( 0(, ,4 +.-( /+ 42. -14 *0-*74 (4 9+3 *0(;3/24 41.34 (4-' ;,+12 ;+3+,,, ,42 5 (4,+394-3

D
5 ; 43;41( /*-,+/34 4 ,+ ,/914 (4 ) /2+4 4. (01. ,42 4'.41 2/012 .3+12)43242 41

x
4. 41

y
201. /1-1/42 <�4( +3*-012 *-4 *4*/ 14 *01.34( /. ;+2 , =7);0.7,24 (- ;+3+,,+ ,/2( 4 (42 ,/9142 (4 ) /2+4 5 (,2 ,032 *-4 24- ,4-14 ;4./.4 '3+*./01 (4 ,+ *0-*74 42. 08243)+4 5 *- =01 2-;;024 34;3+241.+./)4 (42 *01( /. /012 9+1+3+,42 (-1-+94 < & =03/9/14

O
42. ;,+*+4 ;+3 *01)41./01 +- ( /,/4- (4 ,+ .3+1*74 �)0/3 -9-34 _ <R� 5 *4 *-/ /(;,/*-4 *-4,4 9+3 24 2/.-4 1+*422+/34( 41. 41.34 ,42 *0.42

z = −D/2
4.

z = D/2
<

� �` �> �  ! g %C�Cc "d @b "d�c %�C
<- 24/1 (4 ,+ *0-*74 5 ,+ (412/.+ )0,-( /*-4 (0)4114 9,08+,4 (- 9+3 42. 10.+4

ρ0
< ^1 (+2/9143+ ;+3

v
,+*0(;02+1.4 ,019/.-( /1+,4 (4 ,+ ) /.4224

v
(- 9+3 ;+3 3+;;03. 4 , =08243)+.4-3 5 4. ,+ )+,4-3 (0)4114 (4 *4..4*0(;02+1.4 243+ 10.+4

v0
< &42 (0)41142

ρ0
4.

v0
201. 1+*422+/34(41. /1(+;41(+1.42 (4 ,+ ,/914 (4 ) /2+4 5;- /2*- =4,,42 201. *+,*-,+42 2-3 , =4124(8,4 (4 ,+ *0-*74 < ^1 '43+ +9+,4( 41. , =7);0.7,24 *-4 ,42 [-*.-+./012(4 (412/.+ ,4 ,019 (4 ,+ ,/914 (4 ) /2+4 201. ; 4./.42 ;+3 3+;;03. 4 ,+ )+,4-3 (0)4114

ρ0
< \ ,-2 ;3+*/2+(41. 501 2-;;0243+ *-4 , =+*+3.:.); 4

σρ
(- *7+(; (4 (412/.+ 42. ;4./. (4)+1.

ρ0
<

� �` �$ �  ! g %C�Cc "d @
C$! # @dBd��
/1 *4 *-/ *01*4314 ,42 ;30;3/+.+2 (4 , =+*0-,4( 41. .-38-,41. 5 01 24 ;,+*43+ (+12 ,4 *+2 ,4 ;,-2 9+1+3+, 412-;;02+1. *-4

v0
1 =42. ;+2 1-, 5 ,4 *+2

v0 = 0
1 =+.+1. 2;+*/+, *-4 (+12 ,4 2412 0E ,4 *+,*-, 34*-/43. -14( +.70(4 .3,2 ,+9,34( 41. (0( /-+4 < 14 '+/. 5 *0((4 01 ,4 )433+ 4 ,+ 24*./01 _ <I 5 ,4 3+2- ,.+. 08.41- (+12 *4

ijlv�r q k�yl qlymrn{ �yr	�s� l quym n��n v klmtu�l |



���� F��� _ � ����� �
� ��� F��� ��� ��
������� �� 	 F� ���� ���

*+2 ;+3./*-,/43 ; 4-. ;+3'+/.4( 41. 24 34.30-)43 41 ;02+1.
v0 = 0

(+12 ,+ '03(-,4 9+1+3+,4A < ^1 2-;;0243+*- =/, 1 =4' /2.4 ;+2 (4 ) /.4224 2)2.+(+./*-4 .3+12)4324 5 (4 203.4 *-4 ,+ ) /.4224 (0)4114 (42 ;+3./*- ,42 [-/(42(+12 ,+ *0-*74 .-38-,41.4 42. +9+,4 4 〈v〉 = v0uz
< < /12/ 5 ,4 *7+(; (4 ) /.4224 (+12 ,4 3+'+341./4, (- 1-+94 5*-/ 42. ,4 *7+(; ;43./141. (- ;308 ,,(4 5 42.

δv = v − v0uz
< & =+*0-,4( 41. 243+ 2-;;02+ 70(09,14 4./20.30; 4 5 *4 *-/ (0/. J.34 ;3/2 +- 2412 '03. 4';,/*/.+ ;+3 > 01/1 4. �+9,0( 5> 01/1 7 �+9,0( 5 RSTX; 5 24,01,4*-4, ,42 7);0.7,242 ( =70(09+1+ /.+ 4. ( =/20.30;/4 (0/)41. 2 =+;;,/*-43 101 24- ,4(41. +-' *7+(;2

ρ
4.

δv
5( +/2 +9+,4(41. +- *7+(; *-+(3/( /( 412/0114, (+-1/ ;+3

(ρ, δv)
< @4..4 7);0.7,24 24 3+), ,43+ -./,4 (+12 ,4224*./012 _ <� 4. _ <� </1 (47032 (4 ,+ *0-*74 5 ,+ (412/.+ 4. ,+ ) /.4224 201. 2-;;02+42 1-,,42 < ^1 3+;;4,,4 41 0-.34 *-4 , =08243:)+./01 42. '+/.4 (+12 -14 .3+12/./01 0;./*-4(41. ( /1*4 5 *-4 ,+ '3+*-41*4 42. 2-V 2+((41. 8+224 ;0-3 *-4, =+;;30' /( +./01 (4 �+),4/97:]4+12 20/. )+,+8,4 5 *- =+- 24/1 (4 ,+ *0-*74 3,9141. (42 *01( /. /012 ( =4'*/.+./01-1/'03( 42 5 4. 41-1 *- =/, 1 =4' /2.4 ;+2 (4 '01( (4 3+( /+./01 /,,-( /1+1. , =+33/,34 (4 ,+ *0-*74 .-38-,41.4 <

x z

D/2−D/2

y

v

ρ

z

z

v0

ρ0

−D/2 0 D/2

−D/2 0 D/2

���  _ <R ! � L. +*)L$ MNM&#$ )0� *- NM&2(L 'L ON 0#(0� L M(+:( OL$ ML 57 4 N(0� L6 LM 'L O 9*%#O( M&#$ 'L) 0� N-. ) 'L'L$)&M* 5L$ � N( M 7 '+#&ML6 LM 'L %&ML))L O#$4 &M('&$NOL 5L$ :N) 7 '+#&ML6 OL O#$4 ' 9($L O&4 $L 'L %&)*L M+N%L+)N$ MON 0#(0� L M(+:( OL$ MLP /N 0#(0� L L)M )(.. #)*L &$� $&L 'N$) OL) '&+L0M&#$)
x

LM
y

LM L)M O&- &M*L L$
z

N( )L4- L$ M
ID = [−D/2, D/2]

P /L) %NOL(+) - #�L$$ L)
ρ0

LM
v0

)#$ M . +&)L) )(+ O 9L$)L- :OL 'L ON 0#(0� L M(:( OL$ MLP

� �; ��b� %c� %�#dc "dc $b �dc " 
%��d �c %�C d� "d $d��  !�"d
� �; �b �� %@%cb� %! � "d @b �!�$� %! � " 
b#�! $!  C @b� %! �
@0((4 01 , =+ (+. 4 2-99+3+ 5 ; 0-3 (+.43( /143 *0((41. ,42 ;30;3/+.+2 2.+./2./*-42 (42 *+3.42

Wn
(+;41(41.(4 *4,,42 (42 *7+(;2 .3/( /( 412/0114,2 (4 (412/.+ 4. (4 ) /.4224 5 ,+ ( +.70(4 *- =01 )+ 4(;,0)43 *012/2.4 4,4-3 +;;,/*-43 ( /34*.4( 41. -1 0-./, 2.+./2./*-4 4. 4 .41.43 (4 '+/34 +/12/ +;;+3+�.34 5 (+12 ,42 4';3422/01208.41-42 5 (42 *-+1./.+2 2.+./2./*-42 +)+1. .3+/. +-' *7+(;2 20-2:. +*41.2 < 14 .0-.4 +) /(41*4 5 ,4 ( 0(41.( =03(34 3+30

W0 = I
;43( 4. -1/*-4( 41. (4 (+(-/34 (42 /1'03( +./012 2-3 ,4 *7+(; (4 (412/.+ 5 ;-/2*- =/,42. ;30;03./0114, 4 ,+ (412/.+ (4 *0,0114

N
5 ( =+;3,2 , =+*-+./01 �Z9� < &4 (0(41. ( =03(34 -1 0- *41.30 	(4101 103( +,/2+

W1 = C
42. ,+ ;34( /,34 *-+1./.+ +;;30;3/+4 4 ,+ (42*3/;./01 (- *7+(; (4 ) /.4224 5 *0((401 ;4-. ,4 )0/3 2-3 ,+ ( J(4 +*-+./01 <\+3( / ,42 0-./,2 ; 43( 4..+1. (4 *+3+*.+3/243 ,+ 2.+./2./*-4 (42 *+3.42 8/( /( 412/0114,,42 5 01 )+ /*/ -./,/243,+ '01*./01 ( =+-.0 *033+ ,+./01 58 ,4/143 7 1 /*Q(+1 5 RSWZ; �)0/3 ,4 *7+;/.34 	 � 5 *-/ (0114 5 01 ,4 3+;;4,,4 5 ,4(493+ (0)41 (4 *033+ ,+./01 41.34 ,42 )+,4-32 ( =-1 *7+(; ;3/2 41 (42 ;0/1.2 2+;+3+2 2-3 ,4 ;,+1 (- */4, ;+3

}jl ��r y klmn tum t ��s y��m m�tslyqsl � {nuyn q�yy{ ��l vu z rnlmml v0
tl�n 	nsl uyy�v{l usnr
�rlvvl� lyn tus �y ��uyxl� lynql v k�srxryl qlm zrnlmmlm � �l ��r slnrsl n��nl mryx�vusrn{ u� �um v0 = 0 | �v 	u�n �lt lyquyn y�nls �� k�y y ku tum u��wm p v0

� q�y�rv y klmn tum ry�nrvl ql xusqls �yl z rnlmml � ��lyyl y�y y�vvl quym vlm �uv��vm ��r m�rzlyn |



��G _ �� � ��H� 
	� 
���	 
�	 �H���	 
 �
����	
�� �� 
� �������
�
-1 )4*.4-3 -'4

R
< �0-2 *012/(+343012 8/41 +) /(4((41. (+12 ,+ 2-/.4 ,42 '01*./012 ( =+-.0 *033+ ,+./01 (42*+3.42 (4 , =/1.412/.+ 4. (42 (4-' .); 42 (4 *41.30	(42 5 10.+42 342; 4*./)4( 41.

AI(R)
5
AC(R)

4.
AC0

(R)
5 4.10-2 +,,012 ,42 *+,*-,43 41 '01*./01 (4 ( 42-342 2.+./2./*-42 2-3 ,42 *7+(;2 .3/( /( 412/0114,2 <

� �; �> �$  %�# d "d
I � C

d�
C0

d� �d  Bdc "d � #$�#b� %! �c %��C�  Cdc
1 +12 *4 8-. 5 01 *0((41*4 ;+3 2+;+343 ,+ (0)4114 4. ,42 [-*.-+./012 (4 ,+ (412/.+ 4. (4 ,+ ) /.4224 ,019/:.-( /1+,4 5 20/.

ρ = ρ0 + δρ
4.

v = v0 + δv
5 *4 *-/ ; 43(4. (4 3++*3/34 ,+ *+3.4 ( =/1.412/.+ 24,01

I(X) =

∫

ID

αρ(X , z)dz = αρ0D [1 + yρX
] avec yρX

=
1

D

∫

ID

δρ(X, z)

ρ0
dz.

�ZZ �

1 4 ,+ ( J(4 '+�01 5 01 ;4-. ( 4..34 ,+ *+3.4 (42 *41.30	(42 101 103(+,/2+2 20-2 ,+ '03( 4 2-/)+1.4 5

C(X) =

∫

ID

αρ(X , z)v(X, z)dz = αρ0v0D [1 + yρX
+ yvX

+ yρvX
]

�ZX�

0E 201. /1.30(-/.2 (4-' 10-)4+-' .43( 42 (4 [-*.-+./012 /1.+93+42 5 4 2+)0/3

yvX
=

1

D

∫

ID

δv(X , z)

v0
dz et yρvX

=
1

D

∫

ID

δρ(X , z)

ρ0

δv(X , z)

v0
dz.

&4 *41.30	(4 103( +,/2+
C0

42. +,032 (011+ 2/(;,4( 41. ;+3 ,4 3+;;03.

C0(X) =
C(X)

I(X)
= v0

1 + yρX
+ yvX

+ yρvX

1 + yρX

.
�ZU�

@4..4 (431/,34 4';3422/01 ;43(4. (4 *,+3/-43 , =-./,/.+ (4 , =7);0.7,24 (42 ; 4./.42 [-*.-+./012 (4 (412/.+ <
� �; �$ �fg!�ehcd "dc gd� %�dc � #$�#b� %! �c "d "d�c %�C
/1 4D4. 5 01 ;4-. ( =0342 4. (+. 4 20-; �01143 *-4 ,42 ( 42-342 2.+./2./*-42 .3/( /( 412/0114,,42 *-/ )01. +;:;+3+�.34 (+12 ,42 4';3422/012 (42 '01*./012 ( =+-.0 *033+ ,+./01 (42 *+3.42 (4 , =/1.412/.+ 4. (- *41.30 	(4 101103( +,/2+ 24301. (42 '01*./012 (4 *033+ ,+./01 41.34 ,42 *7+(;2 (4 (412/.+

ρ
4. (4 ) /.4224

δv
5 (4 ,+ '03( 4

E{ρ(x1) . . . ρ(xn)δv(x′
1) . . . δv(x′

m)} < \0-3 *- =01 ;-/224 42; +343 '+/34 342203./3 ,4 ( J(4 94134 (4 '01*./01,032 (- *+,*-, (4 ,+ '01*./01 ( =+-.0 *033+ ,+./01 (4 ,+ *+3.4 (42 *41.30	(42 103( +,/2+2 5 /, 42. +,032 1+*422+/34(4 ;0-)0/3 ,/1++3/243 , =+*-+./01 �ZU� < &, 10-2 '+-. ;+3 *012+*-41. 2-;;0243 *-4 |yρX
| < 1

5 (4 203.4 *-4 ,4(+10( /1+.4-3 (4 �ZU� ;-/224 J.34 (+)4,0;; + 20-2 ,+ '03( 4 ( =-14 2+3/4 41./,34 *01)43941.4 5 (01. , =4';3422/0142. +,032 (011+4 ;+3
1

1 + yρX

= 1 − yρX
+ y2

ρX
. . . =

∑

n>0

(−yρX
)n.

�ZT�

�14 .4,,4 *01( /./01 42. +) /(4((41. 34(;,/4 2/ ,42 [-*.-+./012 ,0 *+,42 (4 (412/.+ 201. 4,,42:( J(42 ;4./.42 5(+12 ,4 2412 (+*3/. (+12 ,+ 24*./01 _ <� 5 * =42.:4:( /34 2/ , =+*+3.:.); 4
σρ

(- *7+(; (4 (412/.+ 42. ;,-2 ;4./.*-4 ,+ (412/.+ (0)4114
ρ0

5 ;-/2*- =01 +

|yρX
| =

∣∣∣∣∣∣
1

D

∫

ID

δρ

ρ0
dz

∣∣∣∣∣∣
6

√√√√ 1

D

∫

ID

(
δρ

ρ0

)2

dz ' σρ

ρ0
.

& =08.41./01 (4 *4..4 /1+9+,/.+ +;;4,,4 -14 34(+3*-4 � , =/(41./- *+./01 (4 ,+ (0)4114 (- *+33+ (42 [-*.-+./012(4 (412/.+ ,4 ,019 (4 ,+ ,/914 (4 ) /2+4 4 ,+ )+3/+1*4
σ2

ρ

(- *7+(; (4 (412/.+ ;3/2 (+12 201 4124(8,4 1 =42.;+2 +) /(41.4 N . +&#+&5 ( +/2 +.+1. (011+42 ,42 7);0.7,242 ( =70(09+1+ /.+ 4. ( =/20.30;/4 5 -14 ,/914 (4 ) /2+4*-4,*01*-4 (0/. 34;3+241.43 ,4 *7+(; *0(;,4. 5 (4 203.4 *-4 ,42 [-*.-+./012 (4 (412/.+ ,4 ,019 (4 *4..4 ,/914



���� F��� _ � ����� �
� ��� F��� ��� ��
������� �� 	 F� ���� ���

(4 ) /2+4 (0/)41. J.34 (- ( J(4 03(34 (4 93+1(4-3 *-4 ,42 [-*.-+./012 (- *7+(; .3/( /( 412/0114,B < 1 =+-.34;+3. 5 8 /41 *-4 , =7);0.7,24 ;,-2 '03.4
σρ < ρ0

14 20/. ;+2 2.3/*.4( 41. 1+*422+/34 4 ,+ ,/1++3/2+./01 ( 41./011+4*/:(422-2 5 4,,4 42. -./,4 (+12 ,4 (+)4,0;;4( 41. (42 '01*./012 ( =+-.0*033+ ,+./01 *+3 ,42 [-*.-+./012 /1.+93+42
yρvX

201. +,032 (- ( J(4 03(34 41 (412/.+ *-4
yρX

5

|yρvX
| 6

√√√√ 1

D

∫

ID

(
δρ

ρ0

)2

dz

√√√√ 1

D

∫

ID

(
δv

v0

)2

dz ' σρ

ρ0

σv

v0
,

0E , =01 + -./,/2+ , =/1+9+,/.+ (4 @+-*7):?*76+33 4. /1.30(-/. , =+*+3.:.); 4
σv

(4 ,+ *0(;02+1.4 ,019/.-( /1+,4(4 ,+ ) /.4224D < @4*/ 10-2 ;43( 4. (4 (+)4,0;;43 ,42 *+3.42 (4 , =/1.412/.+ /1.+93+4
I

4. (42 *41.30	(42
C4.

C0
5 4. ;+3 2-/.4 ,4-32 '01*./012 ( =+-.0*033+ ,+./01 5 41 ;-/22+1*42 (4

σρ/ρ0
< &, '+-. 9+3(43 41 .J.4 *-4,4 (+)4,0;;4(41. �ZT� 1 =42. 8/41 41.41(- ;+2 1+*422+/34( 41. )+,+8,4 ;0-3 (42 (011+42 3+4,,42 5 ( +/2 01, =-./,/24 /*/ *0((4 -14 ;34( /,34 +.+;4 )432 ,+ *0(;3+7412/01 (42 4D4.2 (42 [-*.-+./012 (4 (412/.+ 2-3 ,42*41.30	(42 (4 ) /.4224 103(+,/2+2 <

� �
 �!�$� %! � " 
b#�! $!  C @b� %! � "d @
%��d�c %�C
� �
 �b <=g dcc %! � �C�C  b @d d�  dBb �#d c# @dc B!fd��dc
� ;+3./3 (4 , =4';3422/01 �ZZ � (4 ,+ *+3.4 ( =/1.412/.+ 5 01 08./41. 2+12 ( /V *-,.+ 2+ '01*./01 ( =+-.0 *033+ ,+./01
AI

5 (01. 01 )0/. *- =4,,4 *01./41. (42 .43(42 ( =03(34 +- ;,-2 (4-' 41 [-*.-+./012 (4 (412/.+ 5
AI(R) = E {I(X)I(X + R)} = (αρ0D)2

[
1 +

〈
yρX

〉
+

〈
yρX+R

〉
+

〈
yρX

yρX+R

〉]
.

�ZW�
@4..4 +*3/.-34 /1.30(-/. ,42 ( 0)41142 ;3/242 2-3 ,+ ;02/./01

X
(+12 ,4 ;,+1 (- */4, 5 *- =01 10.43+ 5 (+12.0-. *4 *7+;/.34 5 20-2 ,+ '03( 4 〈. . .〉 < �0.012 *- =01 + +/12/ '+/. +;;4, 4 , =7);0.7,24 4390( /*-4 < ^ 3 5 *0((4*42 (0)41142 ;03.41. 2-3 (42 *-+1./.+2 /1.+93+42 2-3

z
5 01 ; 4-. ,42 /1.43;3+.43 *0((4 (42 (0)41142 2-3, =4124(8,4 (4 ,+ *0-*74 .-38-,41.4 < \0-3 ,4 )0/3 5 *012/(+3012 -1 *7+(; .3/( /( 412/0114,

f(x)
< ^1 (+-1/.1+.-34,,4( 41. 2+ *+3.4 /1.+93+4

F (X)
;+3

F (X) =
1

D

∫

ID

f(X, z)dz,
;+3 +1+,09/4 +)4* ,42 .43(42

yρX
, yvX

4.
yρvX

.
�ZS�

\ 341+1. ,+ (0)4114 (4 *4..4 *+3.4 2-3 ,4 ; ,+1 (- */4, 5 *- =01 +*3/. 4';,/*/.4( 41. 41 24 (011+1. -14 2-3'+*4
S

(4 *4 ;,+1 5 01 (01.34 *- =4,,4 2 =/1.43;3,.4 *0((4 -14 (0)4114 (4
f

2-3 ,4 )0,-( 4
DS

5

〈F (X)〉 =
1

S

∫∫
F (X)dX =

1

DS

∫∫∫
f(x)dx.

2+/2+1. , =7);0.7,24 ( =4390( /*/.+ 5 4,,4 ;4-. +9+,4( 41. J.34 /(41./-+4 4 ,+ ( 0)4114 ( =4124(8,4
E{f(x)} ;0-31 =/(;03.4 *-4,,4 ;02/./01

x
+- 24/1 (4 , =+*0- ,4(41. <

� �
 �> �b @$# @ "dc " %�C  d��c �d  Bdc
@4..4 ;30;3/+.+ ;4-. J.34 ( /34*.4( 41. ( /24 4 ;30-. (+12 ,4 *+,*-, (4 ,+ '01*./01 ( =+-.0 *033+ ,+./01 (4 ,+*+3.4 ( =/1.412/.+ 5 ;-/2*- =4,,4 ;43( 4. ( =+*3/34 ,4 .43(4 ( =03(34 -1 〈

yρX

〉 20-2 ,+ '03( 4
〈
yρX

〉
=

1

ρ0
E{δρ(x)} = 0

;-/2*-4 5 ;+3 (+-1/./01 5 ,+ (0)4114 (42 [-*.-+./012 42. 1-,,4 <
��y s{uvrn{ � v k{�usnon�t l σρX

qlm ���n�unr�ym vl v�yx ql vu vrxyl ql zrm{l
X

lmn y{�lmmursl� lyn �uv��v{ m�s �yl {��lvvl t v�mt lnrnl ��l �lvvl �nrvrm{l t��s �uv��vls σρ

� ql m�snl �� k�y u ly 	urn σρX
6 σρ

� �l ��r ��mnr
l � � ��	
��
 vu t lsnryly�l ql y�nsl��t�n�wml t ��s l�l�n�ls vl q{zlv�tt l� lyn ���� |F �v lmn r�t�snuyn ql 	ursl sl� us��ls �� ku���yl ��t�n�wml y klmn 	urnl ��uyn p v kr� t�snuy�l qlm ���n�unr�ym ly zrnlmml �� klmnopoq rsl m�s vu zuvl�s ql σv

� ql m�snl ��l vl 	urn ql vlm sutt �snls p �yl {��lvvl {xuvl p vu zrnlmml � ��lyyl v0
y klmn srlyq ku�nsl �� k�y ���ly {v{xuyn ql m��{nsrmls vlm l
tslmmr�ym | �l m�rm ��ym�rlyn � �lt lyquyn � ��l vu zrnlmml q� m�y mlsurn �yl{��lvvl ql zrnlmml tv�m mrxyr
�unrzl t��mr��l� lyn � ln lvvl mlsu �nrvrm{l ����l nlvvl v�sm��l vu zrnlmml � ��lyyl mlsu m�tt�m{ly�vvl �z�rs vu ml�nr�y � |�� |



��� _ �G � ����� 
�� 
 �H��� ����� �H� 
�� 
� � �
����	
��

& =7);0.7,24 ( =70(09+1+ /.+ ;43(4. +,032 (4 *01*,-34 *-4 〈
yρX+R

〉
= 0

(4 ,+ ( J(4 '+�01 < /1 4D4. 5 ,+(+(012.3+./01 ;3+*+(41.4 342.4 )+,+8,4 5 4 *4*/ ;3,2 *-4 ,+ 2-3'+*4 (+12 ,4 ; ,+1 (- */4, 2-3 ,+*-4,,4 014D4*.-4 ,+ (0)4114 42. -14 .3+12,+.+4
S′

(4
S

< ^1 41 (+(-/. (01* *-4 5 (+12 , =4';3422/01 �ZW � 5 ,42 .43( 42( =03(34 -1 201. .0-2 (4-' 1-,2 < �-+1. +- .43( 4 ( =03(34 (4-' 5 /, 2 =+*3/. 20-2 ,+ '03(4 ( =-14 /1.+93+,4 (0-8,42-3 ,4 (0( +/14 *+33+
I2
D = ID × ID

(4
R

2 5

〈
yρX

yρX+R

〉
=

1

ρ2
0D

2

〈∫∫

I2
D

δρ(X, z1)δρ(X + R, z2)dz1dz2

〉
.

�X:�

&, 42. ,09/*-4 (4 *743*743 (,2 ,032 4 +*3/34 ,+ (0)4114 2-3
X

+;;+3+/22+1. (+12 *4..4 4';3422/01 20-2 ,+'03( 4 ( =-14 (0)4114 ( =4124(8,4 *+3+*.+3/2./*-4 (4 , =+*0-,4( 41. .-38-,41. 5 *0((4 01 , =+ '+/. ;,-2 7+-.;0-3 ,42 .43(42 ( =03(34 -1 < 1 +12 *4..4 0;./*-4 5 01 10.4 .0-. ( =+803( *-4 ,+ ;30;3/+.+ (4 ,/1++3/.+ (4 ,+(0)4114 ;43( 4. (4 ,+ ;,+*43 20-2 ,4 2/914 ( =/1.+93+./01 5 (4 203.4 *-4
〈
yρX

yρX+R

〉
=

1

ρ2
0D

2

∫∫

I2
D

〈δρ(X, z1)δρ(X + R, z2)〉 dz1dz2.

&42 *0.42
z1

4.
z2

+.+1. -'+42 5 ,+ (0)4114 〈δρ(X, z1)δρ(X + R, z2)〉
2-3 ,+ ;02/./01

X
(+12 ,4 ;,+1 (-*/4, 34;3+241.4 ,+ )+,4-3 (0)4114 (4 ,+ *033+ ,+./01 41.34 ,42 [-*.-+./012 (4 (412/.+ ;3/242 41 (4-' ;0/1.2

x1
4.

x2
(01. ,+ 2+;+3+./01

r = R + (z2 − z1)uz
42. -'+4 5 ,4 ;0/1.

x1
+.+1. +2.34/1. 4 24 (+;,+*43 (+12

-1 ;,+1 (011+ 5 (+-1/ ;+3
z = z1

5 ;+3+,,, ,4 +-' '+*42 (4 ,+ *0-*74 .-38-,41.4 < � .+1. (011+ ,42 7);0.7,242( =70(09+1+ /.+ 5 ( =/20.30;/4 4. ( =4390( /*/.+ 5 /, 42. *,+/3 *-4 *4..4 *-+1./.+ (0/. J.34 /(41./'+4 4 ,+ *033+ ,+./01(0)4114 (42 [-*.-+./012 (4 (412/.+ ;3/242 41 (4-' ;0/1.2 (01. ,+ 2+;+3+./01 42. +9+,4 4
r
5 *-4,2 *-420/41. *42 (4-' ;0/1.2 5 ;-/2*-4 ,4 ;,+1

z = z1
42. +,032 34;3+241.+./' (4 , =4124(8,4 (4 , =+*0-,4( 41. < /1/1.30(-/2+1. ,+ '01*./01 ( =+-.0 *033+ ,+./01

Bρ,ρ
(42 [-*.-+./012 (4 (412/.+� 5

Bρ,ρ(r) = E{δρ(x)δρ(x + r)} ;0-3 .0-.4 ;+/34 (4 ;0/1.2
(x, x + r)

(+12 ,+ *0-*74 .-38-,41.4
,

10-2 ;0-)012 +,032 +*3/34 ,4 .43( 4 41 *-42./01 20-2 ,+ '03( 4
〈
yρX

yρX+R

〉
=

1

ρ2
0D

2

∫∫

I2
D

Bρ,ρ(x2 − x1)dz1dz2,
�X R�

0E , =01 + +) /(4((41. -./,/2+ ,42 )4*.4-32 .3/( /( 412/0114,2
x1 = (X, z1)

4.
x2 = (X + R, z2)

< \0-3 (423+/2012 (4 *01*/2/01 (42 +*3/.-342 5 01 /1.30(-/. -14 *-+1./.+
Mρ,ρ(R)

5 (+-1/4 ;+3 , =/1.+93+,4 (0-8,4

Mρ,ρ(R) =
1

D2

∫∫

I2
D

Bρ,ρ(R + (z2 − z1)uz)dz1dz2
(4 203.4 *-4 〈

yρX
yρX+R

〉
=

1

ρ2
0

Mρ,ρ(R).
�X9�

&+ '03( 4 (4
Mρ,ρ(R)

(01.34 *- =/, '+-. , =/1.43;3+.43 *0((4 -14 (0)4114 (4
Bρ,ρ(r)

;3/24 2-3 .0-.42 ,42;+/342 (4 ;0/1.2 (01. ,+ 2+;+3+./01 .3/( /( 412/0114,,4
r

24 ;30. 4..4 24,01 ,4 )4*.4-3 (011+
R

2-3 ,4 ; ,+1 (-*/4, �)0/3 ,+ -9-34 _ <9� <
2 /1+,4( 41. 5 ,+ *0(8/1+/201 (42 ( /D+341.2 .43( 42 ;3+241.2 (+12 , =4';3422/01 9+1+3+,4 �ZW� (4 ,+ '01*./01( =+-.0 *033+ ,+./01 (4 , =/1.412/.+ ;43(4. ( =+*3/34 *4,,4:*/ 20-2 ,+ '03( 4

AI(R) = (αD)2
[
ρ2
0 + Mρ,ρ(R)

]
,

�X��
*- =01 4';,0/.43+ ;,-2 .+3( 41 *0(;+3+/201 +)4* ,42 '01*./012 ( =+-.0 *033+ ,+./01 (42 *41.30 	(42 (4 ) /.4224 <

��y vu y�nl Bρ,ρ
tv�n�n ��l Aδρ

t��s qlm surm�ym ql �����qrn{ � �lsnurylm qlm 	�y�nr�ym ql ��ss{vunr�y �� k�y {�srsu tv�mnusq {nuyn ns�t v��sqlm t ��s y�nsl y�nunr�y �u�rn�lvvl |



���� F��� _ � ����� �
� ��� F��� ��� ��
������� �� 	 F� ���� ��I

y

x z x z

y

R
R

z2 z2 z2

z1 z1 z1

���  _ <9 ! �$ ML+. +*MNM&#$ 'L ON - #�L$$L
Mρ,ρ

'L O 9*2(NM&#$ 5��6 P /N 0#(0� L M(+:( OL$ ML L)M %(L 'L � N0L57 '+#&ML6 LM 'L . +#� O 57 4 N(0� L6 P /N %NOL(+ 'L
Mρ,ρ

. #(+ ($L )*. N+NM&#$
R

'N$) OL . ON$ '( 0&LO L)M ON- #�L$$ L 'L ON � #$0M&#$ ' 9N( M#0#++*ONM&#$ 'L) � (0M(NM&#$) 'L 'L$)&M*1
Bρ,ρ

1 )(+ M#( ML) OL) . N&+L) 'L . #&$ M)'#$ M ON )*. N+NM&#$ . +#3 LM*L L)M . +*0&)*- L$ M
R

P /N � 4(+L 'L 4 N(0� L - #$ M+L 3 ()ML- L$ M M+#&) MLO OL) . N&+L) 'L. #&$ M) P
� �� �!�$� %! � " 
b#�! $!  C @b� %! � "dc $d��  !�"dc "d ? %�dccd �!� �! Bb @%cCc
� �� �b <=g dcc %! � �C�C  b @d
&+ ( J(4 ( +.70(4 9+1+3+,4 2 =+;;,/*-4 ,032*- =01 *012/(,34 ,42 *41.30 	(42 (4 ) /.4224 101 103( +,/2+2 < &4(+)4,0;;4( 41. (4 , =+*-+./01 �ZX� /1*,-. (42 .43( 42 ( =03(34 3+30 4. -1 41 [-*.-+./012 (4 (412/.+ < \+3*012+*-41. 5 ,+ '01*./01 ( =+-.0 *033+ ,+./01

AC
*01./41. (42 .43( 42 ( =03(34 +- ;,-2 (4-' 5

AC(R) = (αρ0v0D)2
〈[

1 + yvX
+ yρX

+ yρvX

] [
1 + yvX+R

+ yρX+R
+ yρvX+R

]〉
= (αρ0v0D)2

2∑

n=0

〈an〉 ,

0E
an

42. -1 .43( 4 ( =03(34
n

41 [-*.-+./012 (4 (412/.+ < &+ '03( 4 4';,/*/.4 (4 *42 *04V */41.2 42.
a0 = 1 + yvX

+ yvX+R
+ yvX

yvX+R
,

a1 = yρX
+ yρX+R

+ yρX
yvX+R

+ yvX
yρX+R

+ yρvX
+ yρvX+R

+ yρvX
yvX+R

+ yρvX+R
yvX

,
a2 = yρX

yρX+R
+ yρvX

yρX+R
+ yρvX+R

yρX
+ yρvX

yρvX+R
.

�XZ �

&+ ,/1++3/.+ (- ;30 *422-2 (4 (0)411+94 2-3 ,4 ; ,+1 (- */4, /(;,/*-4 +,032 *-4 10-2 +,,012 (4)0/3 *+,*-,43 ,424';3422/012 (4 .43( 42 (4 (4-' 203.42 5 +)4* ( =-14 ;+3. (42 (0)41142 (4 [-*.-+./012 /1.+93+42 (4 ,+ '03( 4
〈
yλX

〉 5 4. ( =+-.34 ;+3. (42 *033+ ,+./012 4 (4-' ;0/1.2 (- .);4 〈
yλX

yµX+R

〉 5 0E , =01 + +*3/.
λ

4.
µ

;0-334;3+241.43 /1( /D+34((41. , =-14 (42 .30/2 ;022/8/,/.+2
ρ
5
v

0-
ρv

< /1 3+/201 (4 , =7);0.7,24 ( =70(09+1+ /.+ 5,42 .43( 42 (- .);4 〈
yλX+R

〉 201. +) /(4((41. +9+-' +-' .43( 42 〈
yλX

〉 *03342;01(+1.2 5 *0((4 01 , =+ '+/.34( +3*-43 ;,-2 7+-. 4 ;30;02 (4 ,+ (0)4114 (42 [-*.-+./012 (4 (412/.+ /1.+93+42 <
� �� �> �b @$# @ "# �d  Bd " 
! "  d �C  !
<;;,/*-+1. , =7);0.7,24 ( =70(09+1+ /.+ 5 ,+ *01.3/8-./01 ( =03(34 3+30 2 =+*3/. ( =+803( 20-2 ,+ '03( 4
〈a0〉 = 1 + 2

〈
yvX

〉
+

〈
yvX

yvX+R

〉 41 3+;;4,+1. *-4 〈
yvX+R

〉
=

〈
yvX

〉
.

&+ (0)4114 2-3 ,4 ;,+1 (- */4, (42 [-*.-+./012 /1.+93+42 (4 ) /.4224 ,019/.-( /1+,4 24 *0(;03.4 (4 ,+ ( J(4'+�01 *-4 *4,,4 ;03.+1. 2-3 ,42 [-*.-+./012 (4 (412/.+ < / ,,4 42. (01* 1-,,4 < �-+1. +- .43(4 (4 *033+ ,+./01
〈
yvX

yvX+R

〉 5 /, ; 4-. J.34 34,/+ 4 ,+ '01*./01 ( =+-.0 *033+ ,+./01 (- *7+(; (4 ) /.4224 +- 24/1 (4 , =+*0- ,4(41. 5*0((4 01 , =+ '+/. ; ,-2 7+-. (+12 ,4 *+2 (4 ,+ (412/.+ 5
〈
yvX

yvX+R

〉
=

1

v2
0

Mv,v(R)
+)4*

Mv,v(R) =
1

D2

∫∫

I2
D

Bv,v(R + (z2 − z1)uz)dz1dz2,
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0E
Bv,v(r) = E{δv(x)δv(x + r)} 42. ,+ '01*./01 ( =+-.0 *033+ ,+./01 (42 [-*.-+./012 (4 ,+ *0(;02+1.4 (4 ,+) /.4224 ,4 ,019 (4 ,+ ,/914 (4 ) /2+4 < &4 .43( 4 ( =03(34 3+30 (4 ,+ '01*./01 ( =+-.0 *033+ ,+./01 (- *41.30 	(4 101103( +,/2+ 42. (01*

〈a0〉 = 1 +
1

v2
0

Mv,v(R),
4';3422/01 4 3+;;30 *743 (4 ,+ '01*./01 ( =+-.0 *033+ ,+./01 (4 , =/1.412/.+ <

� �� �$ �b @$# @ "# �d  Bd " 
! "  d #�
\+22+1. +- .43( 4 ( =03(34 -1 5 4. +;;,/*-+1. ( =-14 ;+3. , =7);0.7,24 ( =70(09+1+ /.+ 4. ( =+-.34 ;+3. ,423+2-,.+.2 (+. 4 *011-2 2-3 ,42 ( 0)41142 (42 [-*.-+./012 (4 (412/.+ /1.+93+42 5 01 +
〈a1〉 =

〈
yρX

yvX+R

〉
+

〈
yvX

yρX+R

〉
+ 2

〈
yρvX

〉
+

〈
yρvX

yvX+R

〉
+

〈
yρvX+R

yvX

〉
.&+ ( +.70(4 4(;,0)+4 (+12 ,42 ;+3+93+;742 ;3+*+(41.2 342.4 ;+3'+/.4(41. +;;,/*+8,4 /*/ < @7+*-4 .43( 4 (4*4..4 +*-+./01 ;4-. 41 4D4. J.34 34,/+ 4 (42 '01*./012 (4 *033+ ,+./01 (42 *7+(;2 (4 [-*.-+./012

δρ
4.

δv
541 *0((41�+1. ;+3

〈
yρX

yvX+R

〉
=

1

ρ0v0D2

∫∫

I2
D

〈δρ(X, z1)δv(X + R, z2)〉dz1dz2,

*- =01 ;4-. 3++*3/34 41 /1.30(-/2+1. ,+ '01*./01 (4 *033+ ,+./01 ( /'.4 (42 (4-' *7+(;2 (4 [-*.-+./012 (+-1/4;+3
Bρ,v(r) = E{δρ(x)δv(x + r)} < 14 '+�01 .0-. 4 '+/. +1+,09-4 +-' *+2 (+. 4 .3+/.+2 5 01 + +,032

〈
yρX

yvX+R

〉
=

1

ρ0v0
Mρ,v(R)

+)4*
Mρ,v(R) =

1

D2

∫∫

I2
D

Bρ,v(R + (z2 − z1)uz)dz1dz2.

@012/(+3012 ,4 .43( 4 2-/)+1. 5 4 2+)0/3 〈
yvX

yρX+R

〉 < & =7);0.7,24 ( =70(09+1+ /.+ ;43( 4. (4 (+*+,43 ,42+39-( 41.2 ( =-14 *-+1./.+ −R
(4 203.4 *- =01 + , =+9+,/.+

〈
yvX

yρX+R

〉
=

〈
yρX

yvX−R

〉
=

1

ρ0v0
Mρ,v(−R)

41 +;;,/*-+1. 2/(;,4( 41. ,+ '03(-,4 *-/ ) /41. ( =J.34 +.+8,/4 ;0-3 〈
yρX

yvX+R

〉 < � +.-34,,4( 41. 5 01 34930-;4
*42 (4-' .43( 42 5 (4 '+�01 4 08.41 /3 ,+ *0(8/1+/201 2-/)+1.4�
〈
yvX

yρX+R

〉
+

〈
yρX

yvX+R

〉
=

1

ρ0v0
[Mρ,v(R) + Mρ,v(−R)] =

2

ρ0v0
M (s)

ρ,v(R).
�XX�

^1 )433+ ;,-2 8+2 *- =/, 42. 41 '+/. ;022/8,4 ( =+,,43 ;,- 2 ,0 /1 4. (4 (01.343 *-4 *42 .43( 42 2 =+11-,41. <&4 .43( 4 2-/)+1. 〈
yρvX

〉 ;4-. 2 =+*3/34 41 -./,/2+1. ,+ ( J(4 '01*./01 (4 *033+ ,+./01
Bρ,v

;-/2*-4
〈
yρvX

〉
=

1

ρ0v0D

∫

ID

〈δρ(X , z)δv(X, z)〉dz =
1

ρ0v0D

∫

ID

Bρ,v(0)dz =
1

ρ0v0
Bρ,v(0).

1 4 ,+ ( J(4 (+1/,34 5 01 ;4-. *+,*-,43 ,+ *0(8/1+/201 (42 (4-' (431/432 .43( 42 (4 〈a1〉
5 4. 01 (01.34 2+12+-*-14 ( /V *- ,.+ *- =4,,4 42. (011+4 ;+3 -14 4';3422/01 +1+,09-4 4 �XX� 5

〈
yρvX

yvX+R

〉
+

〈
yρvX+R

yvX

〉
=

2

ρ0v2
0

M (s)
ρv,v(R)

+)4*
Mρv,v(R) =

1

D2

∫∫

I2
D

Bρv,v(R + (z2 − z1)uz)dz1dz2,

0E , =01 + /1.30(-/. ,+ '01*./01 (4 *033+ ,+./01 4 (4-' ;0/1.2
Bρv,v(r) = E{δρ(x)δv(x)δv(x + r)} < ^1 )433+;,-2 ,0 /1 *-4 *4..4 4';3422/01 ;4-. 24 2/(;,/-43 *-4,*-4 ;4- < /1 +..41(+1. 5 ,+ *01.3/8-./01 ( =03(34 -1 4,+ '01*./01 ( =+-.0 *033+ ,+./01 (- *41.30	(4 101 103( +,/2+ ;341( ,+ '03( 4

〈a1〉 =
2

ρ0v0
M (s)

ρ,v(R) +
2

ρ0v0
Bρ,v(0) +

2

ρ0v2
0

M (s)
ρv,v(R).

�XU�
��u y�nunr�y (s) slts{mlynl vu tusnrl m��{nsr��l q k�yl 	�y�nr�y q�yy{l � q{
yrl tus f(s)(x) = [f(x) + f(−x)] /2
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&4 *+,*- , (4 ,+ *01.3/8-./01 ( =03(34 (4-' 41 [-*.-+./012 (4 (412/.+ 〈a2〉

14 ;024 ;+2 (4 ( /V *-,.+ ;+3./*-,/,34 54. /, ; 4-. 24 '+/34 ( =-14 ( +1/,34 41 .0-2 ;0/1.2 24(8,+8 ,4 4 *4 *-/ + +.+ '+/. .-2*- =4 ;3+241. < �0-. ( =+803( 5, =-1 (42 .43( 42 *-/ ,+ *012./.-41. + (+. 4 +.+ *+,*- ,+ 5 ;-/2*- =01 + )- *-4
〈
yρX

yρX+R

〉
=

1

ρ2
0

Mρ,ρ(R).

&42 (4-' .43(42 2-/)+1.2 (+12 , =4';3422/01 (4 〈a2〉
5 4 2+)0/3 〈

yρvX
yρX+R

〉 4. 〈
yρvX+R

yρX

〉 201. 34930-; +2(4 203.4 *-4 ,4-3 *0(8/1+/201 '+224 +;;+3+�.34 ,+ ;+3./4 2)( +.3/*-4 ( =-14 '01*./01 (4 *033+ ,+./01 5
〈
yρvX

yρX+R

〉
+

〈
yρvX+R

yρX

〉
=

2

ρ2
0v0

M (s)
ρv,ρ(R)

+)4*
Mρv,ρ(R) =

1

D2

∫∫

I2
D

Bρv,ρ(R + (z2 − z1)uz)dz1dz2

0E , =01 + /1.30(-/. ,+ '01*./01 (4 *033+ ,+./01
Bρv,ρ(r) = E{δρ(x)δv(x)δρ(x + r)} < /1-1 5 ,4 (431/43 .43( 442. (011+ ;+3 -14 4';3422/01 +1+,09-4 5

〈
yρvX

yρvX+R

〉
=

1

ρ2
0v

2
0

Mρv,ρv(R)
+)4*

Mρv,ρv(R) =
1

D2

∫∫

I2
D

Bρv,ρv(R + (z2 − z1)uz)dz1dz2,

0E
Bρv,ρv(r) = E{δρ(x)δv(x)δρ(x + r)δv(x + r)} 42. +9+,4( 41. -14 '01*./01 (4 *033+ ,+./01 4 (4-' ;0/1.2*+3+*.+3/2+1. , =+*0-,4( 41. < ^1 + +/12/ -14 4';3422/01 (4 ,+ *01.3/8-./01 ( =03(34 (4-' 4 ,+ '01*./01 ( =+-.0:*033+ ,+./01 (42 *+3.42 (4 *41.30	(42 (4 ) /.4224 101 103( +,/2+2 5

〈a2〉 =
1

ρ2
0

Mρ,ρ(R) +
2

ρ2
0v0

M (s)
ρv,ρ(R) +

1

ρ2
0v

2
0

Mρv,ρv(R).

� �� �d �� %@%cb� %! � "dc efg!�ehcdc " 
e!B!�C�C %�C d� " 
%c!�  ! g%d
&42 7);0.7,242 ( =70(09+1+ /.+ 4. ( =/20.30;/4 +- 2412 '03. (4 5> 01/1 7 �+9,0( 5 RSTX; ;43( 4..41. ( =+,,43;,-2 ,0/1 < @0((4 01 , =+ ( /. 41 ;3+241.+1. ,4 ( 0(, ,4 5 *4,+ 2-;;024 *-4 ,4 *7+(; *-+(3/( /( 412/0114,

(ρ, δv)
5*0(;02+ (4 ,+ (412/.+

ρ
4. (4 ,+ ) /.4224 )4*.03/4,,4

δv
(+12 ,4 3+'+341./4, 8+3)*41.3/*-4 (- 1-+94 5 42. +,03270(09,14 4. /20.30; 4 < &+ '01*./01 (4 *033+ ,+./01 (4

ρ
4. (4

δv
+.+1. +) /(4((41. -14 *-+1./.+ )4*.03/4,,4 5, =7);0.7,24 ( =/20.30;/4 ,-/ /(;024 ( =J.34 ;+3+,,, ,4 4 ,+ 2+;+3+./01

r
41.34 ,42 ;0/1.2 0E 201. (42-3+42342;4*./)4( 41. ,+ [-*.-+./01 (4 (412/.+ 4. ,+ [-*.-+./01 (4 ) /.4224 < / ,,4 (0/. (01* J.34 (4 ,+ '03( 4

E{ρ(x)δv(x + r)} = f(r)r
0E

f
42. -14 '01*./01 (4 ,+ 2+;+3+./01 2*+,+/34

r = |r|. �XT�
/1 ;30. 4.+1. *4..4 34,+./01 2-3 ,+ ,/914 (4 ) /2+4

uz
5 01 + +,032

E{ρ(x)δv(x + r)}.uz = E{δρ(x)δv(x + r)}.uz = E{δρ(x)δv(x + r)} = Bρ,v(r) = f(r)r.uz,

41 -./,/2+1. ,4 '+/. *-4 ,+ ) /.4224 (0)4114
E{δv(x)} 42. 1-,,4 (+12 ,+ *0-*74 .-38-,41.4 5 ;+3 (+-1/./01 <& =/( ;+*. (4 *4..4 '03( 4 .3,2 ;+3./*-,/,34 2-3 , =4';3422/01 �XX� 42. +) /(41. < /1 4';,/*/.+1. *4,,4:*/� 5

〈
yvX

yρX+R

〉
+

〈
yρX

yvX+R

〉
=

1

ρ0v0D2

∫∫

I2
D

[Bρ,v(R + (z2 − z1)uz) + Bρ,v(−R + (z1 − z2)uz)] dz1dz2,

01 )0/. *-4 ,+ *-+1./.+ /1.+93+4 42. 41 '+/. ;30;03./0114,,4 4 ,+ ;+3./4 2)( +.3/*-4 (4
Bρ,v

< ^ 3 5 ,+ '03( 4 �XT�(01.34 *-4 *4,,4:*/ 42. 1-,,4 5 ;-/2*-4
Bρ,v(−r) = −f(r)r.uz = −Bρ,v(r)

< &, 2 =412-/. *-4 ,+ *0(8/1+/201(42 (4-' .43( 42 (+12 , =+*-+./01 �XX� 42. +9+,4( 41. 1-,,4 < ^1 ;4-. ( =+/,,4-32 4';3/(43 *4 3+2- ,.+. 41 ( /2+1.2/(;,4( 41. *-4 , =+1./2)( +.3/4 (4
Bρ,v

24 .3+12( 4. 4
Mρ,v

< ^1 ;4-. (01* + ,/( /143 ,4 .43( 4 *03342;01(+1.(4 , =4';3422/01 (4 〈a1〉
< 1 =+-.34 ;+3. 5 , =+1./2)( +.3/4 (4

Bρ,v
/( ;,/*-4 +9+,4(41. *-4

Bρ,v(0) = 0
5 *4 *-/
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;43( 4. (4 2/(;,/-43 41*034 , =+*-+./01 �XU� < �-+1. +- (431 /43 .43( 4 ( =03(34 -1 +;;+3+/22+1. (+12 *4..4( J(4 +*-+./01 �XU � 5 /, +;; 4,,4 +9+,4(41. -14 34( +3*-4 < 1 =+;3,2 5> 01/1 7 �+9,0( 5 RSTX; 5 ,+ '01*./01 (4*033+ ,+./01
Bρv,v

42. (4 ,+ '03(4

Bρv,v(r) = g(r)
(r.uz)

2

r2
+ h(r),

0E
g

4.
h

201. (42 '01*./012 (4 ,+ 2+;+3+./01 2*+,+/34
r.

@4..4 '03( 4 .30-)4 201 03/9/14 (+12 ,4 '+/. *-4
E{δρ(x)δvi(x)δvj(x + r)} 5 0E

i
4.

j
34;3+241.41. , =-14*-4,*01*-4 (42 *003(011+42

x
5

y
0-

z
5 42. -1 .4124-3 (4 3+19 (4-' 2-;;02+ 70(09,14 4. /20.30;4 < &,2 =412-/. *-4

Bρv,v
42. 2)( +.3/*-4 4. *- =/, 41 )+ (01* (4 ( J(4 (4

Mρv,v
5 (4 203.4 *-4 ,4 .43( 4 ( =03(34 -1 5(+12 ,4 *+(34 (4 *42 7);0.7,242 5 24 3+(-/. 4

〈a1〉 =
2

ρ0v2
0

Mρv,v(R).

\+22+1. +- .43( 4 ( =03(34 (4-' 5 4. .0-.0-32 ( =+;3,2 5> 01/1 7 �+9,0( 5 RSTX; 5
Bρv,ρ

;022,(4 ,+ ( J(4 ;30:;3/+.+ ( =+1./2)( +.3/4 (+. 4 34( +3*-+4 41 *4 *-/ *01*4314
Bρ,v

4. 10-2 ;0-)012 (01* 41 *01*,-34 *-4 ,+ ;+3./42)( +.3/*-4 (4
Mρv,ρ

42. 1-,,4 5 (4 203.4 *- =41 *0(8/1+1. .0-2 *42 3+2-,.+.2 5 ,+ '01*./01 ( =+-.0 *033+ ,+./01
AC

(42 *41.30	(42 (4 ) /.4224 101 103( +,/2+2 + ;0-3 4';3422/01 -1+,4

AC(R) = (αD)2
[
ρ2
0v

2
0 + ρ2

0Mv,v(R) + 2ρ0Mρv,v(R) + v2
0Mρ,ρ(R) + Mρv,ρv(R)

]
.

�XW�
�4( +3*-012 *-4 ,+ .301*+.-34 (4 *4..4 4';3422/01 4 , =03(34 3+30 42. 2/( /,+/34 4 ,+ '03( 4 *+,*-,+4 ;0-3,+ '01*./01 ( =+-.0 *033+ ,+./01 (4 , =/1.412/.+ 5 ;-/2*- =01 + +,032

AC(R) ' (αDρ0)
2
[
v2
0 + Mv,v(R)

] < @4..42/( /,/.-(4 1 =42. ;+2 2-3;341+1.4 5 *0((4 01 41 ( /2*-.43+ 4 ,+ 24*./01 _ <� <
� �� �!�$� %! � " 
b#�! $!  C @b� %! � "dc $d��  !�"dc "d ? %�dccd �! Bb @%cCc
� �� �b <=g dcc %! � �C�C  b @d
&, 1 =) + ;+2 (4 (0( /-*+./01 ( +. 4-34 (4 ,+ ( +.70(4 ,032*- =01 *012/(,34 ,42 *41.30	(42 (4 ) /.4224 103( +,/2+2 <&42 *01.3/8-./012 (4 *7+*-4 03(34 ; 4-)41. J.34 *+,*-,+42 +-22/ +/2+(41. *-4 (+12 ,4 *+2 (42 *41.30 	(42 (4) /.4224 101 103( +,/2+2 5 ,+ ( /D+341*4 ;3/1*/;+,4 24 2/.-+1. +- 1/)4+- (- '+/. *- =+.+1. (011+ ,4 (+)4,0;;4:( 41. �ZT� 5

AC0

42. .7+03/*-4( 41. -14 2+3/4 /1-1/4 (01. , =4';3422/01 42.

AC0
(R) = v2

0

∑

m>

2∑

n=0

〈anbm〉 0E
bm = (−1)m

m∑

p=0

yp
ρX

ym−p
ρX+R

,

,42 *04V */41.2
an

+.+1. (011+2 ;+3 ,42 34,+./012 �XZ � < &4 .43( 4 9+1+3/*-4 〈anbm〉 (4 *4 (+)4,0;;4( 41. 42.+) /(4((41. ( =03(34
n + m

41 [-*.-+./012 (4 (412/.+ < &, 24 ;024 +,032 ,+ *-42./01 (4 2+)0/3 0E .301*-43*4 (+)4,0;;4(41. < ?+*7+1. *-4 , =-1 (42 08 . 4*./'2 (4 *4 *7+;/.34 42. ( =42./( 43 +1+,)./*-4( 41. ,42 4D4.2(4 ,+ 103( +,/2+./01 (42 *41.30 	(42 5 4. +.+1. (011+ *-4 , =03(34 ,4 ;,-2 + ,4)+ +;;+3+/22+1. (+12 ,+ '01*./01( =+-.0 *033+ ,+./01
AC

42. , =03(34 (4-' 5 /, 24(8,4 3+/2011+8,4 (4 14 *012/(+343 *-4 ,42 .43( 42 ( =03(34 +-;,-2 (4-' (+12 ,4 (+)4,0;;4( 41. (4
AC0

< @4;41(+1. 5 01 ;4-. +9+,4( 41. 34( +3*-43 *-4 ,42 [-*.-+./012(4 (412/.+ 24 '01. (+. 4 241./3 4 , =03(34 -1 (+12
AC(R)

5 (4 203.4 *-4 ,+ ;34( /,34 +.+; 4 (4 , =+)+,-+./01 (424D4.2 (4 ,+ 103( +,/2+./01 ;4-. 24 '+/34 41 ,/( /.+1. ,4 (+)4,0;;4(41. 4 , =03(34 -1 5
AC0

(R) = v2
0 (S0 + S1)

+)4*
S0 = 〈a0b0〉

4.
S1 = 〈a0b1〉 + 〈a1b0〉 .

� �� �> �b @$# @ "dc " %�C  d��c �d  Bdc
&4 .43( 4 ( =03(34 3+30 + (+. 4 +.+ *+,*-,+ ;,-2 7+-. < /1 4D4. 5 /, 24 3+2-( 4 (4 '+�01 +) /(41.4 4

S0 = 〈a0b0〉 = 〈a0〉 = 1 +
1

v2
0

Mv,v(R).
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&4 *+,*-, (- .43( 4 ( =03(34 -1 5
S1 = 〈a0b1〉 + 〈a1b0〉

5 42. ;,-2 +3(- < � .+1. (011+42 ,42 4';3422/012 (4
a0

5
a1

5 4.
b1

5 01 08./41. .0-. ( =+803( -1 (+)4,0;;4( 41. +2243 ,019 *0(;341+1. +- .0.+, 24/34 .43( 42 < @43.+/122 =+11-,41. (4 ( +1/,34 +) /(41.4 5 4. ( =+-.342 201. +9+-' (- '+/. (4 , =7);0.7,24 ( =70(09+1+ /.+ < 2 /1+,4( 41. 501 08./41. -14 4';3422/01 14 *01.41+1. ;,-2 *-4 2/' .43( 42 5
S1 = 2

〈
yρvX

〉
− 2

〈
yρX

yvX

〉
+

〈
yρvX

yvX+R

〉
+

〈
yvX

yρvX+R

〉
−

〈
yvX

yvX+R
yρX+R

〉
−

〈
yvX+R

yvX
yρX

〉
.&4 ;34( /43 .43( 4 42. 1-, 5 *0((4 01 , =+ )- 4 ,+ 24*./01 _ <� <� < \+22+1. +- (4-' /,(4 .43(4 5 01 )0/. 5 41-./,/2+1. ,4 *+,*-, (4 ,+ 24*./01 _ <� <� 5 *- =/, 24 ( 4. 20-2 ,+ '03( 4

〈
yρX

yvX

〉
=

1

ρ0v0
Mρ,v(0) = 0,

( =+;3,2 , =+1./2)( +.3/4 (4
Bρ,v

5 *-/ 41.3+�14 5 01 , =+ (+. 4 10.+ 5 *4,,4 (4
Mρ,v

5 4. (01* ,+ 1-,,/.+ (4 *4..4(431 /,34 '01*./01 41
R = 0

< &+ *0(8/1+/201 (42 .30/2/,(4 4. *-+.3/,(4 .43( 42 + +.+ *+,*- ,+4 +- _ <� <� 5
〈
yρvX

yvX+R

〉
+

〈
yρvX+R

yvX

〉
=

2

ρ0v2
0

Mρv,v(R),
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Bρ,ρ

4.
Bv,v

,42 '03( 42(+.43( /1+42 ;,- 2 7+-. 5 *03342;01(+1. +- *+2 (42 83061/412 '3+*./011+/342 <
� ��; �> � %cd d� g @b$d "# $b @$# @
� .+1. (01* (011+4 ,+ '03( 4 �U�� (42 '01*./012 ( =+-.0 *033+ ,+./01 (42 [-*.-+./012 (4 (412/.+ 4. (4 ) /.4224 5,4-32 (0)41142

Mρ,ρ
4.

Mv,v
24 *+,*-,41. 41 +*3/)+1. -14 /1.+93+,4 (4 ,+ '03( 4

M(R) =
1

D2

∫

I2D

[
σ2 − Λ

(
R2 + z2

)H

D2H

]
(D − |z|)dz

0E , =01 + +*3/.
r2 = R2 + z2,

+)4*
R = |R| . �UX�

&42 *012.+1.42
Λ

4.
H

(4)301. &$ � $L J.34 34(;,+*+42 342; 4*./)4( 41. ;+3
Λρ

4.
Hρ

(+12 ,4 *+(34 (- *+,*-,(4
Mρ,ρ

5 4. ;+3
Λv

4.
Hv

(+12 ,4 *+(34 (- *+,*-, (4
Mv,v

< &+ -9-34 _ F<� (01.34 , =+,,-34 9+1+3+,4 (42*0-3842
M(R)

;0-3 -1 4124(8,4 (4 )+,4-32 (4 , =4';02+1.
H

< ^1 ) )0/. *- =4,,42 .3+(-/241. 8 /41 , =+)0,-./01(42 '01*./012 ( =+-.0 *033+ ,+./01 20-2:. +*41.42 5 *0((4 01 ;0-)+/. 2 =) +..41(34 < ^1 34(+3*-4 1++1(0/12*- =4,,42 14 .41(41. ;+2 .0-.42 )432 ,+ ( J(4 ,/( /.4 +-' ;4./.42 +*74,,42 .3+12)43242 5 *01.3+/34(41. +-''01*./012 ( =+-.0*033+ ,+./01 .3/( /( 412/0114,,42 (4 ,+ -9-34 _ F<R <\+22+1. +- *+,*-, +1+,)./*-4 (4 , =4';3422/01 (4
M(R)

5 01 )0/. *-4 ,+ ;+3/.+ (4 , =/1.+93+1(4 ;43( 4. (43++*3/34 *4..4 '03( 4 *0((4 -14 /1.+93+,4 2-3
[0, D]

5

M(R) =
2

D2

[
σ2

∫ D

0

(D − z)dz − Λ

D2H

∫ D

0

(
R2 + z2

)H
(D − z)dz

]
.

&+ ;34( /,34 /1.+93+,4 (+12 *4..4 4';3422/01 42. '+*/,4( 41. *+,*-,+8,4 5
∫ D

0

(D − z)dz =
D2

2

4. (01*
M(R) = σ2 − 2Λ

D2H+1

∫ D

0

(
R2 + z2

)H
dz +

2Λ

D2H+2

∫ D

0

z
(
R2 + z2

)H
dz.

&+ (431/,34 /1.+93+,4 ;4-. J.34 4';,/*/.+4 +2243 '+*/,4( 41. 5 41 -./,/2+1. *0((4 )+3/+8,4 ,+ 2+;+3+./01 2*+,+/34.3/( /( 412/0114,,4
r
5 ,/+4 4 ,+ 2+;+3+./01 ,019/.-( /1+,4

z
;+3

R2 + z2 = r2 < &+ 2+;+3+./01 .3+12)4324
R

+.+1.
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M
(R

)

R/D R/D

���  _ F<� ! � O O(+L 'L) � #$0M&#$)
M(R)

. #(+ '&� *+L$ ML) %NOL(+) 'L O 9L�. #)N$ M 'L � (+)M1 7 )N%#&+
H = 0, 25. #&$ M&O O*)6 1

H = 0, 4
5M&+LM)6 1

H = 0, 6
5M+N&M - &� ML6 LM

H = 0, 8
5M+N&M 0#$ M&$(6 P /L) %NOL(+) 'L) . N+N- ,M+L))#$ M

Λ = 1
LM

σ = 10
1 'L )#+ML 2(L OL) � #$0M&#$)1 - N� &- NOL) L$ � *+#1 � . +L$$ L$ M ON %NOL(+ ). *0&� *L . N+O 9*2(NM&#$ 5��6 P "#-- L . #(+ ON � 4(+L _ F<R1 #$ - #$ M+L 7 4 N(0� L O 9*%# O( M&#$ . #(+ 'L) %NOL(+) 'L ON )*. N+NM&#$M+N$)%L+)L

R 6 5D
1 LM 7 '+#&ML ($ �##- )(+ ON +*4 &#$

R 6 D
P

-'+4 5 ,4 *7+194( 41. (4 )+3/+8,4 24 .3+(-/. ;+3
zdz = rdr

5 ( =0E , =/1.+93+,4 /1(+-1/4
∫

z
(
R2 + z2

)H
dz =

∫
r2H+1dr =

r2(H+1)

2(H + 1)

*+3
2H + 1 6= −1

;0-3
0 < H < 1.

&42 803142 ( =/1.+93+./01 2-3
r

+.+1.
R

4. √
R2 + D2

5 01 08./41. , =4';3422/01 2-/)+1.4

M(R) = σ2 +
Λ

H + 1

[(
1 +

R2

D2

)H+1

−
(

R2

D2

)H+1
]
− 2Λ

D2H+1

∫ D

0

(
R2 + z2

)H
dz.

�UU�
1 +12 ,4 *+2 9+1+3+, 5 , =/1.+93+,4 342.+1.4 14 ; 4-. ;+2 J.34 4';,/*/.+4 5� 3+(27.4)1 7 �)37/Q 5 RSW:; 4 , =+/(4(42 '01*./012 -2-4,,42 < &, 4' /2.4 1++1(0/12 .30/2 *+2 ;+3./*- ,/432 5 ,42 (4-' )+,4-32 4'.3J(42 (4 , =4';02+1. (46-32. 5

H = 0
4.

H = 1
5 *- =01 14 *012/(+343+ ;+2 (+12 ,+ 2-/.4 5 4. ,4 *+2 ( =-14 2+;+3+./01 .3+12)4324 1-,,4

R = 0
5 *-4, *-4 20/.

H
< 1+12 *4 (431 /43 *+2 5 01 + 4';,/*/.4( 41.

M(0) = σ2 +
Λ

H + 1
− 2Λ

D2H+1

∫ D

0

z2Hdz = σ2 +
Λ

H + 1
− 2Λ

2H + 1
= σ2 − Λ

(2H + 1)(H + 1)
.

�UT�

� ��; �$ � gg ! $ed d� �d  Bdc "d "C?d @!ggdBd�� @%B %�C
&+ *011+/22+1*4 (4 *4..4 ,/( /.4 ;0-3 -14 2+;+3+./01 .3+12)4324 1- ,,4 /1*/.4 4 *743*743 ,4 *0(;03.4:( 41. (4

M(R)
;0-3 ,42 ; 4./.42 2+;+3+./012

R � D
5 *4 *-/ *03342;01( 4 +.-( /43 ,+ 2.3-*.-34 4 ;4:./.4 +*74,,4 (42 *+3.42 8/( /( 412/0114,,42 < @4..4 +;;30 *74 42. +9+,4( 41. .-2./-+4 ;+3 ,4 '+/. *- =/, 42. (+. 4*011- 5?.-.3Q / LM NOP5 RSSW; *-4 * =42. (+12 *4..4 ,/( /.4 *-4 ,4 2;4*.34 (4 ;-/22+1*4 (4 , =/1.412/.+ /1.+93+442. +9+, 4 *4,- / (4 ,+ (412/.+ 5 ;0-3 ,4 *+2 ( =-14 .3+12/./01 0;./*-4( 41. ( /1*4 < \0-3 2/(;,/-43 ,42 10.+./012 501 /1.30(-/. ;0-3 ,+ 2-/.4 (- *+,*-, ,+ )+3/+8,4

x = R/D
5 (4 203.4 *-4 *012/(+343 ,+ ,/( /.4 (42 ; 4./.422+;+3+./012 *012/2.4 +,032 4 (+)4,0;;43 , =4';3422/01 (4

M(R)
41 ;-/22+1*42 (4

x
+- )0/2/1+94 (4 : < ^1+*3/. ;+3 +/,,4-32 *4,,4:*/ *0((4

M(R) = σ2 + L(x, H) = σ2 + J(x, H) + K(x, H),

0E , =01 + /1.30(-/. ,42 '01*./012 2-/)+1.42 5 *- =/, )+ 2 =+9/3 (4 (+)4,0;;43 41 ;-/22+1*42 (4
x

;0-3
x � 1

5

J(x, H) =
Λ

H + 1

[(
1 + x2

)H+1 − x2(H+1)
] 4.

K(x, H) = −2Λ

∫ 1

0

(
x2 + y2

)H
dy,
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0E
y = z/D

(4) /41. ,+ )+3/+8,4 1+.-34,,4 ( =/1.+93+./01 < &4 (+)4,0;;4( 41. (4
J

42. 2+12 ( /V *-,.+ 5

J(x, H) =
Λ

H + 1


∑

n>0

γn(H + 1)

n!
x2n − x2(H+1)


 +)4*

γn(x) = x(x − 1) . . . (x − n + 1).

&+ -9-34 _ F<Z (01.34 ,42 (+)4,0;;4(41.2 2-**422/'2 (4
J(x, H)

41 '01*./01 (4 , =03(34 ( +' /( +, *012/(+3+ 5; 0-3
x 6 1

5 (+12 ,42 *+2
H = 0, 4

4.
H = 0, 6

< &+ ( /D+341*4 41.34 *42 (4-' *+2 42. *-4 ,4 .43( 4 ( =03(34
2(H + 1)

42. *0(;3/2 41.34 ,42 03(342 (4-' 4. .30/2 (+12 ,4 ;34( /43 *+2 5 4. 41.34 ,42 03(342 .30/2 4. *-+.34(+12 ,4 24*01( *+2 <

O(x3)

O(x2)

O(x4)

J
(x

,H
)

O(x3)

O(x4)

x x

���  _ F<Z ! � *%LO#.. L- L$ M 'L
J(x, H)

L$ � #$0M&#$ 'L O 9#+'+L - N� &- NO 0#$)&'*+*P /N � 4(+L 'L 4 N(0� L. +*)L$ ML ($ L� L-. OL . #(+ OL2(LO O 9L�. #)N$ M 'L � (+)M L)M
H = 0, 4

P /N � 4(+L 'L '+#&ML 0#++L). #$' 7
H = 0, 6

P
� N$) OL) 'L(� 0N)1 #$ N . +&)

Λ = 1
P /L 0NO0( O L� N0M1 +L. +*)L$ M* . N+ OL) O#)N$4 L)1 L)M N.. +#0� * . N+ OL)'*%LO#.. L- L$ M) N(� #+'+L) 'L(� 1 M+#&) LM 2(NM+L1 0#- - L &$'&2(* )(+ OL) � 4(+L) P /L ML+- L L$

x2(H+1)N.. N+N�M 7 O 9#+'+L M+#&) )(+ ON � 4(+L 'L 4 N(0� L LM 7 O 9#+'+L 2(NM+L )(+ 0LO OL 'L '+#&MLP
&4 (+)4,0;;4( 41. (4

K(x, H)
42. ; ,-2 (+ ,/*+. 5 *0((4 01 ;0-)+/. ,4 ;3+)0/3 (- '+/. *-4 , =/1.+93+,4 *01.41-4(+12 *4..4 '01*./01 1 =42. ;+2 *+,*-,+8 ,4 4';,/*/.4( 41. < @0((4 01 24 ;,+*4 (+12 ,+ ,/( /.4

x � 1
5 01 ;4-.*4; 41(+1. 5 41 ;02+1.

t = y/x
5 , =+*3/34 20-2 ,+ '03(4

K(x, H) = −2Λx2H+1

∫ 1/x

0

(
1 + t2

)H
dt = −2Λx2H+1

[∫ 1

0

(
1 + t2

)H
dt +

∫ 1/x

1

(
1 + t2

)H
dt

]
.

&+ ;34( /,34 /1.+93+,4 5 41.34
0

4.
1
5 *- =01 10.4

K0(H)
5 14 ; 4-. ;+2 J.34 4';,/*/.+4 5 ( +/2 ;-/2*- =4,,4 14(+;41( ;+2 (4

x
4. (01* ;+2 101 ;,-2 (4 ,+ )+,4-3 (4 ,+ 2+;+3+./01

R
5 ,4 '+/. *- =4,,4 14 20/. ;+2 *+,*-,+8 ,4+1+,)./*-4( 41. 1 =42. ;+2 9J1+1. ;0-3 , =+.-(4 (4 ,+ 2.3-*.-34 (42 *+3.42 (42 (0(41.2 < &+ 24*01(4 /1.+93+,4; 4-. J.34 .3+12'03( +4 +-1 (4 (+)4,0;;43 , =/1.+93+1(4 41 ;-/22+1*42 (4

1/t
5

∫ 1/x

1

(
1 + t2

)H
dt =

∫ 1/x

1

t2H

(
1 +

1

t2

)H

dt =
∑

k>0

γk(H)

k!

∫ 1/x

1

t2H−2kdt,
�UW�

41 3+;;4,+1. *-4 *4 (+)4,0;;4( 41. 5 (+. 4 -./,/2+ ;,-2 7+-. (+12 ,4 *+(34 (- *+,*-, (4
J(x, H)

5 42. )+,+8 ,4;+3*4 *-4
t > 1

< &4 *+,*- , (42 /1.+93+,42 (+12 , =+*-+./01 */:(422- 2 42. .3/) /+, 5 (,2 ,032 *- =01 34(+3*-4 *-4;0-3
H 6= 0, 5

,42 4';02+1.2
2H − 2k

14 ;4-)41. J.34 +9+-' 4 −1
< ^1 + +,032

∫ 1/x

1

t2H−2kdt =
1

2H − 2k + 1

[
1

x2H−2k+1
− 1

]
.

&12+3+1. *4..4 4';3422/01 (+12 ,42 +*-+./012 ;3+*+(41.42 5 01 08./41. ,4 (+)4,0;;4( 41. (4
K(x, H)

5

K(x, H) = −2Λx2H+1


K0(H) +

∑

k>0

γk(H)

k!

1

2H − 2k + 1

(
1

x2H−2k+1
− 1

)
 ,
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� F��� �G�
(01. , =+*3/.-34 -1+,4 1+*422/.4 -1 3++33+194( 41. (42 .43( 42 5 (4 '+�01 4 '+/34 4';,/*/.4( 41. +;;+3+�.34 ,42;- /22+1*42 (4

x
*-/ /1.43) /41141. (+12 *4..4 4';3422/01 5

K(x, H) = −2Λ


K0(H) −

∑

k>0

γk(H)

k!

1

2H − 2k + 1


 x2H+1 − 2Λ

∑

k>0

γk(H)

k!

x2k

2H − 2k + 1
.

&+ -9-34 _ F<X (01.34 ,4 (+)4,0;;4( 41. (4
K(x, H)

41 '01*./01 (4 , =03(34 ( +' /( +, *012/(+3+ 5 ; 0-3
H = 0, 44.

H = 0, 6
< &4 .43( 4 ( =03(34

2H + 1
+;;+3+�. (+12 ,4 ;34( /43 *+2 41.34 ,42 03(342 -1 4. (4-' : ,4*-4, 42.+,032 +9+, 2.3/*.4( 41. 4 , =03(34 .30/2 : 4. 41.34 ,42 03(342 (4-' 4. .30/2 (+12 ,4 24*01( *+2 <

O(x3)

O(x4)

K
(x

,H
)

O(x2) O(x3)

O(x4)

x x

���  _ F<X ! � *%LO#.. L- L$ M 'L
K(x, H)

L$ � #$0M&#$ 'L O 9#+'+L - N� &- NO 0#$)&'*+*P /N � 4(+L 'L 4 N(0� L. +*)L$ ML ($ L� L-. OL . #(+ OL2(LO O 9L�. #)N$ M 'L � (+)M L)M
H = 0, 4

P /N � 4(+L 'L '+#&ML 0#++L). #$' 7
H = 0, 6

P
� N$) OL) 'L(� 0N)1 #$ N . +&)

Λ = 1
P /L 0NO0( O L� N0M1 +L. +*)L$ M* . N+ OL) O#)N$4 L)1 L)M N.. +#0� * . N+ OL)'*%LO#.. L- L$ M) N(� #+'+L) 'L(� 1 M+#&) LM 2(NM+L1 0#-- L &$'&2(* )(+ OL) � 4(+L) P /L ML+- L L$

x2H+1 N.. N+N�M7 O 9#+'+L 'L(� )(+ ON � 4(+L 'L 4 N(0� L LM 7 O 9#+'+L M+#&) )(+ 0LO OL 'L '+#&MLP
�4( +3*-012 *-4 ;0-3

H = 1/2
5 ,4 *+,*-, (42 ( /D+341.2 .43( 42 (- (+)4,0;;4(41. �UW� 42. /1*7+19+ 5 2+-'41 *4 *-/ *01*4314 ,4 .43( 4

k = 1
5 *-/ (0114 +) /(4((41. -14 *01.3/8-./01 ,09+3/.7( /*-4 5

∫ 1/x

1

t−1dt = − lnx
( =0E

K (x, 1/2) = −2Λx2



K0 (1/2)− lnx

2
+

∑

k 6=1

γk (1/2)

(2 − 2k)k!

[
1

x2−2k
− 1

]

 ,

*4 *-/ (0114 5 +;3,2 3++33+194( 41. (42 .43( 42 5 -14 4';3422/01 0E ,4 ;34( /43 .43( 4 101 *012.+1. 42. ;3+*/:2+(41. /22- (4 *4..4 *01.3/8-./01 ,09+3/.7( /*-4 5

K(x, 1/2) = −Λ



1 − x2 lnx +


2K0 (1/2)−

∑

k 6=1

γk (1/2)

(1 − k)k!


x2 +

∑

k>2

γk (1/2)

(1 − k)k!
x2k



 .

� ��; �" �C�d  B %�b� %! � "# $!B g! �dBd�� "! B %�b �� b#= gd� %�dc C$ed @@dc
^1 ;4-. +,032 3+224(8,43 ,42 (+)4,0;;4( 41.2 (4

J(x, H)
4. (4

K(x, H)
;0-3 08.41/3 ,+ '03(4 (4 ,+ *-+1./.+

M(R)
+-' ;4./.42 2+;+3+./012 2-3 ,4 ;,+1 (- */4, < & =4';3422/01 08.41-4 42. 34,+./)4( 41. ,0-3(4 5 8/41 *-414 ;3+241.+1. ;+2 (4 ( /V *-,.+ < ^1 14 , =+*3/3+ *4;41(+1. ;+2 5 ;0-3 24 *01*41.343 2-3 ,+ (+.43( /1+./01 (-*0(;03.4( 41. (4

M(R)
;0-3

R � D
< \0-3 *4,+ 5 01 34(+3*-4 *-4 ,4 (+)4,0;;4(41. +- �;34( /43 03(34�(4

K(x, H)
(+;41( (4 ,+ )+,4-3 (4

H
< /1 4D4. 5 2/

0 < H < 1/2
5 +,032

2H + 1 < 2
4. ,4 .43(4 (0( /1+1.

(+12
K(x, H)

42. *4,-/ 41
x2H+1

K(x, H) ' − 2Λ

2H + 1
− 2Λ


K0(H) −

∑

k>0

γk(H)

k!

1

2H − 2k + 1


x2H+1,
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.+1( /2 *-4 2/
1/2 < H < 1

5 +,032
2 < 2H + 1

4. ,4 .43( 4 (0( /1+1. 42. *4,-/ 41
x2 5

K(x, H) ' −2Λ

[
1

2H + 1
+

H

2H − 1
x2

]
.

1 +12 ,4 *+2 ;+3./*-,/43
H = 1/2

5 ,4 .43( 4 (0( /1+1. 101 *012.+1. 42. ,4 .43( 4 ,09+3/.7( /*-4 5 ( =0E
K(x, 1/2) ' −Λ + Λx2 lnx.@01*431+1. ,4 (+)4,0;;4( 41. (4

J(x, H)
5 4. +.+1. (011+ *-4

2H +2 > 2
5 ,4 .43( 4 (0( /1+1. 101 *012.+1.B42. *-+1. 4 ,- / ,4 .43(4 41

x2 5 *-4,,4 *-4 20/. ,+ )+,4-3 (4 , =4';02+1. (4 6-32. < ^1 (0/. (01* .41/3 *0(;.40- 101 (4 *4 .43( 4 (+12 , =+.-(4 (- *0(;03.4( 41. (4
M(R)

+-' ;4./.42 +*74,,42
R � D

2-3 ,4 ; ,+1 (-*/4, 5 2-/)+1. ,+ )+,4-3 (4
H

< ^1 + +,032 5 342; 4*./)4( 41. 5

M(R) ' σ2 − Λ

(2H + 1)(H + 1)
− 2Λ


K0(H) −

∑

k>0

γk(H)

k!

1

2H − 2k + 1


 x2H+1 ;0-3

H <
1

2
,

M(R) ' σ2 − Λ

3
+ Λx2 lnx

;0-3
H =

1

2
,

M(R) ' σ2 − Λ

(2H + 1)(H + 1)
− Λ

2H − 1
x2 ;0-3

H >
1

2
,

41 3+;;4,+1. *-4 ,+ )+3/+8,4
x

34;3+241.4 2/(;,4(41. ,4 3+;;03. (4 ,+ 2+;+3+./01 .3+12)4324
R

4 ,+ ;30'01:(4-3
D

(4 ,+ *0-*74 .-38-,41.4 < \0-3 2/(;,/-43 , =+*3/.-34 4. ,+ *0(;3+7412/01 (4 *42 3+2-,.+.2 5 01 /1.30(-/.(+12 ,+ 2- /.4 (42 '01*./012
a

4.
b

14 (+;41(+1. *-4 (4 ,+ )+,4-3 (4 , =4';02+1. (4 6-32. 5 (4 203.4 *-4 , =01;-/224 +*3/34 ,42 4';3422/012 ;3+*+(41.42 20-2 ,+ '03( 4D
M(R) ' σ2 + Λa(H) − Λb(H)x2H+1 ;0-3

H <
1

2
,

M(R) ' σ2 + Λa(H) − Λb(H)x2 ;0-3
H >

1

2
.

^1 ( /2; 024 1-( +3/*-4(41. (42 '03( 42 (4
M(R)

*-4, *-4 20/. , =4';02+1. (4 6-32. 4. ,+ 2+;+3+./01 .3+12:)4324
R

5 *- =01 08./41. 41 '+/2+1. , =/1.+93+./01 ( /34*.4 24,01 �UX� < @ =42. +/1 2/ *- =01 + ;- 41 (01.343 *-4,*-424'4(;,42 2-3 ,+ -9-34 _ F<� < &, 42. (01* ;022/8,4 ( =42./( 43 ,+ )+,/( /.+ (4 , =+;;30' /( +./01 4';3/( +4 ;+3 ,42(4-' +*-+./012 ;3+*+(41.42 < &+ -9-34 _ F<U (01.34 +/12/ 5 ;0-3 ( /)43242 )+,4-32 (4 , =4';02+1. (4 6-32.
H

5, =4334-3 34,+./)4 *0(( /24 41 +22/( /,+1. ,42 *-+1./.+2
M(R)

4 ,4-32 (+)4,0;;4( 41.2 342; 4*./'2 +-' 03(342,42 ;,-2 8+2 5 .4,2 *- =01 ) /41. (4 ,42 +*3/34 5 20/.

∆(x, H) =
Λa(H) − Λb(H)xf(H) − L(x, H)

L(x, H)

0E
f(H) = min (2, 2H + 1) .

�0.012 *-4 *4..4 4334-3 34,+./)4 ;03.4 41 '+/. 2-3 ,4 (+)4,0;;4( 41. (4
L(x, H) = J(x, H)+K(x, H)

;,-.E.*-4 2-3 *4,-/ (4
M(R)

5 (- '+/. (4 ,+ ;3+241*4 5 (+12 *4 (431/43 5 (- .43( 4 *012.+1.
σ2 5 *-/ ; 4-. +*3+243 ,424D4.2 *- =01 20-7+/.4 ( 4..34 41 +) /(41*4 < 1 =+;3,2 ,+ -9-34 _ F<U 5 01 )0/. *-4 *4..4 4334-3 342.4 /1'+3/4-344 41) /301 R:� (,2 ,032 *-4 ,+ 2+;+3+./01 .3+12)4324 42. ;,-2 ;4./.4 *- =-1 ( /' /,(4 (4 ,+ ;30'01(4-3 (-1-+94 < ^1 34( +3*-4 +9+,4(41. *-4 , =4334-3 42. ( =+-.+1. ; ,-2 '+/8,4 *- =01 42. + ,0/91+ (4 ,+ )+,4-3 *3/./*-4

H = 1/2
<\0-3 ;3+*/243 *4 (431/43 ;0/1. 5 01 (01.34 2-3 ,+ -9-34 _ F<T (4-' +-.342 ) /2-+,/2+./012 ;022/8,42 (4 , =4334-334,+./)4 5 41 '01*./01 (4 , =4';02+1. (4 6-32. < & =-14 ( =4,,42 5 4 9+-*74 5 ( 01.34 *4..4 4334-3 4 ( /D+341.42 2+;+:3+./012 .3+12)43242 (011+42 < ^1 )0/. ,+ ( /)43941*4 (4 *4..4 4334-3 +- ;0/1. *3/./*-4

H = 1/2
< &+ )+,/( /.+ (4, =+;;30' /( +./01 ( =03(34 ,4 ;,- 2 8+2 42. +,032 .-9+4 2-3 ,+ -9-34 (4 (30/.4 5 *-/ (01.34 ,+ 2+;+3+./01 .3+12:)4324 ( +' /( +,4 +-.03/2+4 ;0-3 *-4 , =4334-3 34,+./)4 14 (+;+224 ;+2 R� 5 .0-.0-32 41 '01*./01 (4 , =4';02+1.(4 6-32. <

� �v l
 rmnl n�����sm �y nls� l ��ymnuyn � q�yn �y nrlyn {zrql��lyn ���tnl |F�y yl tusvlsu tv�m l
tvr�rnl� lyn q� �um tusnr��vrls H = 1/2
� u
y q kuvv{xls vu ts{mlynunr�y qlm s{m�vnunm |
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H = 0, 4

H = 0, 6

H = 0, 2

H = 0, 8

R/D

∆
(x

,H
)

���  _ F<U ! � ++L(+ +LONM&%L 0#-- &)L L$ N))&- &ON$ M
L(x, H)

N(� '*%LO#.. L- L$ M) 'L . +L- &L+ #+'+L1 . #(+2(NM+L %NOL(+) 'L
H

1 L$ � #$0M&#$ 'L ON )*. N+NM&#$ M+N$)%L+)L +N.. #+M*L 7 ON . +#� #$'L(+ P

H H

∆
(x

,H
)

R

�/
D

���  _ F<T ! �&)(NO&)NM&#$ 'L O 9L++L(+ +LONM&%L 0#$)MNM*L )(+ ON � 4(+L _ F<U P /N � 4(+L 'L 4 N(0� L +L. +*)L$ ML1. #(+ '&� *+L$ ML) )*. N+NM&#$) M+N$)%L+)L)1 O 9L++L(+ +LONM&%L L$ � #$0M&#$ 'L O 9L�. #)N$ M 'L � (+)M
H

P /L) '&� *8+L$ ML) 0#(+:L) 0#++L). #$'L$ M N(� )*. N+NM&#$)
R = D/4

5. #&$ M&O O*)6 1
R = D/2

5M&+LM)6 1
R = 3D/4

5M+N&M- &� ML6 LM
R = D

5M+N&M 0#$ M&$(6 P �$ %#&M $#MN- - L$ M 2(L O 9L++L(+ '&%L+4 L N( %#&)&$N4 L '( . #&$ M 0+&M&2(L
H = 1/2

P /N � 4(+L 'L '+#&ML +L. +*)L$ ML ON )*. N+NM&#$ M+N$)%L+)L - N� &- NOL1 +N.. #+M*L 7 ON . +#� #$'L(+ '($(N4 L1 N( 'LO7 'L ON2(LO OL O 9L++L(+ +LONM&%L '*. N))L ($ 0L+MN&$ )L(&O1 &0& �� P
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� ��; �d �!�$� %! �c " 
b#�! $!  C @b� %! � d� �!�$� %! �c "d c�  #$�# d "dc $b �dc
&032*-4 ,42 (+)4,0;;4( 41.2 (4 ,+ 24*./01 ;3+*+(41.4 201. )+,/(42 5 ,42 *012+*-41*42 2-3 ,42 ( 42-342 2.+./2:./*-42 4D4*.-+42 2-3 ,42 *+3.42 (42 (0(41.2 201. 2/(;,42 4 (+(-/34 < /1 4D4. 5 ,+ '01*./01 ( =+-.0 *033+ ,+./01(0)411+4 (42 [-*.-+./012 (4 ) /.4224 5

Mv,v
5 42. (011+4 ;+3 , =-14 (42 '03(42 +*3/.42 */:(422- 2 5 2-/)+1. ,+ )+:,4-3 (4 , =4';02+1. (4 6-32.

Hv
(- *7+(; (4 ) /.4224 .3/( /( 412/0114, < 1 42 34,+./012 2/( /,+/342 201. 2+./2'+/.42;+3

Mρ,ρ
41 '01*./01 (4 ,+ )+,4-3 (4

Hρ
<&42 '01*./012 ( =+-.0 *033+ ,+./01 (42 *+3.42 (4 , =/1.412/.+ 4. (42 (4-' .); 42 (4 *41.30	(42 (4 ) /.4224 201. (4,+ ( J(4 '03( 4 5 +.+1. (011+42 ,42 4';3422/012 *- =4,,42 ;341141. 4 , =03(34 ,4 ;,-2 8+2 �)0/3 ,+ 24*./01 _ F<� <H � 54. 01 + 5 41 ;341+1. , =4'4(;,4 (4 ,+ *+3.4 ( =/1.412/.+ 5

AI(R) ' (αD)2

[
ρ2
0 + σ2

ρ + Λρa (Hρ) − Λρb (Hρ)

(
R

D

)2Hρ+1
] ;0-3

Hρ <
1

2
,

AI(R) ' (αD)2

[
ρ2
0 + σ2

ρ + Λρa (Hρ) − Λρb (Hρ)

(
R

D

)2
] ;0-3

Hρ >
1

2
.

1 4 ( J(4 5 41 *4 *-/ *01*4314 ,42 '01*./012 ( =+-.0*033+ ,+./01 (42 *+3.42 (4 *41.30	(42 (4 ) /.4224

AC(R) = (αDρ0)
2AC0

(R) ' (αDρ0)
2

[
v2
0 + σ2

v + Λva (Hv) − Λvb (Hv)

(
R

D

)2Hv+1
] ;0-3

Hv <
1

2
,

AC(R) = (αDρ0)
2AC0

(R) ' (αDρ0)
2

[
v2
0 + σ2

v + Λva (Hv) − Λvb (Hv)

(
R

D

)2
] ;0-3

Hv >
1

2
.

& =-./,/2+./01 (42 '01*./012 (4 2.3-*.-34 ( =03(34 (4-' ;43( 4. (4 2 =+D 3+1*7/3 (42 .43(42 *012.+1.2 5 ;-/2:*- =4,,42 '01. /1.43)41/3 ,+ ( /D+341*4 41.34 ,42 )+,4-32 (42 '01*./012 ( =+-.0 *033+ ,+./01 41
R

4. 4 2+;+3+./011-,,4 5 ,42 *7+(;2 +.+1. 70(09,142 < �4;341+1. ,4 *+2 (4 ,+ *+3.4 ( =/1.412/.+ 5 01 + +,032

SI(R) = 2(αD)2Λρb(Hρ)

(
R

D

)2Hρ+1 ;0-3
Hρ <

1

2
,

SI(R) = 2(αD)2Λρb(Hρ)

(
R

D

)2 ;0-3
Hρ >

1

2
.

^1 34.30-)4 ,42 ( J(42 '03( 42 (+12 ,4 *+2 (42 *+3.42 (4 *41.30	(42 (4 ) /.4224 5

SC(R) = (αDρ0)
2SC0

(R) ' 2(αDρ0)
2Λvb(Hv)

(
R

D

)2Hv+1 ;0-3
Hv <

1

2
,

SC(R) = (αDρ0)
2SC0

(R) ' 2(αDρ0)
2Λvb(Hv)

(
R

D

)2 ;0-3
Hv >

1

2
.

� ��
 �!�cC�#d�$dc "dc �! Bdc $b @$# @Cdc � @
! "  d @d g @#c >bc
&42 '03( 42 08.41-42 */:(422- 2 ;0-3 ,42 '01*./012 (4 2.3-*.-34 (42 *+3.42 (4 , =/1.412/.+ 4. (42 (4-' .);42(4 *41.30	(42 (4 ) /.4224 (01.341. *-4 5 (+12 ,4 *01.4'.4 (4 *7+(;2 .3/( /( 412/0114,2 (4 .); 4 83061/41'3+*./011+/34 5 4. (+12 ,4 *+(34 (42 7);0.7,242 -./,/2+42 .0-. +- ,019 (4 *4 *7+;/.34 4. (- ;3+*+(41. 5 ,42*+3.42 8/( /( 412/0114,,42

I
5
C

4.
C0

201. +9+,4(41. (42 83061/412 '3+*./011+/342 5 ;-/2*-4 ,4-32 '01*./012(4 2.3-*.-34 201. (42 ,0 /2 (4 ;-/22+1*4 <^1 ;4-. +9+,4( 41. 08.41 /3 -14 34,+./01 41.34 ,42 4';02+1.2 (4 6-32. (42 *7+(;2 20-2:. +*41.2 4. *4-' (42*+3.42 ( =08243)+8,42 < \+3 4'4(;,4 5 ,42 4';02+1.2 (4 6-32.
HC

4.
HC0

(42 *+3.42 (4 *41.30 	(42 (4 ) /.4224201. ,/+2 4 *4,-/ (- *7+(; (4 ) /.4224 .3/( /( 412/0114, ;+3

HC = HC0
= Hv +

1

2

;0-3
0 < Hv <

1

2

4.
HC = HC0

= 1
;0-3 1

2
< Hv < 1.
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&, 41 )+ (4 ( J(4 (4 ,+ *+3.4 (4 , =/1.412/.+ /1.+93+4 5 (01. , =4';02+1. (4 6-32.

HI
42. (011+ ;+3

HI = Hρ +
1

2

;0-3
0 < Hρ <

1

2

4.
HI = 1

;0-3 1

2
< Hρ < 1.

@4 (431/43 3+2- ,.+. 342.4 4 34,/43 4 *4,-/ */.+ (+12 , =/1.30(-*./01 (4 *4 *7+;/.34 5 *4 *- =01 ;4-. '+/34 4110.+1. *-4 , =/1( /*4 2; 4*.3+,
β

4. , =4';02+1. (4 6-32.
H

201. ,/+2 ;+3
β = 2H + n

5 0E
n

42. ,+ ( /( 412/01(4 , =42;+*4 2-3 ,4*-4, 42. (+-1/ ,4 *7+(; < & =+9+,/.+ 5 10.+4 ;+3 5?.-.3Q / LM NOP5 RSSW; 4. 5�0,((+1 5 9:::; 541.34 , =/1( /*4 2; 4*.3+,
βI

(4 ,+ *+3.4 ( =/1.412/.+ /1.+93+4 4. *4,- /
βρ

(- *7+(; (4 (412/.+ .3/( /( 412/0114, 5(+12 ,4 *+2 (4 3+/42 0;./*-4( 41. ( /1*42 5 (,2 ,032 *-4 ,+ ;30'01(4-3
D

(- 1-+94 42. ;,-2 93+1(4 *-4 ,42+*74,,42 .3+12)43242
R

*012/(+3+42 5 ; 43(4. +,032 ( =+*3/34 5 /1(+;41(+((41. (4 10.34 3+2- ,.+. 5 *-4 , =4';02+1.(4 6-32. (4 ,+ *+3.4 ( =/1.412/.+ /1.+93+4 42. (011+ ;+3

HI =
βI − 2

2
=

βρ − 3

2
+

1

2
= Hρ +

1

2

;0-3
Hρ <

1

2
,

41 -./,/2+1. ,4 '+/. *-4 *4..4 *+3.4 42. 8/( /( 412/0114,,4 5 .+1( /2 *-4 ,4 *7+(; (4 (412/.+ (4 (+;+3. 42..3/( /( 412/0114, < 1 =+-.34 ;+3. 5 5?.-.3Q / LM NOP5 RSSW; *0(;,,.4 *4 3+2-,.+. 41 (01.3+1. *- =+- (4,4 (4 ,+)+,4-3 *3/./*-4
Hρ = 1/2

5 , =4';02+1. (4 6-32. (4 ,+ *+3.4 ( =/1.412/.+ /1.+93+4 (4) /41. *012.+1. 4. )+-.
HI = 1

< @42 34,+./012 201. 08.41-42 ;+3 5�0,((+1 5 9:::; 4. 5?.-.3Q / LM NOP5 RSSW; (+12 ,4 *+(34 ( =-1 *+,*-,(+12 , =42;+*4 (4 20-3/43 5 4. *03342;01(41. ;3+*/2+(41. 4 *4 *-4 10-2 (+(-/2012 (4 10.34 +.-(4 +1+,)./*-44D4*.-+4 (+12 ,4 24- , 42;+*4 3+4, 5 ,+*-4,,4 ; 43( 4. +9+,4( 41. ( =42./( 43 ,+ )+,4-3 (+' /( +,4 (- 3+;;03.
R/D;43( 4..+1. ( =+*3/34

βI = βρ
</1 *4 *-/ *01*4314 ,4 *7+(; (4 ) /.4224 5 102 3+2- ,.+.2 24(8,41. /1( /*-43 *-4 ,42 /1( /*42 2; 4*.3+-'

βC
4.

βC0*03342;01(+1. 342;4*./)4( 41. +-' *+3.42 (42 *41.30	(42 101 103( +,/2+2 4. (42 *41.30 	(42 103(+,/2+2 5 201.+9+-' 4 *4,-/ (- *7+(; (4 ) /.4224 .3/( /( 412/0114, 5
βv

5 (+12 ,+ ,/( /.4 (42 +*74,,42 .3+12)43242 ; 4./.42 (4)+1.,+ ;30'01(4-3 (- 1-+94 4. (+12 , =7);0.7,24 (42 [-*.-+./012 '+/8,42 (4 (412/.+ < @ =42. , =-1 (42 08 . 4*./'2 (-*7+;/.34 2-/)+1. *-4 (4 )+3/-43 1-( +3/*-4( 41. *4..4 ;3+( /*./01 4. ( =41 .42.43 ,42 ,/( /.42 <
�
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&42 *7+;/.342 _ 4. _ F 01. ( /2 41 +) /(41*4 (42 34,+./012 41.34 ,42 ;30;3/+.+2 2.+./2./*-42 (4 *-+1./.+208243)+42 .4,,42 *-4 , =+(/22/01 /1.+93+4 4. ,42 *41.30	(42 (4 ) /.4224 5 103(+,/2+2 0- 101 5 4. ,42 ;30;3/+.+2(42 *7+(;2 .3/( /( 412/0114,2 (4 (412/.+ 4. (4 ) /.4224 5 *-/ 201. ,42 *-+1./.+2 ; 43./141.42 ;0-3 (+*3/34 ,+.-38-,41*4 /1.432.4,,+/34 < /1 ;+3./*- ,/43 5 ,4 *7+;/.34 _ F + (01.3+ *-4 (+12 ,4 *+2 0E *42 (4-' *7+(;2 201.(42 83061/412 '3+*./011+/342 5 4. ,032*- =01 24 ,/( /.4 +-' +*74,,42 .3+12)43242 ; 4./.42 (4)+1. ,+ ;30'01(4-3(- 1-+94 5 ,42 *+3.42 8 /( /( 412/0114,,42 (42 08243)+8,42 ( 41./011+42 */:(422-2 201. +9+,4( 41. (42 83061/412'3+*./011+/342 5 41 '+/2+1. 5 (+12 ,4 *+2 (42 *+3.42 (4 *41.30 	(42 5 , =7);0.7,24 2-;;,+(41.+/34 24,01 ,+*-4,,4,42 [-*.-+./012 (4 (412/.+ 201. '+/8,42 <& =08 . 4*./' (4 *4 *7+;/.34 42. (4 )+3/-43 1-( +3/*-4( 41. *42 3+2-,.+.2 5 41 2/(-,+1. (42 08243)+./012 (42;4*.30:/( +943/4 5 * =42.:4:( /34 (42 *-842 (4 (011+42 ;02/./01:;02/./01:) /.4224 �\\K � 5 4 ;+3./3 (4 *7+(;2(4 (412/.+ 4. (4 ) /.4224 (4 .); 4 83061/41 '3+*./011+/34 5 4. 41 ( 42-3+1. ,42 ;30;3/+.+2 2.+./2./*-42 (42*+3.42 ( =/1.412/.+ /1.+93+4 4. (4 *41.30	(42 (4 ) /.4224 ./3+42 (4 *42 *-842 < ^1 422+/43+ +9+,4(41. 5 +-.+1.*-4 ;022/8,4 5 (4 (+.43( /143 ,42 *01( /. /012 (4 )+,/( /.+ (4 *42 3+2-,.+.2 5 +.+1. (011+42 ,42 7);0.7,242 '+/.42;3+*+(4((41. ;0-3 ,42 08.41/3 +1+,)./*-4( 41. <<)+1. (4 ;+2243 4 ,+ 2- /.4 5 34(+3*-012 *-4 , =-./,/2+./01 (4 *7+(;2 83061/412 '3+*./011+/342 ;0-3 2/(-,43,+ (412/.+ 4. ,+ ) /.4224 (- ( /,/4- /1.432.4,,+/34 ( /D-2 ; 43( 4. (4 *0(;,+.43 ,42 +.-(42 4D4*.-+42 2-3 (422/(-,+./012 (+91+.07)(30()1+( /*-42 �)0/3 ;+3 4'4(;,4 5^ 2.3/Q43 LM NOP5 9:: R;� ;+3*4 *-4 ,4 ( +1*-4 (4
� 3++,/.+� ;7)2/*-4 *-/ *+3+*.+3/24 *42 *7+(;2 +,++.0/342 42. 41 -1 *43.+/1 2412 *0(;412+ ;+3 ,+ ,+394;,+94 ( =+*74,,42 +**422/8 ,42 4 , =+1+,)24 41 .43(42 (4 ,0/2 (4 ;-/22+1*4 < 1 +12 ,42 2/(-,+./012 1-( +3/*-42(4 .-38-,41*4 5 ,4 (0( +/14 /143./4, 42. 41 4D4. 2+),34( 41. ,/( /.+ ;+3 ,+ 3+20,-./01 ( /2; 01/8,4 4. ,4 93+1(10(834 ( =+*74,,42 +D4*.+42 ;+3 , =/1. 4*./01 0- ,+ ( /22/;+./01 ( =+1439/4 <
� ���` �!�c�  #$� %! � "d $ebB gc "d "d�c %�C d� "d ? %�dccd
&+ 24*./01 	 F F<G <� + ;43( /2 (4 ;3+241.43 5 (4 ( +1/,34 (+.+/,,+4 5 -14 ( +.70(4 (4 *012.3-*./01 1-( +3/*-4(4 *7+(;2 83061/412 '3+*./011+/342 41 ( /( 412/01 *-4,*01*-4 5 4 ;+3./3 (4 ,4-32 ;30;3/+.+2 (+12 , =42;+*4(4 20-3/43 < ^1 3+;;4,,4 /*/ 2/(;,4( 41. *-4 ;0-3 *012.3-/34 -1 *7+(; (4 ( /( 412/01 N ×N ×N 4. ( =/1:( /*4 2;4*.3+,

β
5 01 24 (0114 (4-' *-842 � �+(;,/.-(4� 4.

Φ
�;7+24� 5 (4 ( J(4 ( /( 412/01 *-4 ,4 *7+(;20-7+/.+ 5 .4,2 *-4 ,42 + ,+(41.2 (- *-84 � (+;41(41. (- (0(-,4 (- )4*.4-3 ( =01(4 2-/)+1. -14 ,0/ (4;-/22+1*4 ( =4';02+1. −β/2

5 4. *-4 *4-' (- *-84
Φ

;341141. (42 )+,4-32 +,++.0/342 +)4* -14 ( /2.3/8-./01-1/'03( 4 41.34 : 4.
2π

5 41 342; 4*.+1. ,+ ;30;3/+.+ ( =/( ;+3/.+
Φ(−k) = −Φ(k)

< &4 *7+(; 08.41- *0((4.3+12'03( +4 (4 20-3/43 /1)4324 (4 �
exp [iΦ]


128×128×128

;/'4,2 5 (01.,42 4';02+1.2 (4 6-32. 201. *70/2/2 ;0-3 J.34 (4 ,+ '03( 4
H = p/4

5 +)4*
p

-1 41./43 *0(;3/2 41.34 : 4.Z 5 (4 203.4 *-4 ,42 /1( /*42 2; 4*.3+-' -./,/2+2 ;341141. ,+ '03( 4
β = 3 + p/2

5 4. 201. (01* *0(;3/2 41.34 �
ijl t�ryn u m�y r�t�snuy�l �us vlm uvx�srn�� lm ql nsuym	�s� unr�y ql ���srls nlvm ��l vu ��� nsurnlyn vlm r� uxlm ����lt{sr�qr��lm | �r lvvlm yl vl m�yn tum � qlm qrm��ynry�rn{m uttusurmmlyn usnr
�rlvvl� lyn u�
 ��sqm ln ml nsuq�rmlyn tus qlm ���t�omuynlm p �u�nlm 	s{��ly�lm mtunruvlm quym vl mt l�nsl ql t�rmmuy�l | � k�y u�nsl ��n{ � mr v k�y ut�qrml �yl r� uxl t��s {z rnls �lts��vw� l � �lvu t l�n uz�rs qlm ��ym{��ly�lm u�
 xsuyqlm {��lvvlm |
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δNu(x, u)

5 *-/ 34;3+241.4 ,+ (412/.+ (4 *0,0114 ;+3 -1/.+ (4 ) /.4224 (4,+ *4,,- ,4 2/.-+4 41
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∑
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(+;41( (4 ,+ .4(; +3+.-34 */1+./*-4
T

(- 9+3 4. (4 ,+ ( +224
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√
kBT

m
,

'03(-,4 *- =01 +)+/. (+. 4 +*3/.4 +- *7+;/.34 	 F F F<
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δu

5 *- =01 + ;3/24 +9+,4 4
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