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n
50(-1*250( % +31'32& 50( % 632+ -3 )$3&#50( % *2 30$3 ,#(2+�$

n 6 3
? F*&*2+ 50( 632+ -( 13+ *�

n = 1
*2 )3$-($3 +*04(2& (2 &($9 (+ &(9)*$(-+ % &326#+ 50( )*0$

n > 1*2 )3$-($3 )-0&�& (2 &($9 (+ +)3&#308 ?
]�`oob g 	k_nkefb gb akacb nf m�dikacb � `_ idcgbcd nb ic`mbhhfh ha` m�dhakefb g`chefb

n = 1
ba igfh �l_lcdgbo b_a nb m�doiha` m�dhakefb g`chefb

n
bha efbgm`_efb r
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W2 1*2+#63$( #1# 02 1'39) +&* 1'3+&#50(

X
1*99( 3))-#13&#*2 6(

R
n 4($+ - 1(+)31( 6(+ 43$#3,-(+ 3-23&*#$(+ %1 1(+&7;76#$( - 1(+)31( 6(+ /*21&#*2+ 6272#(+ +0$ C (& ; 43-(0$+ 632+

R
? 9 #2+# % )*0$

r ∈ R
n % -3 2*&3&#*2

X(r)
62+#52( 02( 43$#3,-( 3-23&*#$( +0$ - 1(+)31( 6(+ )*++#, -(+ C ? W2 )(0& 6*21 -0# 3++*1#($ 02( /*21&#*26( $2)3$&#&#*2 % 1( 50# 39 32( &*0& 23&0$(--(9 (2& ; 6272#$ % ) *0$ -( 1'39)

X
% 02( /*21&#*2 % 6#&( /*21&#*2 6($2)3$&#&#*2 60 )$(9 #($ *$6$( % 2*&2(

F
(& 6272#( )3$

F (x, r) = P{X(r) 6 x} ? "# 1(&&( /*21&#*2 (+& 62$#43, -()3$ $3))*$& ;
x
% 1( 50 1*2 +0))*+($3 &*0:*0$+ % *2 )(0& (2 6260#$( -3 6(2+#&2 6( )$*,3,#-#&2 60 )$(9 #($ *$6$(60 1'39) +&* 1'3+&#50(

X
% 2*&2(

f
% 34(1

f(x; r) =
∂F (x; r)

∂x
.

< -0+ 5222$3-(9(2& % *2 6272#& -3 /*21&#*2 6( $2)3$&#&#*2 6 1*$6$(
p
(& -3 6(2+#&2 6( )$*,3,#-#&2 6 1*$6$(

p
601'39)

X
$(+) (1&#4(9(2& )3$

Fp(x1, . . . , xp; r1, . . . , rp) = P{X(r1) 6 x1, . . . , X(rp) 6 xp}
(&

fp(x1, . . . , xp; r1, . . . , rp) =
∂pFp(x1, . . . , xp; r1, . . . , rp)

∂x1 . . . ∂xp
,

-*$+50( 1(+ 62$#42(+ )3$&#(--(+ (8 #+&(2& ?
� �O �* �)� &&  " +�") $)((. -+" ,) &
D(1# 2&32& )*+2 % *2 +( +*04#(2& 50( -3 1*223#++321( 6( -3 /*21&#*2 6( $2)3$&#&#*2 *0 6( -3 6(2+#&2 6()$*,3,#-#&2 6 102( 43$#3,-( 3-23&*#$( ) ($9 (&&3#& 6( 1*2236&$( (831&(9 (2& -(+ )$*)$#2&2+ +&3&#+&#50(+ 6( 1(&&(6($2 #3$( ? Z ( 9 N9( % -3 1*223#++321( (831&( 6 102 1'39) 3-23&*#$( 250#430& ; 1(--( 6( &*0&(+ +(+ /*21&#*2+6( $2)3$&#&#*2 % 50(-+ 50( +*#(2& - 1*$6$(

p
(& -(+ /39 #--(+ {xi}

(& {ri}
? D()(2632& % *2 3 40 253-(9 (2& 50 1;62/30& 6( -3 -* # (831&( 6 102( 43$#3, -( 3-23&*#$( % *2 )*043#& +( 1*2&(2&($ 6( +(+ )$(9 #($+ 9*9(2&+ ? !- (243 6( 9 N9( )*0$ -(+ 1'39)+ +&* 1'3+&#50(+ % (& - 1*2 0&#-#+($3 (2 )3$&#10 -#($ -3 9*.(22(

m(r)
(& -3 /*21&#*26 130&* 1*$$2 -3&#*2

AX(r1, r2)
6272#(+ $(+) (1&#4(9 (2& )3$�

m(r) = E{X(r)} (&
AX(r1, r2) = E{X(r1)X(r2)}.

W2 $(9 3$50( (2 )3$&#10-#($ 50( -3 9*.(22( 3#2+# 6272#( 62)(26 6(
r
% 1( 50# +0553$( -3 )*++#,#-#&2 50( -(1'39)

X
2( +*#& )3+ +&3&#+&#50(9 (2& #243$#32& )3$ &$32+-3&#*2 6( - 1(+)31( 6( 62)3$& % (& 39 32( ; #2&$*60#$(-3 2*&#*2 6( 1'39) +&3&#*223#$( ?

� �O �$ �T+R'! !"+" ,) &&+ ,( !
!- (8 #+&( 6(08 6272#&#*2+ )*++#,-(+ 6( -3 +&3&#*223$#&2 6 102 1'39) +&* 1'3+&#50(

X
? D(-0#71# (+& 6#& +&3&#*2723#$( 30 +(2+ +&$#1& +# % )$21#+29(2& % +(+ )$*)$#2&2+ +&3&#+&#50(+ +*2& #243$#32&(+ )3$ &$32+-3&#*2 ? "(+ /*21&#*2+6( $2)3$&#&#*2 +3&#+/*2& 3-*$+ ;

Fp(x1, . . . , xp; r1, . . . , rp) = Fp(x1, . . . , xp; r1 + δ, . . . , rp + δ)
50(- 50( +*#& -( 62)-31(9(2&

δ.

<3$ 1*2+250(2& % *2 (2 6260#& 50( -3 6(2+#&2 6( )$*,3,#-#&2 6 1*$6$( 02 (+& #262)(2632&( 6( -3 )*+#&#*2 6(- 1*$#5#2( % (& 50 1#- (2 43 6*21 6( 9 N9( 6( -3 9*.(22(
m(r) = m

? [0326 ;
f(x1, x2; r1, r2)

% 6(2+#&2 6()$*,3,#-#&2 6 1*$6$( 6(08 % (--( 2( 62)(26 (2 /3#& 50( 6(
x1
%
x2
% (& 6( -3 +2)3$3&#*2

r2 − r1
?Z 102 30&$( 1�&2 % *2 6#& 50(

X
(+& 02 1'39) +&3&#*223#$( 30 +(2+ -3$5( +# +3 9*.(22( 2( 62)(26 )3+ 6(-3 )*+#&#*2 (& +# +3 /*21&#*2 6 130&* 1*$$2 -3&#*2 2( 62)(26 50( 6( - 1#2&($43--(

r2 − r1
? Z 32+ 1( 13+ % *2 21$#$36 13#--(0$+ 1(--( 1#

AX(r2 − r1)
(& 2*2 )-0+

AX(r1, r2)
? !- (+& 24#6(2& 50 102 1'39) +&3&#*223#$( 30 +(2++&$#1& - 1(+& 253-(9 (2& 30 +(2+ -3$5( ?

	�_ a`fab ck�fbfc � gd �`_mak`_ n 	dfa`m`cclgdak`_ bha nlq_kb idc
AX(r1, r2) = E {X(r1)X∗(r2)}

`� g 	la`kgb k_nkefb gdm`_�f�dkh`_ m`oigb
b r �bi b_nd_a � m`oob `_ _b m`_hknlcbcd efb nbh m�doih clbgh � `_ _b h 	b_ hbc� kcd idh r
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m(r)
(+& #262)(2632&( 6( -3 )*+#&#*2 ? W2 &$*04($3 6(+1*26#&#*2+ 221(++3#$(+ (& +08 +32&(+ 6 1($5*6#1#&2 632+ I<3)*0-#+ % >K��M ? Z 32+ &*0&( -3 +0#&( % *2 +0))*+($3#9)-#1#&(9 (2& 50( -(+ 1'39)+ 1*2+#62$2+ +*2& ($5*6#50(+� ?

� �� �)� && -) $+ -  " R)� && � -) *+ - 
� �� �+ %.� &," ,) & S -+ R)� && -) $+ - 
 &32& 6*222 02 1'39) +&* 1'3+&#50(

X
% *2 1*2+#63$( - 102( 6( +(+ $23-#+3&#*2+ % 50( - 1*2 2*&($3 253-(9 (2&

X
+32+ $#+50( 6( 1*2/0+#*2 ? !- + 135#& 3-*$+ 6 102( 3))-#13&#*2 6(

R
n 632+

R
% 50 1*2 43 +0))*+($ ,*$22( (&1*2&#20( % (& 6*2& -(+ 43$#3&#*2+ +*2& 3-23&*#$(+ ? Y2 (8(9)-( 6 102( &(--( 3))-#13&#*2 % 632+ -( 13+ *�

n = 1
%(+& 6*222 +0$ -3 750$( � ?> ? V2 +0))*+32& -3 1*2&#20#&2 6(

X
% *2 )(0& 1*2+&$0#$( 02( 9*.(22( -* 13-(

µρ(r)

t

X
(t

)
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E{X} ± σX

� �

(2 1'350( )*#2& % 1*99( 02( #2&25$3-( +0$ -3 ,*0-(
n
76#9 (2+#*22(--( 6( 1(2&$(

r
(& 6( $3.*2

ρ
% 6*2& *2

� �g b
 khab b_ �dka i gfhkbfch ick_mki bh bc�`nkefbh � hfk�d_a gd hadakhakefb m`_hknlclb r �mk kg h 	d� ka nb g 	bc�`nkmkal b_ o`	b__b � mdc`_ hfii`hb g 	l�dgkal nb gd o`	b__b n 	b_hbojgb nb
X
ba nb gd o`	b__b hidakdgb n 	f_b nb hbh cldgkhdak`_h r 
bh dfacbh i`hhkjkgkalhef 	`_ ibfa m`_hknlcbc h`_a _`adoob_a gbh bc�`nkmkalh b_ nkhackjfak`_ ba b_ dfa` m`cclgdak`_ r
 �g h 	d� kcd n 	bc�`nkmkal b_ o`	b__b � b_ nkhackjfak`_ `f b_ dfa`m`cclgdak`_ � lad_a n`__l gb m`_ab
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$3))(--( 50 1#- + 135#& 6( - 1(2+(9,-( 6(+ )*#2&+
u
&(-+ 50( |r − u| 6 ρ

? < -0+ )$21#+29(2& %
µρ(r) =

1

Vρ

∫

Bρ(r)

X(u)du
*�

Vρ = Vn [Bρ(r)]
(+& -( 4*-09 ( 6 102( ,*0-( 6( $3.*2

ρ
(2 6#9 (2+#*2

n.
���

� �� �* %.� &," ,) &  " �&,$ ,". S -+ R)� && � -) *+ - 
"0))*+*2+ 50( -3 9*.(22( -* 13-(

µρ(r)
&(26( % )*0$

ρ → ∞ % 4($+ 02( 1*2+&32&( 72#( 2*&2(
µ(r)

% 50 1*2)(0& 1*2+#62$($ 1*99( 2&32& 02( 9*.(22( 5-*,3-( 6(
X
62)(2632& � 	 >�?>� 6( -3 )*+#&#*2 %

µ(r) = lim
ρ→∞

µρ(r)

W2 )(0& (2 /3#& 9 *2&$($ +32+ 6#8 10-&2 50( 1(&&( -#9 #&( 2( 62)(26 )3+ 6(
r
? V2 (C(& % +# *2 )$(26 6(08)*+#&#*2+

r1
(&

r2
% (& 50 1*2 +( )-31( 632+ -( 13+ *�

ρ > |r2−r1|
% 3-*$+ -3 6#C2$(21( (2&$( -(+ 6(08 9*.(22(+-* 13-(+ (+& 9 3:*$2( +#9)-(9(2& (& ,$0&3-(9(2& )3$

|µρ(r1) − µρ(r2)| 6
Vn [Bρ(r1) ∪ Bρ(r2)] − Vn [Bρ(r1) ∩ Bρ(r2)]

Vρ
||X ||∞,

*� - 1*2 3 0&#-#+2 -( /3#& 50( %
X

2&32& +0))*+2 ,*$22 % +3 2*$9 ( #272#( ||X ||∞ = sup{|X(r)| ; r ∈ R
n} (8 #+&( %(& 50( - 1#2&25$3-( 6(

X
+0$ 02( $25#*2

E
(+& #2/2$#(0$( % (2 43-(0$ 3,+*-0( % 30 )$*60#& 6( ||X ||∞

)3$ -(4*-09 ( Vn(E)
6( 1(&&( $25#*2 ? 0( 4*-09 (

Vρ
6 102( ,*0-( 50(-1*250( 6( $3.*2

ρ
(+& #6(2&#50( 50(- 50(+*#& -( 1(2&$( 6( -3 ,*0-( ? [032& 30 209 2$3&(0$ % #- + 135#& 60 4*-09( 6( - 1(2+(9,-( 6(+ )*#2&+ 50# +*2& 632+- 102#*2 (81-0+#4( 6(+ ,*0-(+

Bρ(r1)
(&

Bρ(r2)
?03 /*$9 ( 6( 1(&&( 9 3:*$3&#*2 +( 1*9)$(26 3#+29(2& ; - 13#6( 6( -3 750$( � ?< % 50# +0))*+(

n = 2
)*0$+#9)-#7($ ? 03 1*2&$#,0&#*2 ; -3 6#C2$(21(

µρ(r1)−µρ(r2)
6 102 2 -29(2& 6( 4*-09( 1*2&(20 632+ - 1#2&($+(1&#*26(+ 6(08 ,*0-(+ 2&32& 24#6(99(2& 20--( % +(0 -(+ 1*9)&(2& -(+ $25#*2+ 6( - 1(+)31(

R
n 1*2&(20(+ 632+ 02(,*0-( (& )3+ 632+ - 130&$( % 1( 50( &$360#& -( 209 2$3&(0$ 6( - 12503&#*2 )$2126(2&( ? �3#+32& &(26$(

ρ
4($+

r1 r2

Bρ(r1) Bρ(r2)
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ρ
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��� @
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��
r2

@� >�
?��>��� B ������� 	 
�@ ���
ρ

�@� = >��B � �� � =�>� B� = ��
� �A?��>� 
� 
�@ |r2 − r1| > ρ
 �� 
�
 
� B� B>?��� 
� 
�@ |r2 − r1| 6 ρ

�

- 1#272 # % -(+ 6(08 ,*0-(+ +( $(1*04$(2& 6( )-0+ (2 )-0+ % 6( +*$&( 50( -( 4*-09 ( 6( -(0$ 02#*2 (81-0+#4( %$3))*$&2 ; 1(-0 # 6 102( ,*0-( % &(26 4($+ = ? W2 (2 6260#& 50( % +# - 102( 6(+ 6(08 9*.(22(+ 5-*,3-(+
µ(r1)*0

µ(r2)
(8 #+&( % 3-*$+ - 130&$( (8#+&( 253-(9 (2& (& (--(+ *2& -3 9 N9( 43-(0$

µ
? "# 1(&&( 43-(0$ (+& 253-( ;-3 9 *.(22( 6 1(2+(9,-(

m
% -( )$* 1(++0+ (+& ($5*6#50( ? Z32+ &*0&( -3 +0#&( % *2 +0))*+($3 50( -(+ 1'39)+1*2+#62$2+ )*++36(2& &*0+ 02( 02#50( 9*.(22( 5-*,3-( ?

!- (+& )3$ 3#--(0$+ #2&2$(++32& 6 1#2&$*60#$( #1# % 632+ - 1*)&#50( 6( 1( 50# 43 +0#4$( % 02 1'39) +&* 1'3+&#50(&$*2502 50 1*2 6272#& 1*99(
Xρ(r) = X(r)uρ(r)

*� -3 /*21&#*2
uρ

(+& 6*222( )3$
uρ(r) =

{
1 si |r| 6 ρ
0 si |r| > ρ

34(1 |r| -( 9 *60-( 6( r
632+ - 1(+)31( (01-#6#(2

R
n.

W2 )(0& 3-*$+ 21$#$( -3 9*.(22( 5-*,3-( +*0+ -3 /*$9 (
m = lim

ρ→∞
µρ(0) = lim

ρ→∞

{
1

Vρ

∫
Xρ(r)dr

}
.
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X
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X
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AX
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X
+3&#+/3#& ; - 1'.)*&'3+( ($5*6#50( 30 +(2+ 6( - 130&* 1*$$2 -3&#*2 % #- (+& )*++#, -(6 13++#9 #-($

AX(δ)
; 02( #2&25$3-( +0$ - 1(+)31(

R
n 6( 6272#&#*2 % +*#&

AX(δ) = lim
ρ→∞





1

Vρ

∫

Bρ(r)

X(u)X(u + δ)du





#262)(26399(2& 60 1(2&$(

r
6( -3 ,*0-(

.

03 43-(0$ 6( -3 /*21&#*2 6 130&* 1*$$2 -3&#*2 )*0$ 02 62)-31(9 (2&
δ = 0

(+& ,#(2 24#6(99(2& 253-( ; -343$#321( 60 1'39) +&* 1'3+&#50(
σ2

X = AX(0) = E
{
X2(r)

} % 50 1*2 )(0& 13-10 -($ 1*99(

σ2
X = lim

ρ→∞





1

Vρ

∫

Bρ(r)

X2(u)du





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.
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AXρ
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AXρ

(δ) =

∫
Xρ(u)Xρ(u + δ)du

(& (2 )*+32&
σ2

Xρ
=

∫
X2

ρ(u)du

*2 )(0& $20&#-#+($ -3 $(9 3$50( /3#&( )$2126(99(2& +0$ - 102#1#&2 6( -3 9*.(22( 5-*,3-( +*0+ $2+($4( 6 1(8 #+7&(21( % )*0$ 21$#$( 50(
AX

(+& -3 -#9 #&( 6(
AXρ
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% 50326

ρ
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σ2
X
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σ2

Xρ
/Vρ
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(δ) = AXρ
(δ)/σ2

Xρ

? W $ *2 3
AXρ
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σ2
Xρ
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X50326

ρ
&(26 4($+ - 1#272# ? 03 -#9 #&( 6(

aXρ

(+& 6*21 253-( ; 1( 50 1*2 )(0& 1*2+#62$($ -25#&#9 (9 (2& 1*99(-3 /*21&#*2 6 130&* 1*$$2 -3&#*2 2*$93-#+2(
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ρ→∞
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(δ) =
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X
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∑

i,j

aia
∗
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δ
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+(-*2
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X(δ) 6 E{X2(r)}E{X2(r + δ)} = σ4

X
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X̂(k) =

∫
X(r)e−2iπk.rdr

2 13.32& 30102( $3#+*2 6( 1*24($5($ � 	 >�?>�
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Xρ
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∫
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∫
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ρ→∞
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∫
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AX
(& PX

?
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R
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R
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√
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X : [0,∞[−→ R
(+& 02 9*04(9 (2& ,$*�2#(2 *0 )$* 1(++0+ 6( � #(2($ +#
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∫ x

−∞
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X(t)
(&
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H > 1
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H ∈]0, 1[
?
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t
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X
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t
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M
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r
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W2 $3))(--( 50( -3 2*&3&#*2
dN

62+#52( -( 2*9,$( 6( 2035(+ 6*2& -3 93++( (+&
M

;
dM

)$3+ ? Z 32+ 1(13+ % *2 )(0& 9*2&$($ 50( -( +) (1&$( 6( )0#++321( 60 1'39) +.2&'2&#50( &$#6#9 (2+#*22(-
X
*,&(20 (+& 6(-3 /*$9 ( PX(ω) ∝ |ω|(α−3)γ % 1( 50# 1*$$(+)*26 ; 02 1*9)*$&(9(2& 6( &.) ( 1'39) ,$*�2#(2 /$31&#*223#$( %1*99( #26#502 30 � ��?� ?� % 34(1

2H + n = (3 − α)γ
?

β = 3, 5 β = 4, 0 β = 4, 5

β = 2, 0 β = 2, 5 β = 3, 0
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[0, 2π]
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 &32& 6*222 02 (+)31(
E = R

n % *2 1*2+&$0#& 6*21 % 632+ - 1(+)31( 6( �*0$#($ 3++* 1#2
Ê
% 02 1'39) 6 139 7)-#&06( 6( -3 /*$9(

A(k) = A0|k|−β/2 (& 02 1'39) 6( )'3+( φ(k)
3-23&*#$( ? 0( 1'39) 9*63 -( (+& 3-*$+
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∫
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A(k) exp [iφ(k)]e2iπk.rdk.
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φ(−k) = −φ(k)
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(& -36#9 (2+#*2

n
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β = 2, 0

β = 2, 5

β = 3, 0

β = 3, 5

β = 4, 0

β = 4, 5
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Φ
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[0, 2π[
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Φ(c1 − i1, . . . , cn − in) = −Φ(c1 + i1, . . . , cn + in).V2 )3$&#10-#($ %
Φ(c1, . . . , cn) = Φ(0) = 0

? F*&*2+ 50( )*0$ 02( 6#9 (2+#*2
k
1*9)*$&32& 02 2*9,$( )3#$6( )*#2&+ % -3 6#++.9 2&$#( 62: ; $(9 3$502( +( $(&$*04( 632+ -( &3, -(30

Φ
? W2 1*9,#2( 3-*$+ 1( 6($2#($ 34(1- 139)-#&06( � 6( 9 32#3$( ; *,&(2#$ 02 &3, -(30 1*9)-(8(

�̂
=

�
exp (iΦ)

+*#& % (8) -#1#&(9(2& �̂
(i1, . . . , in) =

�
(i1, . . . , in) exp [iΦ(i1, . . . , in)].
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�

(x1, x2) =
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u1=0

N2−1∑
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(u1, u2) exp
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2iπ
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u1x1

N1
+

u2x2

N2

)]

)(0& +( &$3#&($ 1*99( -3 &$32+/*$9 2( 6( �*0$#($ 6#+1$3&( #24($+( 02 #6#9 (2+#*22(--( % +(-*2 -3 6#$(1&#*2 < %6 102 1'39) 6272# +0$ 02 (+)31( '.,$#6( % (& 50# (+& -0 #79 N9( -3 &$32+/*$9 2( 6( �*0$#($ 6#+1$3&( #24($+(02 #6#9 (2+#*22(--( 6( �̂ +(-*2 -3 6#$(1&#*2 >%
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(u1, x2) =
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)
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Nk = 2pk + 1
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↓ ↓ ↓ ↓ ↓
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↓ ↓ ↓ ↓ ↓ ↓
uk : 0 u0

k . . . (pk − 1)u0
k uc

k −(pk − 1)u0
k . . . −u0
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!- 1*24#(2& 6( $(9 3$50($ 50( % 632+ - 1(8) 2$#(21( 60 9*04(9 (2& ,$*�2#(2 % -3 5$326(0$ )'.+#50( 9*62 -#+2()3$ 02 )$*1(++0 + 6( � #(2($ (+& -3 )*+#&#*2 6( -3 )3$&#10-( (2 9*04(9 (2& ? W $ % ,#(2 (2&(260 % 6 130&$(+5$326(0$+ 3&&31'2(+ ; 1(&&( )3$&#10-( ) (04(2& N&$( 1*2+#62$2(+ % (2 )3$&#10-#($ +3 4#&(++( ? !- (+& 24#6(2& %1*9)&( &(20 6( -3 1*9)$2'(2+#*2 )'.+#50( 50( 2*0+ 34*2+ 6( 1( )'22*9 32( % 50( - 124*-0&#*2 6( -3 4#&(++( 6(-3 )3$&#10-( 30 1*0$+ 60 &(9)+ % 2*&2(

v(t)
% (+& 02 )$* 1(++0+ +&* 1'3+&#50( % 30 9 N9( &#&$( 50( -3 )*+#&#*2

r(t)
%)0 #+50 1(--( +0,#& 6(+ 24*-0&#*2+ 3-23&*#$(+ 60 /3#& 6(+ 1*--#+#*2 + 34(1 -(+ 9 *-210-(+ 60 E0#6( ? 0( )$* 1(++0+9*62 -#+32& -3 4#&(++( (+& 3))(-2 )$* 1(++0+ 6( W $2 +&(#27Y'-(2,(1� % (& #- (+& � 	 >�?>� 6#C2$(2& 6 102 )$* 1(++0+6( � #(2($ I<3)*0-#+ % >K��M ? V2 )3$&#10-#($ % -3 43$#321( 6 102 )$* 1(++0+ 6( W $2+&(#2 7Y'-(2,(1� (+& 1*2+&32&( %&326#+ 50( 1(--( 6 102 )$* 1(++0+ 6( � #(2($ 62)(26 -#223#$(9 (2& 60 &(9)+ ? 03 $3#+*2 )*0$ -350(--( *2 432&06#($ 1(+ )$* 1(++0+ % (& -(+ 2503&#*2+ 50# + 1. $3&&31'(2& % 3))(-2(+ 2503&#*2+ 6( 0325(4#2 (& 6( �*��($7< -321� % (+& 50 1#-+ 2*0+ ) ($9 (&&$*2& 6 13,*$6($ % 632+ -3 6($2 #3$( )3$&#( % -( )$*,-39( 60 &$32+/($& $36#3&#/ (29 #-#(08 1*9)-(8(+ ?

� ����O �Q R'- � �)S. -,!+" ,) & S -+ � ," !! S ��& '+(" ,$� - *()� &, && 
� ����O �+ �%�+" ,) & S." (R ,&,!" S� R)�� R &"
90 1'3)#&$( � ��% 2*0+ 2 134*2+ /3#& 50 1(� (0$($ -3 9*62 -#+3&#*2 )'.+#50( 60 9*04(9 (2& ,$*�2#(2 )*0$ 2*0+1*21(2&$($ +0$ -(+ )$*)$#2&2+ +&3&#+&#50(+ 6(+ &$3: (1&*#$(+ 30850(--(+ #- 6*22( 23#++321( ? !1# % 2*0+ 3--*2+ 6*21- 12&06#($ )-0+ (2 62&3#- 372 6 1*,&(2#$ 02( 2503&#*2 % 6#&( 2503&#*2 6( 0325(4#2 % $25#++32& - 124*-0&#*2 6( -34#&(++( 6( -3 )3$&#10-( 2&06#2( ? <*0$ +#9)-#7($ % *2 1*2+#62$($3 02 9*04(9 (2& 02#6#9(2+#*22(- ? "# - 1*2*,+($4( 02( )3$&#10-( 6( 9 3++(

m
#99($52( 632+ 02 E0#6( % 1( 6($2#($ (8($1( +0$ (--( 02( /*$1( 6( /$#1&#*2

F = −αv
% )$*)*$&#*22(--( ; -3 4#&(++(

v
6( -3 )3$&#10 -( (& 6( +(2+ 1*2&$3#$( % +(-*2 -3 -* # 6( "&*�(+ % -(1*(8 1#(2& 6( )$*)*$&#*223-#&2

α
62)(2632& 2*&399(2& 6( -3 4#+1*+#&2 60 E0#6( % 3#2 +# 50( 6( -3 &3#--( (&6( -3 52*9 2&$#( 6( -3 )3$&#10-( ? 0 12503&#*2 60 9*04(9 (2& 6( -3 )3$&#10-( )$(26 3-*$+ -3 /*$9(

dv

dt
+ γv = 0,

*�
γ =

α

m
=

1

τr

(+& - 139*$&#++(9 (2&
.

�<:�
03 4#&(++(

v
6( -3 )3$&#10 -( % +# (--( (+& 2*2 20--( 30 62)3$& % 621$*6& 3-*$+ (8)*2(2&#(--(9 (2& % 34(1 02(1*2+&32& 6( &(9)+ 253-( ;

τr
% 50 1*2 2*99( &(9)+ 6( $(-383&#*2 %

v(t) = v0e
−t/τr .

�<��
<'.+#50(9(2& % 1(&&( 2503&#*2 +( 1*9)$(26 (2 +( 750$32& 50( -(+ 1*--#+#*2 + 34(1 -(+ 9 *-210-(+ 60 E0#6($3-(2&#++(2& -3 )3$&#10-( % 1( 50# ) ($9 (& 02 &$32+/($& 6( 5032&#&2 6( 9*04(9 (2& ? D(-0#71# 3,*0&#& ; 1( 50(-3 4#&(++( 6( -3 )3$&#10-( +*#& �� � �� 253-( ; -3 4#&(++( 9*.(22( 6(+ 9*-210-(+ 60 E0#6( % 50# (+& 20--( ?D()(2632& % 1(& 2&3& 6( $()*+ 2&32& +0))*+2 3&&(#2& % *2 #9 35#2( ,#(2 50( +# -3 9 3++(

m
2 1(+& )3+ &$3+5$326( 6(432& 1(--( 6(+ 9*-210 -(+ 60 E0#6( % &*0&( 1*--#+#*2 0-&2$#(0$( $2+0-&($3 (2 02( 4#&(++(

v
2*2 20--( %)0 #+50( -(+ 4#&(++(+ 6(+ 9*-210-(+ #26#4#60(--(+ 2( +*2& )3+ 20--(+ ; &*0& #2+&32& ? V2 $(4321'( % +# -3 )3$&#10 -(
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(+& &$3+ 9 3++#4( % &*0&(+ -(+ 1*--#+#*2+ 30$*2& 02 (C(& 225-#5(3,-( % 50# 6( ) -0+ +($3 9*.(222 632+ -(+ 6(086#$(1&#*2+ % 6( +*$&( 50( - 12503&#*2 �<�� +($3 3-*$+ 43-3,-( ?
� ����O �* �%�+" ,) & !") $T+!" ,%� S� R)�� R &"
V2 /3#& % -( &'2*$39( 6 1250#)3$&#&#*2 )$24*#& 50 1; - 1250#-#,$( ; -3 &(9)2$3&0$(

T
% (& ; 02( 6#9(2+#*2 % - 122($5#(1#22&#50( 9*.(22( 6( -3 )3$&#10-( 6*#& N&$( 253-( ;

kBT/2
% (& *2 6*#& 6*21 34*#$

lim
t→∞

E{v2(t)} = σ2
th

*�
σth =

√
kBT

m

(+& -3 4#&(++( 6 135#&3&#*2 &'($9 #50( ? �<L�
D(&&( 1*26#&#*2 (+& 3-*$+ 1*2&$36#1&*#$( 34(1 -3 -#9 #&( 20 --( 6( - 12503&#*2 �<�� % +30/ +# -3 4#&(++( 62&($9 #2#+&(
v
(+& 5$326( 6(432& -3 4#&(++( 6 135#&3&#*2 &'($9 #50(

σth
% 1( 50# 3 -#(0 )*0$ 6(+ )3$&#10 -(+ +08 +399(2&9 3++#4(+ ?

90 1*2&$3#$( % ) *0$ 02( )(&#&( )3$&#10-( % 1(&&( 4#&(++( 6 135#&3&#*2 &'($9 #50( 6(4#(2& *,+($43,-( F931$*7+1*)#50(9 (2&G % 30 +(2+ *� (--( (+& 60 9 N9( *$6$( 6( 5$326(0$ 50( -3 4#&(++( 62&($9 #2 #+&( 621$#&( )3$- 12503&#*2 �<: � ? Z3+ -*$+ % #- (+& (81-0 50( -3 4#&(++(
v
6( -3 )3$&#10-( )0 #++( N&$( 621$#&( 1*$$(1&(9 (2& )3$1(&&( 2503&#*2 6#C2$(2&#(--( '*9*532( % )0 #+50( 1(--(71# (2&$( (2 1*2&$36#1&#*2 6( 9 32#3$( &$*) E35$32&(34(1 -3 1*26#&#*2 6 1250#)3$&#&#*2 �<L� ? Z32+ -( 13+ #2&($9 26#3#$( *� -3 9 3++(

m
(+& (21*$( $(-3&#4(9 (2&5$326( 6(432& 1(--( 6(+ 9*-210-(+ 60 E0#6( % *2 + 13&&(26 1() (2632& ; 1( 50( �<:� $(+&( 3))$*8 #9 3&#4(9 (2&43-3, -( % +# *2 -3 9*6#7( )*0$ 50( -3 1*26#&#*2 �<L� +*#& $(9)-#( ? W2 . )3$4#(2& (2 3:*0&32& 02( /*$1(E01&032&(

Γ(t)
% 6( +*$&( 50( - 12503&#*2 6 124*-0&#*2 6( -3 4#&(++( + 121$#&

dv

dt
+ γv = Γ(t).

�<��
D(&&( 2503&#*2 (+& -3 /*$9 ( -3 ) -0+ +#9)-( 6 102( 2503&#*2 6( 0325(4#2 ?

Γ(t)
(+& 6( 9 N9( 3))(-2( /*$1(6( 0325(4#2 ?  &32& 6*222(+ -(+ $(93$50(+ /3#&(+ )-0+ '30& % 1(--(71# 6*#& + 1#2&($)$2&($ 3#2+# � &32& 50( -3)3$&#10-( (+& &$3+ 9 3++#4( % 02( 1*--#+#*2 02#50( 2( 9*6#7( )3+ +(2+#, -(9(2& -( 9*04(9 (2& % (& - 1(C(& 2 1(+&+(2+#,-( 50( 1*--(1&#4(9 (2& % 1*99( 02( /$#1&#*2 ? <*0$ 6( )-0+ ) (&#&(+ )3$&#10 -(+ % 1'350( 1*--#+#*2 1*99(21(; +( /3#$( +(2&#$ (& -3 4#&(++(

v
+0,#& )3$ 1*2+250(2& 6(+ 43$#3&#*2+ ,$0+50(+ ? !- (8 #+&( &*0:*0$+ 02 &($9 (1*--(1&#/

F
% 9 3#+ #- 6(4#(2& #9) 2$3&#/ 6( 2( )-0 + 225-#5($ -(+ (C(&+ #26#4#60(-+ % 50 1*2 9*62 -#+( )3$ 02( /*$1(+&* 1'3+&#50(

mΓ(t)
? 0(+ )$*)$#2&2+ 6( 1(&&( /*$1( 2( ) (04(2& N&$( 1*220(+ 6( 9 32#3$( 62&($9 #2#+&( % 13$#- /306$3#& )*0$ 1(-3 2*2 +(0-(9 (2& )*04*#$ $2+*06$( -(+ 2503&#*2+ 60 9*04(9 (2& 1*0)-2(+ 6(+ 50(-50(

1023 9*-210-(+ 1*2&(20(+ 632+ -( E0#6( % 9 3#+ 253-(9 (2& 1*2236&$( 34(1 (831&#&06( -(0$+ )*+#&#*2+ (& 4#&(++(+#2#&#3-(+ ? !- + 1(2+0#& 50( &*0&(+ -(+ 5$326(0$+ 3++* 1#2(+ 30 E0#6( 2( ) (04(2& N&$( 1*220(+ 50( +&3&#+&#50(9 (2& %(& 6*#4(2& N&$( 6260#&(+ 6( - 12503&#*2 �<�� )3$ -( ,#3#+ 6(+ )$*)$#2&2+ 60 )$* 1(++0+
Γ(t)

?
� ����O �$ " () '(,.".! S -+ �)($ S �+&� � ,&
D(+ 6($2#3$(+ )(04(2& +( 6260#$( 6(+ '.)*&'3+(+ 60 9*63 -( ? !- (+& &*0& 6 13,*$6 9 32#/(+&( 50( - 1(C(& 5-*,3-6(+ 1*--#+#*2+ (+& 1*9)$#+ 632+ -( &($9 ( 6( /$#1&#*2 % (& 50( )3$ 1*2+250(2& -3 9*.(22( 6(

Γ(t)
(+& 20 --( % +* #&

E{Γ(t)} = 0
? W2 )(0& 6 13#--(0$+ $(9 3$50($ 50( - 13+.9 2&$#( 60 )$*,-39( (+& (2&#3$(9 (2& 60( ; -3 4#&(++(#2#&#3-(

v0
(& 50( -( &$32+/($& 6( 5032&#&2 6( 9*04(9 (2& 9*62 -#+2 )3$ -3 /*$1( 6( /$#1&#*2 &(26 ; $2&3,-#$ -3+.9 2&$#( ? \ - 1250#-#,$( % -(+ 1*--#+#*2+ #26#4#60(--(+ *2& 02 (C(& 6( 9*.(22( 20--( ?

Z 130&$( )3$& % #- +(9,-( $3#+*223,-( 6( ) (2+($ 50( 6(08 1*--#+#*2+ (2&$( -3 )3$&#10-( (& -(+ 9 *-210-(+ 60 E0#6(+*2& #262)(2632&(+ - 102( 6( - 130&$( ? 0( )$*60#& 6( 6(08 /*$1(+ 6( 0325(4#2 )$#+(+ ; 6(+ #2+&32&+ 6#C2$(2&+
t
(&

t + τ
6*#& 6*21 (2 9*.(22( N&$( 20- +#

τ
(+& 5$326 6(432& -3 60$2(

τc
6 102( 1*--#+#*2 % 1( 50 1*2 21$#$324#6(99(2& (2 &($9 ( 6( /*21&#*2 6 130&* 1*$$2 -3&#*2 %

AΓ(τ) = E{Γ(t)Γ(t+τ)} = 0
? Z( )-0+ % 1*99( -3 60$2(6 102( 1*--#+#*2 (+& ,(301*0) )-0+ ) (&#&( 50( -( &(9)+ 6( $(-383&#*2

τr
% 60 /3#& 9 N9( 50( 1( 6($2#($ (+& -#2; - 124*-0&#*2 6( -3 4#&(++( +*0+ - 1(C(& 6 102 5$326 2*9,$( 6( 1*--#+#*2+ % *2 )(0& /3#$( - 13))$*8 #9 3&#*2 50(

τc&(26 4($+ �2$* ? W2 +0))*+($3 6*21 50 1(2 /3#&
AΓ(τ) = qδ(τ)

% -3 /*21&#*2 6( Z #$31 3))3$3#++32& )*0$ 3++0$($-3 72#&06( 6( - 122($5#( 1#22&#50( 9*.(22( 6( -3 )3$&#10-( % 6*2& -3 43-(0$ (+& -#2( ; -3 1*2+&32&(
q
% 1*99(*2 -( 4($$3 ? W2 +0))*+( (2 /3#& 1*0$399(2& 50(

Γ(t)
(+& 02 )$* 1(++0+ 530++#(2

δ
71*$$2 -2 % 1 1(+&7;76#$( 50(-3 /*21&#*2 6( 6#+&$#,0&#*2 6( 1'350( 43$#3, -( 3-23&*#$(

Γ(t)
(+& 02( 530++#(22( 1(2&$2( (2 �2$* % (& 50 1(2 1(
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50# 1*21($2( -(+ 1*$$2 -3&#*2+ 308 6#C2$(2&+ *$6$(+ % *2 3
E {Γ(t1) . . . Γ(t2n−1)} = 0

(&
E {Γ(t1) . . .Γ(t2n)} = qn

[
∑

Pn

δ(ti1 − ti2) . . . δ(ti2n−1 − ti2n
)

]
,

*� -3 +*99( (+& (C(1&02( +0$ - 1(2+(9,-(
Pn

6(+
(2n)!/(2nn!)

)($90&3&#*2+ 6(
(1, 2, . . . , 2n)

2( -3#++32& )3+#243$#32& -( )$*60#& 6(+ 6#+&$#,0&#*2+ 6( Z #$31X ?
� ����O �S �%�+" ,) & S �.�) -�" ,) & S -+ S &! ,". S '()*+*,-,". S -+ � ," !! 
03 /*$1( 6( 0325(4#2

Γ(t)
2&32& +&*1'3+&#50( % - 12503&#*2 �<�� % 621$#432& - 124*-0&#*2 6( -3 4#&(++(

v
6( -3)3$&#10-( ,$*�2#(22( +*0+ - 1(C(& 6(+ 1*--#+#*2+ 34(1 -(+ 9 *-210-(+ 60 E0#6( % - 1(+& 253-(9 (2& ? W2 6*#& 6*214*#$

v
1*99( 02 )$*1(++0 + +&* 1'3+&#50( % (& *2 )(0& -0# 3))-#50($ -(+ 9 2&'*6(+ #2&$*60#&(+ 30 1'3)#&$( � ?V2 )3$&#10-#($ % *2 )(0& +( 6(9326($ 50(--( (+& -3 )$*,3,#-#&2 6 134*#$ % ; - 1#2+&32&

t
% 02( 4#&(++(

v
;

dv
)$3+ %*0 6( 9 32#3$( 250#43-(2&( % 50(--( (+& -3 6(2+#&2 6( )$*,3,#-#&2

Wv(v; t)
6( -3 4#&(++( ? D(&&( 2*&3&#*2 $3))(--(50( % , #(2 (2&(260 % 1(&&( 6#+&$#,0&#*2 62)(26 60 &(9)+ % (& *2 $(9 3$50( 50 1(--( 6*#& 30++# 62)(26$( % � 	 >�?>�%6( -3 6#+&$#,0&#*2 #2#&#3-(

Wv(v; 0)
? W2 9*2&$($3 632+ -3 +0#&( 50( 1(&&( 6#+&$#,0&#*2 *, 2 #& ; 02( 2503&#*2308 62$#42(+ )3$&#(--(+ %

∂Wv

∂t
= γ

∂(vWv)

∂v
+ γ

kBT

m

∂2Wv

∂v2

50# (+& 02( 2503&#*2 6#&( 6( �*��($7< -321� ? �<;�
D(--(71# )(0& &'2*$#50(9 (2& +( $2+*06$( ; )3$&#$ 6( -3 1*26#&#*2 #2#&#3-(

Wv(v; 0)
(& 6(+ 1*26#&#*2+ 308-#9 #&(+ )*0$ |v| → ∞ ? Y2( /*#+ -3 6#+&$#,0&#*2 6( -3 4#&(++( 1*220( % *2 )(0& (2 6260#$( &*0&(+ -(+ 5032&#&2+62)(2632& (81-0+#4(9 (2& 6( -3 4#&(++( % 6 13)$3+ 1( 50# 3 2&2 6#& 30 �� ?� ?� ? Z ( 9 32#3$( 5222$3-( % -(+ 2503&#*2+6( �*��($7< -321� 6*22(2& - 12503&#*2 6 124*-0&#*2 6( -3 6(2+#&2 6( )$*,3,#-#&2 6 102 (2+(9,-( 6( 43$#3,-(++&* 1'3+&#50(+ 6*2& - 124*-0&#*2 (+& $25#( )3$ 6(+ 2503&#*2+ 6( 0325(4#2 � ?

� ����O � �) -�" ,) & S -�.%�+" ,) & S �+&� � ,&
W2 )(0& $2+*06$( % &*0& 30 9*#2+ /*$9 (--(9(2& % - 12503&#*2 6( 0325(4#2 �<�� % (2 0&#-#+32& -3 9 2&'*6( 6(43$#3&#*2 6( -3 1*2+&32&( ? 03 +*-0&#*2 6( - 12503&#*2 '*9*532( 3++* 1#2( �<:� 2&32& 6*222( )3$ �<�� % *21'($1'( -3 +*-0&#*2 6( - 12503&#*2 1*9)-3&( +*0+ -3 /*$9 (
v(t) = c(t)e−γt 6 1*� dc

dt
= Γ(t)eγt (& 6*21

v(t) = v0e
−γt +

∫ t

0

Γ(t′)e−γ(t−t′)dt′.
�<��

D(&&( /*$9 ( )(0& N&$( 9 #+( ; )$*7& )*0$ 13-10 -($ -3 /*21&#*2 6 130&* 1*$$2 -3&#*2 6( -3 4#&(++(
Av(t1, t2) = E{v(t1)v(t2)} = v2

0e−γ(t1+t2) + q

∫ t1

0

dt′1

∫ t2

0

dt′2δ(t
′
1 − t′2)e

−γ(t1+t2−t′1−t′2),

*� - 1*2 3 0&#-#+2 -(+ )$*)$#2&2+ 6( -3 /*$1( 6( 0325(4#2 &(--(+ 50( 621$#&(+ 30 � ���?� ?� ? 0 1#2&25$3-( 6*0,-( +(13-10-( +32+ 6#8 10-&2 (& - 1*2 *,&#(2& 723-(9 (2&
Av(t1, t2) = v2

0e
−γ(t1+t2) +

q

2γ

[
e−γ|t2−t1| − e−γ(t1+t2)

] 50# 6*22(
Av(t1, t2) '

q

2γ
e−γ|t1−t2|

308 &(9)+ -*25+ �
γt1 � 1

(&
γt2 � 1

� % 1 1(+&7;76#$( -*$+50( -( +.+&39( 3 3&&(#2& - 12&3& +&3&#*223#$( ? 03/*21&#*2 6 130&* 1*$$2 -3&#*2 2( 62)(26 )-0+ 3-*$+ 50( 6( - 1#2&($43--( 6( &(9)+
τ = |t2− t1|

? Z 32+ 1(&&( -#9 #&( %*2 )(0& 253-(9(2& 21$#$( - 122($5#( 1#22&#50( 9*.(22( 6( -3 )3$&#10-(
E{ec} =

1

2
mE

{
v2
}

=
1

2
mAv(0) =

qm

4γ
=

kBT

2

6 1*� -( /31&(0$ 6( 2*$9 3-#+3&#*2
q =

2γkBT

m
.

]�dc b
boigb � i`fc
n = 2

� gbh i bcofadak`_h
(1, 2, 3, 4)

�
(2, 1, 3, 4)

ba
(3, 4, 1, 2)

n`__d_a gb o �ob ic`nfka nb nkhackjfak`_hnb
�
kcdm � bggbh _b h`_a m`oialbh ef 	f_b �`kh r 
b _`ojcb a`adg nb mbh i bcofadak`_h nkhak_mabh bha n`_m l�dg df _`ojcb a`adgnb i bcofadak`_h hd_h cbhackmak`_ � h`ka

(2n)!
� nk� khl idc gb _`ojcb

n!
nb i bcofadak`_h lm�d_�bd_a f_b nbh

n
nkhackjfak`_h nb

�
kcdm d�bm f_b dfacb � ba idc gb _`ojcb nb ibcofadak`_h lm�d_�bd_a gbh nbf
 dc�fob_ah n 	f_b o �ob nkhackjfak`_ � h`ka

2n
�n 	`� gd cbgdak`_ �dcn

(Pn) = (2n)!/(2nn!) r	�`a`_h ef 	kg b
 khab n 	dfacbh a	ibh n 	lefdak`_h nlmck�d_a g 	l�`gfak`_ nbh nb_hkalh nb ic`jdjkgkal nb �dckdjgbh ha` m�dhakefbh r^_ ib_hb _`adoob_a � g 	lefdak`_ nb �`ga�od__ `f � g 	lefdak`_ o d�acbhhb r
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0*$+50( -( $25#9 ( )($9 32(2& (+& 3&&(#2& % -( )$(9 #($ &($9 ( 6( -3 +*-0&#*2 /*$9(--( �<�� + 13220-( (& 1(--(71#) (0& 3-*$+ + 121$#$( % (2 (C(1&032& -( 1'325(9 (2& 6( 43$#3,-(

τ = t − t′
%

v(t) =

∫ t

0

e−γτΓ(t − τ)dτ '
∫ ∞

0

e−γτΓ(t − τ)dτ
(2 $3))(-32& 50 1*2 +( ) -31( ;

t � 1

γ

<*0$ 13-10-($ -3 6#+&$#,0&#*2 6(+ 4#&(++(+ % *2 )(0& 13-10-($ -(+ 9 *9(2&+ 6( -3 4#&(++(
µ′

k
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∫ ∞

0

. . .

∫ ∞

0
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−γ
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τi
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E
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i=1

Γ(t − τi)

}
k∏

i=1

dτi,
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µ′

2n+1

+*2& 20-+ ? Z 130&$( )3$& % -(+ 9 *9(2&+ 6 1*$6$( )3#$
µ′

2n)(04(2& N&$( (8)$#9 2+ +#9)-(9 (2& (2 $(9 3$5032& 50 1*2 )(0& /31&*$#+($ -(+ #2&25$3-(+
2n

76#9 (2+#*22(--(+(2 02 )$*60#& 6(
n
#2&25$3-(+ 6*0,-(+ #6(2&#50(+ % +* #&
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2n+1 = 0

(&
µ′
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[∫ ∞

0

∫ ∞
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2nn!
E
{
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}n

=
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m

)n
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Z
(+& 3-*$+ 02( 530++#(22( % 1( 50 1#- (+& 3#+2 6( 629*2&$($ % (2 #2+2$32& +#9)-(9 (2&- 1(8)$(++#*2 6(+ 9*9(2&+ 632+ -3 6272#&#*2 �;� ? 03 6#+&$#,0&#*2 6(+ 4#&(++(+ 632+ -( $25#9( +&3&#*223#$( %*,&(20( )3$ &$32+/*$9 3&#*2 6( �*0$#($ 6(

Z
% (+& 253-(9 (2& 02( 530++#(22( % (& *2 $(&$*04( (2 /3#& -36#+&$#,0&#*2 6( H 38�(--7�*-&�9322 %

Wv(v) =
1√

2πσth

exp

(
− v2

2σ2
th

)
,

50# (+& +*-0&#*2 6( - 12503&#*2 +&3&#*223#$( 3++* 1#2( ; �<;� ?
&(9 3$50*2+ 50( 1(& (8(9)-( (+& )3$&#10-#3$(9 (2& +#9)-( % )0#+50( - 12503&#*2 6( 0325(4#2 $25#++32& -34#&(++( (+& 02#6#9(2+#*22(--( % -#223#$( % (& ; 1*(8 1#(2&+ 1*2+&32&+ ? D 1(+& 3#2 +# 50 1*2 )(0& 13-10-($ 6#$(1&(9 (2&-3 /*$9 ( 6(

v(t)
% 3#2+# 50( -3 6#+&$#,0&#*2 6(+ 4#&(++(+

Wv
632+ - 12&3& +&3&#*223#$( ? Z 32+ -(+ 13+ )-0+ 5222$30850( - 1*2 43 3,*$6($ 632+ -3 +0 #&( % #- /30& ,#(2 4*#$ 50( - 1*2 )3$& 6 102( *0 6( )-0+#(0$+ 2503&#*2+ 6( 0325(4#2)*0$ *,&(2#$ 02( 2503&#*2 6( �*��($7< -321� )*$&32& +0$ -3 6(2+#&2 6( )$*,3,#-#&2

W
6(+ 43$#3,-(+ 2&06#2(+ %(& 50( 1 1(+& (2 $2+*-432& 1(&&( 2503&#*2 50 1*2 *,&#(2& -(+ )$*)$#2&2+ 6( -3 6#+&$#,0&#*2 ?

� ����� %.� -) '' R &" S � (+R (!#�)�+ -
� ����� �+ � $+! �&,S ,R &! ,) && -
W2 1*2+#63$( #1# 02 )$* 1(++0+ +&* 1'3+&#50( 50(-1*250( % 2*&2

X
? \ 1'350( #2+&32& % -3 43$#3,-( 3-23&*#$(

X(t)(+& 6#+&$#,02( +(-*2 02( 6(2+#&2 6( )$*,3,#-#&2
W (x; t)

% (& -(+ 6#+&$#,0&#*2+ ; 6(08 #2+&32&+
t
(&

t′
)(04(2&N&$( $(-#2(+ (2&$( (--(+ )3$

W (x′; t′) =

∫
P (x′; t′|x; t)W (x; t)dx,

�<K�
*�

P (x′; t′|x; t)
(+& -3 )$*,3,#-#&2 50( -( )$* 1(++0+ )3++( 6( -3 43-(0$

x
; - 1#2+&32&

t
; -3 43-(0$

x′ ; - 1#2+&32&
t′
? <0#+50( 1( 50# 2*0+ #2&2$(++( (+& - 124*-0&#*2 6( -3 6#+&$#,0&#*2

W
30 1*0$+ 60 &(9)+ % #- 1*24#(2& 6( +() (21'($ +0$ 1(&&( )$*,3,#-#&2 6( &$32+#&#*2

P
% ) *0$ 6(+ #2&($43--(+ 6( &(9)+ 1*0$&+� ? W2 )(0& 9*2&$($ % ;)3$&#$ 6 102 624(-*))(9(2& 6( �3.-*$ 6(

P
50( -3 43$#3&#*2 6( -3 6#+&$#,0&#*2

W
)(2632& - 1#2&($43--( 6(&(9)+

τ
+ 121$#& I& #+�(2 % >K�KM

W (x; t + τ) − W (x; t) =
∑

n>1

1

n!

(
− ∂

∂x

)n

[Mn(x, t, τ)W (x; t)] ,
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Mn(x, t, τ)

+*2& -(+ 9 *9(2&+ +011(++#/+ 6(+ #21$29(2&+ 60 )$* 1(++0+
X
(2&$(

t
(&

t + τ
% 1*26#&#*222+; - 1253-#&2

X(t) = x
% +*#& % 6( 932#3$( (8)-#1#&( %

Mn(x, t, τ) =

∫
(x′ − x)nP (x′; t + τ |x; t)dx′.

0 12&3) ( +0#432&( 1*2+#+&( ; +0))*+($ 50 1*2 )(0& 21$#$( 6(+ 624(-*))(9 (2&+ 6( �3.-*$ (2 )0#++321(+ 6(
τ
)*0$-(+ 9 *9(2&+

Mn
% 6( /34*2 ; )*04*#$ #6(2&#7($ - 1(8)$(++#*2 6( -3 62$#42( )3$&#(--( 6(

W
)3$ $3))*$& 30 &(9)+ ?
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τ = 0
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Mn

(+&)$21#+29(2& - 1*$6$( 02 ? W2 21$#& '3,#&0(--(9 (2& 1( $2+0 -&3& +*0+ -3 /*$9 (
Mn(x, t, τ) = n!Dn(x, t)τ +O(τ2)
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∂W

∂t
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∑

n>1

(
− ∂

∂x

)n

[Dn(x, t)W (x; t)] = KW .
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D(&&( 21$#&0$( (+& 3))(-2( 624(-*))(9(2& 6( U $39 ($+7H *.3- (& 6( 9 N9( -(+
Dn
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K
+*2& $(+) (1&#4(9 (2&-(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- (& - 1*) 2$3&(0$ 6( U $39($+7H *.3- % 6*2& *2 $(9 3$50( 50 1#- (+& -#223#$( ?F*&*2+ 50( +# -( )$* 1(++0+

X
(+& 9 3$�*4#(2 % 1 1(+&7;76#$( +# -3 )$*,3,#-#&2 6( &$32+#&#*2

P
2( 62)(26 50(6(+ 6(08 2&3&+ 1*2+#62$2+ % -(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- 2( 62)(26(2& (C(1&#4(9 (2& 50( 6( - 1#2+&32&

t
(& 6( -3 43$#3,-(

x
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W
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n
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m
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0 6 [(2n + m)!D2n+m]
2

6 (2n)!(2n + 2m)!D2nD2n+2m
*,&(20( ; )3$&#$ 6 102( #2253-#&2 6( "1'�3$�

.

9 #2+# % +#
D2

(+& 20 - % 3-*$+ &*0+ -(+ 1*(8 1#(2&+ 6 1*$6$( 6(08 *0 )-0+ +*2& 20-+ ? "# 1()(2632&
D2

2 1(+& )3+20- 9 3#+ 50(
D4

- 1(+& % 3-*$+
D3
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∂W

∂t
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∂x
[D1(x, t)W (x; t)] +

∂2

∂x2
[D2(x, t)W (x; t)] = FW .

0(+ 6(08 )$(9 #($+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- *2& 6*21 02 $� -( )3$&#10-#($ ; :*0($ (& *2 -(+ 2*99($(+)(1&#4(9 (2& 1*(8 1#(2& 6( 62$#4( )*0$ -( )$(9 #($ (& 1*(8 1#(2& 6( 6#C0+#*2 )*0$ -( +(1*26 ?
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W2 )$* 136( 6( -3 9 N9( 932#3$( 50( 632+ -( 13+ )-0+ +#9)-( 6 102( +(0-( 43$#3, -( ? "*#&
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p
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X(t)
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x
% (& -(0$ 6#+&$#,0&#*2 6( )$*,3,#-#&2

W (x; t)
3 -3 )$*)$#2&2 +0 #432&( %(831&(9 (2& +(9,-3, -( ; �<K� %

W (x′; t′) =

∫
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p
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P
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i1 − xi1

)
. . .
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x′
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P (x′, t + τ |x, t)dx′,
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? 0*$+50( - 1#2&($43--( 6( &(9)+
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&(26 4($+ �2$* % *2 )(0& 21$#$(1(+ 9*9(2&+ 1*99(
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W
%

∂W
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∂xi∂xj
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X
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p
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dX

dt
= h (X, t) + g (X, t)Γ(t),
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(&

gij
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X(t+ τ)−x

% 1( 50# ) ($9(& 6 1*,&(2#$ %) *0$ -(+ /*21&#*2+
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t
(&

t+τ
50# 2( /3#& #2&($4(2#$ 50( -(+ /*21&#*2+

h
(&

g
(& -(0$+ 62$#42(+ )3$&#(--(+ +011(++#4(+ )3$ $3))*$&; -3 )$(9 #3$( 43$#3,-( % )$#+(+ 308 )*#2&+

(x, t′)
% 3#2+# 50( -(+ /*$1(+ 6( 0325(4#2

Γ(t′)
? 0(+ )$*)$#2&2+ 6( 1(+6($2 #3$(+ % (2 &($9 (+ 6( 9*.(22(+ 6 1(2+(9,-( % 4*2& ) ($9(&&$( 6( 62&($9 #2($ -(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- % 50 1*2 )(0& 21$#$( 1*99(

Dn(x, t) = lim
τ→0

1

n!

E {[X(t + τ) − x]n}
τ

.
�:��

V2 )3$&#10-#($ % -( 1*(8 1#(2& 6( 62$#4( (+& *,&(20 6( -3 932#3$( +0#432&( ? < $(232& +#9)-(9(2& -3 9*.(22(6( - 1#21$29(2& 60 )$* 1(++0+ % (& 0&#-#+32& -(+ )$*)$#2&2+ 6( -3 6#+&$#,0&#*2 6( Z #$31 % *2 3
E {X(t + τ) − x} =

∫ t+τ

t

h(x, t′)dt′ +

∫ t+τ

t

dt′
∂h

∂x
(x, t′)

∫ t′

t

dt′′h(x, t′′) + · · · +
∫ t+τ

t

dt′
∂g

∂x
(x, t′)g(x, t′) + · · ·

Z 32+ 1(&&( (8)$(++#*2 % -(+ #2&25$3-(+ 2*2 21$#&(+ % +# (--(+ 2 1*2& )3+ 62: ; 2&2 3220-2(+ )3$ -( 9*.(2235(� %/*2& #2&($4(2#$ 02 2*9,$( 6( /*21&#*2+
Γ
30 9*#2+ 253- ; 503&$( ? 0(+ )$*)$#2&2+ 6( 1*$$2 -3&#*2 6( 1(--(+71#/*2& 50( -( 1*9)*$&(9 (2& 6( 1(+ &($9(+ 308 )(&#&+ #2&($43--(+ 6( &(9)+ (+& 30 9 #(08 (2 O(τ2)

% 1( 50 1*2)(0& 1*9)$(26$( (2 1*2+#62$32& - 1(8)$(++#*2
E

{∫ t+τ

t

dt1Γ(t1)

∫ t1

t

dt2Γ(t2)

∫ t2

t

dt3Γ(t3)

∫ t3

t

dt4Γ(t4)

}
=

∫ t+τ

t

dt1

∫ t1

t

dt2

∫ t2

t

dt3

∫ t3

t

dt4 E {Γ(t1)Γ(t2)Γ(t3)Γ(t4)} .

D*223#++32& -(+ )$*)$#2&2+ 6(+ /*$1(+ 6( 0325(4#2 % *2 4*#& 50( 1(&&( #2&25$3-( 90-&#) -( )(0& +( 9 (&&$( +*0+-3 /*$9( 6( +*99( 6 1#2&25$3-(+ /3#+32& #2&($4(2#$ 02 )$*60#& 6( 6(08 6#+&$#,0&#*2+ 6( Z #$31 %
∫ t+τ

t

dt1

∫ t1

t

dt2

∫ t2

t

dt3

∫ t3

t

dt4 δ(t1 − t2)δ(t3 − t4) =
τ2

8

1( 50 1*2 9*2&$( )3$ #2&25$3&#*2+ +011(++#4(+
.

0(+ &($9 (+ 1*$$(+)*2632& 632+ - 121$#&0$( 60 )$(9 #($ 9*9(2& % 3#2+# 50( 1(08 6 1*$6$( )-0 + 2 -(42 % 6#+)37$3#++(2& 6*21 -*$+50 1*2 )$(26 -3 -#9 #&( �:�� ? Z 130&$( )3$& % -(+ &($9 (+ 2( 1*2&(232& )3+ 6( /*$1(+ 6( 0325(4#2
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m
(+& -( 2*9,$( 6 1#2&25$3-(+ 50 1#-+ 1*2&#(22(2& ? D 1(+& )3$ (8(9)-( -( 13+ 60 +(1*26 &($9 (60 9(9,$( 6( 6$*#&( 6( - 12503&#*2 6*2232& -( )$(9 #($ 9*9(2& ? 0 1(2+(9,-( 6( 1(+ 3$509 (2&+ ) (0& N&$(0&#-#+2 )*0$ 9*2&$($ 50( -(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- 3++* 1#2+ ; - 12503&#*2 6( 0325(4#2 2*27 -#223#$(; 02( 6#9 (2+#*2 +*2&

D1(x, t) = h(x, t) + g(x, t)
∂g

∂x
(x, t) D2(x, t) = g2(x, t)

(&
Dn(x, t) = 0

)*0$
n > 3,

1( 50# 9*2&$( 50( -3 6#+&$#,0&#*2 6( )$*,3,#-#&2
W (x; t)

*, 2 #& ; 02( 2503&#*2 6( �*��($7< -321� ?
��� ���
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03 62$#43&#*2 6(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- 632+ -( 13+ 6 102 (2+(9,-( 6(

p
)$*1(++0 + $25#+ )3$ -(+2503&#*2+ 6( 0325(4#2 �:<� +( /3#& 6 102( 9 32#3$( &*0& ; /3#& +(9,-3,-( ? W2 369(&&$3 50( % 632+ 1( 13+5222$3- % -(+ 1*(8 1#(2&+ 6 1*$6$( 30 9*#2+ 253- ; &$*#+ +*2& 20-+ % (& *2 +( 1*2&(2&($3 6( 62&($9 #2($ -( 4(1&(0$6( 62$#4( (& -( &(2+(0$ 6( 6#C0+#*2 % (2 )3$&32& 6( - 121$#&0$( #2&25$3-(

X(t + τ) − x =

∫ t+τ

t

{h [X(t′), t′] + g [X(t′), t′]Γ(t′)} dt′,

-( )*#2&
x
2&32& -3 43-(0$ )$#+( )3$ -( )$* 1(++0+

X
; - 1#2+&32&

t
? W2 #2+3$( (2+0 #&( 632+ 1(&&( (8)$(++#*2 -(+624(-*))(9 (2&+ 6(+ /*21&#*2+

h
(&

g
)3$ $3))*$& ; -3 )$(9 #3$( 43$#3,-( % 30 4*#+#235( 6(

x
%

h [X(t′), t′] = h (x, t′) + {[X(t′) − x] .∇x} .h (x, t′) + · · · (& 6( 9 N9( )*0$ -3 /*21&#*2
g.

W2 3 #2&$*60#& #1# - 1*) 2$3&(0$ 4(1&*$#(- F23,-3G %
∇x

% 6*2& -(+ 1*9)*+32&(+ +*2& -(+ 62$#42(+ )3$&#(--(+ )3$$3))*$& 308 1*9)*+32&(+ 6(
x
? D*99( 632+ -( 13+ 02#6#9 (2+#*22(- % *2 6*#& 3-*$+ $(9)-31($ #&2$3&#4(9(2& %)3$ -3 9 N9( 9 2&'*6( % -(+ #21$29(2&+ #2&($9 26#3#$(+

X(t′)−x
50# +*2& 3))3$0+ ? 0(+ 3$509 (2&+ 62: ; 0&#-#+2+3-*$+ )*0$ 2 -#9 #2($ 02 5$326 2*9,$( 6( &($9 (+ 6(+ 9*9(2&+ 6 1*$6$( 02 (& 6(08 $(+&(2& 43-3,-(+ % ,#(2 50(-(+ 2*&3&#*2+ 6(4#(22(2& 02 )(0 -*0$6(+ ? W2 *,&#(2& 3#2+# - 1(8)$(++#*2 6(+ 1*(8 1#(2&+ 6( U $39($+7H *.3-6 1*$6$( 02 (& 6(08 I& #+�(2 % >K�KM %

Di(x, t) = hi(x, t) +

p∑

j=1

p∑

k=1

gkj(x, t)
∂gij

∂xk
(x, t)

(&
Di,j(x, t) =

p∑

k=1

gik(x, t)gjk(x, t) ,
�:L�

&*0+ -(+ 1*(8 1#(2&+ 6 1*$6$( &$*#+ (& )-0+ 2&32& 20-+ ? 0(+ )$*1(++0 + 6*2& - 124*-0&#*2 (+& $25#( )3$ 02( 2503&#*26( 0325(4#2 *2& 6*21 02( 6(2+#&2 6( )$*,3,#-#&2 50# +0#& 02( 2503&#*2 6( �*��($7< -321� % -(+ 1*(8 1#(2&+6( 1(--(71# 2&32& 6*222+ )3$ -(+ (8)$(++#*2+ 1#76(++0+ ?
� ����� �$ � ! '() $ !!�! S �� (&!" ,&#�T- &* $�
#�$%	
 	
% �
 �
 ��
	
% �
������
Y2 13+ )3$&#10-#($ 50# 2*0+ #2&2$(++($3 632+ -3 +0#&( (+& 1(-0# 6(+ )$* 1(++0+ 6 1W $2 +&(#27Y'-(2,(1� % 6*2&- 124*-0&#*2 (+& 5*04($22( )3$ 02( 2503&#*2 6( 0325(4#2 -#223#$( % ; 1*(8 1#(2&+ 1*2+&32&+ (& #262)(2632&+6( -3 43-(0$ 60 )$* 1(++0+ ? < -0+ )$21#+29(2& % -( )$* 1(++0+

p
76#9 (2+#*22(-

X = (X1, . . . , Xp)
(+& 62&($9 #22)3$ - 1(2+(9,-( 6 12503&#*2+ 6#C2$(2&#(--(+ +0#432& %

dX

dt
= −γX + Γ(t)

+*#& % (8) -#1#&(9(2& % dXi

dt
= −

p∑

j=1

γijXj + Γi(t),
�:��

1( 50# $(4#(2& ; )$(26$(
h(X, t) = −γX

6 102( )3$& (&
g(X, t) = 1

6 130&$( )3$& ? W2 4*#& 1-3#$(9 (2& 50(-3 4#&(++( 6 102( )3$&#10-( ,$*�2#(22( % 632+ -( 9*63 -( 621$#& )3$ - 12503&#*2 �<�� (+& 3#2+# 02 )$* 1(++0+6 1W $2+&(#27Y'-(2,(1� ? Z 32+ 1( 13+ )3$&#10-#($ % *2 )(0& 62&($9 #2($ % 30 9*#2+ /*$9 (--(9(2& % -(+ +*-0&#*2+6( �:� � +3&#+/3#+32& ; 02 : (0 6( 1*26#&#*2+ #2#&#3-(+
X(0) = x

? W2 )$*136( 6( 9 32#3$( 1-3++#50( % (2 6(082&3) (+ ? �*0& 6 13,*$6 % -3 +*-0&#*2 5222$3-(
X0(t)

60 +.+&39( -#223#$( '*9*532( 3++* 1#2 + 121$#& 1*99(
X0(t) = G(t)x,

*� -3 9 3&$#1(
G
6(+ /*21&#*2+ 6( � $((2 +3&#+/3#& ; dG

dt
+ γG = 0.
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G
6*#& N&$( 253-( ; - 1#6(2&#&2 % -3 +*-0&#*2 /*$9 (--( 6( 1(&&( 2503&#*2 6#C2$(2&#(--((+& 02( (8)*2(2&#(--( 6( 9 3&$#1(

G(t) = exp (−γt)
? W2 1'($1'( (2+0#&( -3 +*-0&#*2 60 +.+&39( 1*9)-(& (20&#-#+32& -3 9 2&'*6( 6( 43$#3&#*2 6(+ 1*2+&32&(+ ? <*+32& 02( +*-0&#*2 6( -3 /*$9 (

X(t) = G(t)c(t),
*2 (2 6260#&

G(t)
dc

dt
= Γ(t),

6 1*�
X(t) = G(t)x +

∫ t

0

G(t′)Γ(t − t′)dt′ ,

(2 2*&32& 50( - 1#24($+( 6( -3 9 3&$#1(
G(t)

(+& % 6 13)$3+ -3 /*$9 ( (8)*2(2&#(--( % 253-( ;
G(−t)

?
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Di(x, t) = −

p∑

j=1

γijxj
(&

Di,j(x, t) = δij
6 1*� ∂W

∂t
= ∇x. (γxW ) + ∆xW,

- 1*)2$3&(0$ -3)-31#(2
∆x

2&32& 253- 30 )$*60#& +13-3#$( 6(
∇x

)3$ -0#79 N9( ? < -0+ (8)-#1#&(9 (2& % - 12503&#*26( �*��($7< -321� 21$#&( 1#76(++0+ (+&
∂W

∂t
=

p∑

i=1

p∑

j=1

γij
∂(xjW )

∂xi
+

p∑

i=1

∂2W

∂x2
i

.
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<*0$ &($9 #2($ 1( &$3+ $3)#6( &*0$ 6 1'*$#�*2 % $(4(2*2+ 30 13+ 6( -3 4#&(++( 6 102( )3$&#10-( ,$*�2#(22( %50 1*2 3 2&06#2 30 � ���?� ? 0 12503&#*2 6( 0325(4#2 �<�� 50# -3 62&($9 #2( (+& 6( -3 /*$9 ( 50 1*2 4#(2& 6( 4*#$ %1( 50# /3#& 60 )$* 1(++0+ 02#6#9 (2+#*22(-

v
02 )$* 1(++0+ 6 1W $2 +&(#27Y'-(2,(1� ? W2 )(0& 6*21 3))-#50($ -(+$2+0-&3&+ 1#76(++0+ % 9 3#+ #- 1*24#(2& 3432& 1(-3 6( $(9 3$50($ 50 1#- /30& +( )$2* 110)($ 6( -3 2*$9 3-#+3&#*2 ?V2 (C(& % 632+ - 12503&#*2 �<� � % -( &($9 ( +&* 1'3+&#50( % 1 1(+&7;76#$( -3 /*$1( 6( 0325(4#2 % )*++36( 02( /*21&#*26 130&* 1*$$2 -3&#*2 6*2& -3 43-(0$ (2 = (+&

AΓ(0) = E
{
Γ2(t)

}
= q =

2γkBT

m

6 13)$3+ 1( 50 1*2 3 21$#& 30 � ���?� ?
<3$ 1*2+250(2& % +# - 1*2 4(0& +( )-31($ 632+ -(+ 1*26#&#*2+ (831&(+ 6(+ $2+0-&3&+ 60 � ���?� % #- (+& :06#1#(086( 1*2+#62$($ -(+ 43$#3,-(+ 2*$9 3-#+2(+
v′ =

v

αv

(&
Γ′ =

Γ

αv
,

34(1
αv =

√
γkBT

m
,

6( +*$&( 50( dv′

dt
= −γv′ + Γ′(t),

34(1 -(+ )$*)$#2&2+ +0#432&(+ %
E {Γ′(t)} = 0

(&
E {Γ′(t)Γ′(t′)} = 2δ(t − t′)

? 03 +*-0&#*2 /*$9 (--( 6( 1(&&(2503&#*2 6( 0325(4#2 (+& 3-*$+ 6*222( )3$ -(+ $2+0-&3&+ 6( -3 +(1&#*2 � ���?� ?� % ; +34*#$
v′(t) = v′0e

−γt +

∫ t

0

e−γt′Γ′(t − t′)dt′
6 1*�

v(t) = v0e
−γt +

∫ t

0

e−γ(t−t′)Γ(t′)dt′,

3)$3+ 02 1'325(9(2& 6( 43$#3,-( 2 -29(2&3#$( (& (2 $(90-&#)-#32& )3$ -( /31&(0$ 6( 2*$9 3-#+3&#*2 ? W2 4*#&50( +32+ +0$)$#+( *2 $(&$*04( -3 +*-0&#*2 /*$9 (--( 62: ; *,&(20( 6#$(1&(9 (2& ? V2 1( 50# 1*21($2( - 12503&#*26( �*��($7< -321� % - 13))-#13&#*2 6( -3 /*$9 ( &$*042( )-0+ '30& 6*22( #99 26#3&(9 (2&
∂Wv′

∂t
= γ

∂(v′Wv′ )

∂v′
+

∂2Wv′

∂v′2
,
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*$ -(+ 6#+&$#,0&#*2+ 6( )$*,3,#-#&2
Wv

(&
Wv′

+*2& $(-#2(+ )3$
Wv′ = αvWv

% 6( +*$&( 50 1(2 $(4(232& 30843$#3,-(+ 0+0(--(+ % *2 $(&$*04( ,#(2 - 1(8)$(++#*2 �<;� %
∂Wv

∂t
= γ

∂(vWv)

∂v
+ α2

v

∂2Wv

∂v2
= γ

∂(vWv)

∂v
+

γkBT

m

∂2Wv

∂v2
.
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