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∫
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∫
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∫
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∫
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∫
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∫
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=
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? D*99( )*0$ -(+ 9*9(2&+ 2*2 1(2&$2+ % *2 )(0& 9*2&$($ 50( -(+ 9*9(2&+1(2&$2+ 3#2+# 6272#+ $(6*22(2& % -*$+50( 1($&3#2+ #26#1(+
ki
+*2& 20-+ % -(+ 9 *9(2&+ 1(2&$2+ 6(+ -*#+ +0 #4#(+)3$ -(+ 43$#3,-(+ 3-23&*#$(+ #26#4#60(--(+ ? <3$ (8(9)-( %

µ2,0,...,0
(+& -3 43$#321( 6( -3 -*# 6(

X1
?

�� �� �$ �+ �)&$" ,) & $+(+$". (,!" ,% � 
Z 32+ -(+ +#&03&#*2+ -(+ )-0 + 1*0$32&(+ % *2 2( 6#+)*+( )3+ +#9)-(9 (2& 6( -3 -*# 6( )$*,3,#-#&2 +0#4#( )3$ 02(43$#3,-( 3-23&*#$(

X
? V2 $(4321'( % *2 )(0& ) -0+ /31#-(9 (2& (2 1*2236&$( -(+ 9*9(2&+ % )3$ 6(+ 3))$* 1'(+43$#2(+ ? W $ % *2 )(0& 9*2&$($ 50 1#- (+& )*++#, -( % 1*223#++32& - 1(2+(9,-( 6(+ 9*9(2&+ 1(2&$2+

µk
*0 2*21(2&$2+

µ′
k

% 6( $(9*2&($ ; -3 -*# 6( -3 43$#3,-( 3-23&*#$( 1*2+#62$2( ?<*0$ +#9)-#7($ % 2*0+ 3--*2+ +0))*+($ 50 1*2 3 13-10-2 % )3$ 6(+ 9*.(2+ 3))$*)$#2+ % -(+ 9 *9(2&+ 2*2 1(2&$2+
µ′

k = E{Xk} % (& 50 1*2 +3#& 50 1#- (8 #+&( 02( 6(2+#&2 6( )$*,3,#-#&2
f
? W2 )(0& 3-*$+ 6272#$ -3 /*21&#*213$31&2$#+&#50(

Z
1*99( 2&32& - 1(+)2$321( 6(+ 1*9)-(8(+ 6( 9*60-( 02#&2 %

Z(u) = E
(
eiuX

)
=

∫
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∫
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∑
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∫

Rn

eiu.xf(x)dx.



�� �� �� � 	
����� � �
%� 	
%� �������	�	����

0(+ 62$#42(+ )3$&#(--(+ 6( 1(&&( /*21&#*2 13$31&2$#+&#50( % )$#+(+ (2
u = 0

% $(6*22(2& -(+ 9 *9(2&+ 2*2 1(2&$2+
µ′

k1,...,kn
= Dk[Z](0)

34(1
Dk =

∏

j

1

ikj

∂kj

∂u
kj

j

6 1*�
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F (x, r) = P{X(r) 6 x} ? "# 1(&&( /*21&#*2 (+& 62$#43, -()3$ $3))*$& ;
x
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(&

fp(x1, . . . , xp; r1, . . . , rp) =
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∂x1 . . . ∂xp
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AX(r1, r2) = E{X(r1)X(r2)}.

W2 $(9 3$50( (2 )3$&#10-#($ 50( -3 9*.(22( 3#2+# 6272#( 62)(26 6(
r
% 1( 50# +0553$( -3 )*++#,#-#&2 50( -(1'39)
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� �� �)� && -) $+ -  " R)� && � -) *+ - 
� �� �+ %.� &," ,) & S -+ R)� && -) $+ - 
 &32& 6*222 02 1'39) +&* 1'3+&#50(

X
% *2 1*2+#63$( - 102( 6( +(+ $23-#+3&#*2+ % 50( - 1*2 2*&($3 253-(9 (2&

X
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&(-+ 50( |r − u| 6 ρ

? < -0+ )$21#+29(2& %
µρ(r) =

1

Vρ

∫

Bρ(r)

X(u)du
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Vρ = Vn [Bρ(r)]
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ρ
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|µρ(r1) − µρ(r2)| 6
Vn [Bρ(r1) ∪ Bρ(r2)] − Vn [Bρ(r1) ∩ Bρ(r2)]
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X
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∫
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=

∫
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? W2 )(0& 6 13#--(0$+-( 9 *2&$($ (2 1*2+#62$32& -3 /*21&#*2 6( +&$01&0$( 6 1*$6$( 6(08 % 1*99( *2 -( 4($$3 ) -0+ ,3+ ? D( $2+0-&3&9*2&$( 253-(9 (2& 50( -3 /*21&#*2 6 130&* 1*$$2 -3&#*2 2*$9 3-#+2( (+& &*0:*0$+ #2/2$#(0$( *0 253-( ; >% 43-(0$50 1(--( 3&&(#2& (2

δ = 0
?

� �� �' $" ( S '�,!!+ &$ 
� �� �+ " () *-�R ! S S.� &," ,) &
0( +) (1&$( 6( )0#++321( 6 102 1'39) +&* 1'3+&#50(

X
(+& � 	 >�?>� 6272# 1*99( -3 &$32+/*$9 2( 6( �*0$#($ 6(+3 /*21&#*2 6 130&* 1*$$2 -3&#*2 ? D()(2632& % 3432& 6( )*04*#$ 21$#$( ,$0&3-(9(2& 02( $(-3&#*2 -( 6272#++32&(8) -#1#&(9(2& % #- 1*24#(2& 6( +( )(21'($ +0$ -( )$*,-39( 6( -3 1*24($5(21( 6(+ #2&25$3-(+ 6( �*0$#($ ? V2)3$&#10-#($ % -3 &$32+/*$9 2( 6( �*0$#($ 6(

X(r)
2 1(8 #+&( )3+ 221(++3#$(9 (2& % - 1#2&25$3-(

X̂(k) =

∫
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Xρ
)3$ 02 1'39) +&* 1'3+&#50( 9 #$*#$ % 2*&2

Yρ
(& 6272# )3$

Yρ(r) = Xρ(−r)
? "3 &$32+/*$9 2(6( �*0$#($ PXρ

(+& 6*21 253-( 30 )$*60#& +#9)-( 6(+ &$32+/*$9 2(+ 6( �*0$#($ $(+) (1&#4(+ 6(
Xρ

(& 6(
Yρ
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GX = {(t, X(t)) ; t1 6 t 6 t2}

6( 9 32#3$( 323-*50( ; - 12503&#*2 �>L�
.

0(+ 1'(9 #2+ 1*99( -(+ 5$3)'(+ 6(+ )$* 1(++0+ 6( � #(2($ +*2& % 6( /34*2 5222$3-( % 6(+ (2+(9,-(+ /$31&3-+ ?
W2 +( )-31( )*0$ - 1#2+&32& 632+ -( 13+ 02#6#9 (2+#*22(- % )*0$ -(50(-

X
(+& ; 43-(0$+ 632+

R
? D*2+#62$*2+6*21 02( )3$&#10-( (C(1&032& 02( 9 3$1'( 3-23&*#$( +0$ -3 6$*#&( $2(--( % (& #9 35#2*2+ 50 1; 6(+ #2&($43--(+6( &(9)+ $250-#($+

τ
)(&#&+ % (--( F +30&(G 6 102( 6#+&321(

δ
632+ 02 +(2+ *0 632+ - 130&$( ? W2 2*&(

Xτ (t)
-3)*+#&#*2 6( -3 )3$&#10-( ; - 1#2+&32&

t
? Z3+ -*$+ % (2 /3#+32& - 1'.)*&'3+( 50( -3 )3$&#10-( )3$& 6( = ;

t = 0
% +3)*+#&#*2

Xτ (t)
)(0& + 121$#$( % ) *0$

t > 0
% (2 /*21&#*2 6 102( +*99( 6( 43$#3,-(+ 3-23&*#$(+ #262)(2632&(+

Xτ (t) = δ
(
Y1 + . . . + Y[t/τ ]

)
,

�>;�
*� -(+ 43$#3,-(+

Yi
2( )(04(2& )$(26$( 50( -(+ 43-(0$+ > (& 7 >% (& 1( 6( 9 32#3$( 250#)$*,3,-( ? 03 2*&3&#*2

[t/τ ]
/3#& $2/2$(21( ; -3 )3$&#( (2&#3$( 6(

t/τ
? V2 #2&$*60#+32& -3 43$#3,-( 2*$9 3-#+2(

X ′
τ (t) =

1

δ

√
τ

t
Xτ (t) =

√
τ

t

(
Y1 + . . . + Y[t/τ ]

)
,

-( &'2*$39( 1(2&$3- -#9 #&( 632+ +3 /*$9 ( 6( 024.70 #26(, ($5 #26#50( I<(-3& % >KK�M 50 1;
t
782 % -*$+50(

τ → 0
% -3 43$#3,-( 3-23&*#$(

X ′
τ (t)

1*24($5( (2 -*# 4($+ 02( -* # 2*$9 3-( 6( 9*.(22( 20--( (& 6( 43$#321(
1
?W2 $(2*$9 3-#+( 3-*$+

Xτ (t)
(2 /3#+32& -3 &$32+/*$9 3&#*2

Xτ (t) −→
√

τ

δ
Xτ (t),

6( +*$&( 50( 632+ -3 -#9 #&(
τ → 0

%
Xτ (t)

+*#& +(2+#, -(9(2& 6#+&$#,02 +(-*2 02( -* # 2*$9 3-( 6( 9*.(22(20--( (& 6( 43$#321(
t
? Z ( 9 N9( % &*0:*0$+ 632+ 1(&&( -#9 #&( % - 1#21$29(2&

Xτ (t + τ) − Xτ (t)
(+& 6#+&$#,02+(-*2 02( -*# 2*$9 3-( 6( 9*.(22( 20--( (& 6( 43$#321(

τ
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Xτ (t)
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X : [0,∞[−→ R
(+& 02 9*04(9 (2& ,$*�2#(2 *0 )$* 1(++0+ 6( � #(2($ +#

. X(0) = 0
34(1 02( )$*,3,#-#&2 253-( ; >?

.
[0(-+ 50( +*#(2&

t > 0
(&

τ > 0
% - 1#21$29(2&

X(t + τ) − X(t)
(+& 6#+&$#,02 +(-*2 02( -*# 2*$9 3-( 6(9*.(22( 20--( (& 6( 43$#321(

τ
?

0 1(8#+&(21( 6( &(-+ )$*1(++0 + (+& 629*2&$2( 9 3&'293&#50(9 (2& % 9 3#+ (+& 6#8 1#-( ; )$*04($ ? V2 $(4321'( %#- (+& /31#-( 6( 5222$3-#+($ 1(&&( 6272#&#*2 ; 6(+ 9*04(9 (2&+ ,$*�2#(2+ 632+ 02 (+)31(
R

n ? Y2 )$* 1(++0+
X : [0,∞[−→ R

n 6272# )*0$ &*0&
t > 0

)3$ 02 (2+(9,-( 6(
n
43$#3,-(+ 3-23&*#$(+

Xi(t)
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Xi
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(t1, . . . , tn)
% -(+ 43$#3,-(+ 3-23&*#$(+

Xi(ti)
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n6#9 (2+#*2+ +0$ 02( 6$*#&( 6( - 1(+)31(
R

n (+& 02 9*04(9 (2& ,$*�2#(2 02#6#9 (2+#*22(- % (& 50( 6 130&$( )3$& %) *0$ 02( +0#&( 6 1#2+&32&+
(ti)

34(1
0 6 t1 6 . . . 6 t2m

% -(+ #21$29(2&+
X(t2i)−X(t2i−1)
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02#6#9 (2+#*22(- % - 1#2 1$29(2&

X(t + τ) − X(t)
+*#& 6#+&$#,02+(-*2 02( -*# 2*$9 3-( 6( 9*.(22( 20--( (& 6( 43$#321(

τ
)(0& + 121$#$( (2 &($9 (+ 6( )$*,3,#-#&2+ %

P [X(t + τ) − X(t) 6 x] = (2πτ)−1/2

∫ x

−∞

exp

(
−u2

2τ

)
du.

\ )3$&#$ 6( 1(&&( $(-3&#*2 /*2639 (2&3-( % *2 )(0& 9 (&&$( (2 24#6(21( 02( )$*)$#2&2 6 130&*+#9 #-3$#&2 ? V2)*+32&
γ > 0

% *2 $(9 3$50( 50(
P [X(γt + γτ) − X(γt) 6

√
γx] = P [X(t + τ) − X(t) 6 x],)0#+50 1*2 )(0& 1'325($

t
(2

γt
+32+ )$*,-39( 2&32& 6*222 -3 +&3&#*223$#&2 6(

X
? 0( 1'325(9(2& 6(

τ
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#9 )*+( 3-*$+ 1(-0# 6(
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X(t)
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X(γt)γ−1/2 *2& -3 9 N9( 6#+&$#,0&#*2 % (& 50( )3$ 1*2+250(2& % -(+ 1'(9 #2+
X(t)

+*2& +&3&#+&#50(9 (2&30&*+#9 #-3#$(+ (& -(+ 5$3)'(+
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E = [a1, b1] × . . . × [an, bn]
6( - 1(+)31(

R
n %3-*$+ -3 )$*,3,#-#&2 50 102 #21$29(2& +( &$*04( 632+

E
(+& 6*222( )3$

P [X(t + τ) − X(t) ∈ E] =
∏

i

P [ai 6 Xi(t + τ) − Xi(t) 6 bi] = (2πτ)−n/2

∫
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dx,
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P [|X(t + τ) − X(t)| 6 r] = Σn(2πτ)−n/2
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0
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2τ
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λ < 1/2
? < -0+ )$21#+29(2& % +# *2 +( 6*22(02 9*04(9(2& ,$*�2#(2

X
6(

[0, 1]
632+

R
n % *2 ) (0& 9*2&$($ 50( )*0$ 0 < λ < 1/2
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bλ > 0
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τ
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+*2& 253-(+ ; < ? W2 )$(26 02 9*04(9(2& ,$*�2#(2
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λ
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1
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∫ ∞
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−u2
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t
*0 6(

τ
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u = t + τ
%

E

{∫∫
|X(t) − X(u)|−s

dtdu
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=

∫∫
E
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|X(t) − X(u)|−s

]
dtdu = dn

∫∫
|t − u|−s/2dtdu < ∞,
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s
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H
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X
?

� ���O �$ " () '(,.".!
�
��� �� 	
% ��� 	%�����%�
!- (+& #9)-#1#&( 632+ 1(&&( 6272#&#*2 50( -(+ #21$29(2&+

X(t + τ) − X(t)
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X(t + τ) − X(0) = X(t + τ) − X(t) + X(t) − X(0)
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X
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<*0$ 3++0$($ 50(
X
(+& $2(- % *2 #9)*+( 6 13#--(0$+ 02( 1*2&$3#2&(

φ(−k) = −φ(k)
? 03 )'3+( 2&32& 3#2+##9)3#$( % -3 &$32+/*$9 2( 6( �*0$#($ 6(

X
(+& '($9 #&#(22( (&

X
(+& $2(- ?

�������%� 	
%
Z 32+ -3 )$3&#50( % +# - 1*2 4(0& 1*2+&$0#$( 02 1'39) ;

n
6#9 (2+#*2+ % 1'350( 6#9 (2+#*2

k
1*9)*$&32&

Nk)#8(-+ % *2 +( 6*22( 6 13,*$6 02 &3,-(30 � 6( &3#--(
N1 × . . . × Nn

6*2& 1'350( 2 -29(2& 3 )*0$ 43-(0$ -36#+&321( % (2 ) #8(-+ % -( +2)3$32& 60 1(2&$( 60 &3,-(30 ? !- 1*24#(2& )3$ 3#--(0$+ 6( 6#+10&($ 6( -3 )*+#&#*26( 1( 6($2#($ (2 /*21&#*2 6( -3 )3$#&2 6(+ {Nk}
? "# -3 6#9 (2+#*2

k
1*2&#(2& 02 2*9,$( #9)3#$ 6( )*#2&+ %

Nk = 2pk+1
% -3 1**$6*222(

ck
60 1(2&$( 60 &3,-(30 632+ 1(&&( 6#9 (2+#*2 (+& 3-*$+ 253-( ;

pk
% (2 0&#-#+32& -31*24(2&#*2 +(-*2 -350(--( -(+ #26#1(+ 6 102 &3,-(30 +*2& 209 2$*&2+ 6(

0
;

Nk − 1
? Z32+ -( 13+ *�

Nk = 2pk
%*2 )-31($3 253-(9 (2& -( 1(2&$( 60 &3,-(30 ; -3 1**$6*222(

ck = pk
% 9 3#+ (2 2 1*0,-#32& )3+ 50 13-*$+ #-2 1. 3 )-0+ 30&32& 6 12 -29(2&+ 632+ 1'350( 9*#&#2 60 &3,-(30 ?  &32& 6*222 02 (8)*+32& 6( �0$+&

H
(& -36#9 (2+#*2

n
% - 1(8)*+32& 60 +)(1&$( 6( )0#++321( 50 1*2 +*0'3#&( 1*2+&$0#$( (+&

β = 2H + n
% (& *2 )(0&6*21 13-10-($ -(+ &3,-(308 � (& � 1*$$(+)*2632& ; - 139)-#&06( (& 30 +) (1&$( 6( )0#++321( % (2 21$#432& -(+$(-3&#*2+ +0#432&(+

�
=

�−β =
�−2H−n (& �

=
�1/2 =

�−β/2 =
�−H−n/2.!- +( )*+( 3-*$+ 24#6(99(2& -( )$*, -39( 60 )#8(- 1(2&$3- % 2*&2

0
% )0#+50 1*2 3 ,#(2 +�$ �

(0) = 0
(& 50 1#-2 1(+& )3+ )*++#,-( 6( - 12 -(4($ ; 02( )0#++321( 2253&#4( ? & (9 3$5032& 50( �

(0)
1*$$(+)*26$3 �� � �� ; -343-(0$ 9*.(22( 60 1'39) +.2&'2&#+2 (& 50 1#- +($3 6*21 /31#-( 6( -3 9*6#7($ 3)$3+ 1*0) % *2 +( 1*2&(2&( %-*$+ 6( -3 1*2+&$01&#*2 6( � % 6( 6*22($ 02( 43-(0$ 2*2 20--( 50(-1*250( ; �

(0)
?

|k| �ikbg−1 �

P
X

(k
)

��
���
	

��
��
���
��

�

β = 2, 0

β = 2, 5

β = 3, 0

β = 3, 5

β = 4, 0

β = 4, 5

��� � � ��?: � �	 ��>�@ B� 	 ��@@��� B�@ � �A	 @ �>?�����@ � >���?����>�@ ��B�A ��@ �?���
@ >�	 >�@����@ @�> 
�
� =�>� � ��?< � � ���B�� @	 ��>�
 B� � ��� B� �@ @	 ��>�@ �@� ��B���� �� >�= �>B �

03 1*2+&$01&#*2 60 &3, -(30 $()$2+(2&32& -3 )'3+(
Φ
+( /3#& +32+ 6#8 10-&2 ? \ 1'350( )*+#&#*2 % *2 &#$( 022*9,$( 3-23&*#$( ; )3$&#$ 6 102( 6#+&$#,0&#*2 02#/*$9 ( +0$
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dv
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=
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τr
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σth =

√
kBT

m

(+& -3 4#&(++( 6 135#&3&#*2 &'($9 #50( ? �<L�
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v
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AΓ(τ) = E{Γ(t)Γ(t+τ)} = 0
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∑
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v(t) = c(t)e−γt 6 1*� dc
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= Γ(t)eγt (& 6*21

v(t) = v0e
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∫ t

0
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Av(t1, t2) = E{v(t1)v(t2)} = v2
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q
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γt1 � 1

(&
γt2 � 1
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τ = |t2− t1|
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=
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∫ ∞
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∫ ∞
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∫ ∞
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[∫ ∞

0

∫ ∞
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=
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Z
% (+& 253-(9 (2& 02( 530++#(22( % (& *2 $(&$*04( (2 /3#& -36#+&$#,0&#*2 6( H 38�(--7�*-&�9322 %
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Wv
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∫
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∑
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∫
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X = (X1, . . . , Xp)-( 4(1&(0$ $(5$*0)32& -(+
p
)$*1(++0 + +&* 1'3+&#50(+ 30850(-+ *2 + 1#2&2$(++( ? 0(+ 43-(0$+ )$#+(+ )3$ -(+43$#3,-(+ 3-23&*#$(+
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t

dt′′h(x, t′′) + · · · +
∫ t+τ

t

dt′
∂g

∂x
(x, t′)g(x, t′) + · · ·

Z 32+ 1(&&( (8)$(++#*2 % -(+ #2&25$3-(+ 2*2 21$#&(+ % +# (--(+ 2 1*2& )3+ 62: ; 2&2 3220-2(+ )3$ -( 9*.(2235(� %/*2& #2&($4(2#$ 02 2*9,$( 6( /*21&#*2+
Γ
30 9*#2+ 253- ; 503&$( ? 0(+ )$*)$#2&2+ 6( 1*$$2 -3&#*2 6( 1(--(+71#/*2& 50( -( 1*9)*$&(9 (2& 6( 1(+ &($9(+ 308 )(&#&+ #2&($43--(+ 6( &(9)+ (+& 30 9 #(08 (2 O(τ2)

% 1( 50 1*2)(0& 1*9)$(26$( (2 1*2+#62$32& - 1(8)$(++#*2
E

{∫ t+τ

t

dt1Γ(t1)

∫ t1

t

dt2Γ(t2)

∫ t2

t

dt3Γ(t3)

∫ t3

t

dt4Γ(t4)

}
=

∫ t+τ

t

dt1

∫ t1

t

dt2

∫ t2

t

dt3

∫ t3

t

dt4 E {Γ(t1)Γ(t2)Γ(t3)Γ(t4)} .

D*223#++32& -(+ )$*)$#2&2+ 6(+ /*$1(+ 6( 0325(4#2 % *2 4*#& 50( 1(&&( #2&25$3-( 90-&#) -( )(0& +( 9 (&&$( +*0+-3 /*$9( 6( +*99( 6 1#2&25$3-(+ /3#+32& #2&($4(2#$ 02 )$*60#& 6( 6(08 6#+&$#,0&#*2+ 6( Z #$31 %
∫ t+τ

t

dt1

∫ t1

t

dt2

∫ t2

t

dt3

∫ t3

t

dt4 δ(t1 − t2)δ(t3 − t4) =
τ2

8

1( 50 1*2 9*2&$( )3$ #2&25$3&#*2+ +011(++#4(+
.

0(+ &($9 (+ 1*$$(+)*2632& 632+ - 121$#&0$( 60 )$(9 #($ 9*9(2& % 3#2+# 50( 1(08 6 1*$6$( )-0 + 2 -(42 % 6#+)37$3#++(2& 6*21 -*$+50 1*2 )$(26 -3 -#9 #&( �:�� ? Z 130&$( )3$& % -(+ &($9 (+ 2( 1*2&(232& )3+ 6( /*$1(+ 6( 0325(4#2
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m
(+& -( 2*9,$( 6 1#2&25$3-(+ 50 1#-+ 1*2&#(22(2& ? D 1(+& )3$ (8(9)-( -( 13+ 60 +(1*26 &($9 (60 9(9,$( 6( 6$*#&( 6( - 12503&#*2 6*2232& -( )$(9 #($ 9*9(2& ? 0 1(2+(9,-( 6( 1(+ 3$509 (2&+ ) (0& N&$(0&#-#+2 )*0$ 9*2&$($ 50( -(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- 3++* 1#2+ ; - 12503&#*2 6( 0325(4#2 2*27 -#223#$(; 02( 6#9 (2+#*2 +*2&

D1(x, t) = h(x, t) + g(x, t)
∂g

∂x
(x, t) D2(x, t) = g2(x, t)

(&
Dn(x, t) = 0

)*0$
n > 3,

1( 50# 9*2&$( 50( -3 6#+&$#,0&#*2 6( )$*,3,#-#&2
W (x; t)

*, 2 #& ; 02( 2503&#*2 6( �*��($7< -321� ?
��� ��� 	� 	��%�	
%%� �
03 62$#43&#*2 6(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- 632+ -( 13+ 6 102 (2+(9,-( 6(

p
)$*1(++0 + $25#+ )3$ -(+2503&#*2+ 6( 0325(4#2 �:<� +( /3#& 6 102( 9 32#3$( &*0& ; /3#& +(9,-3,-( ? W2 369(&&$3 50( % 632+ 1( 13+5222$3- % -(+ 1*(8 1#(2&+ 6 1*$6$( 30 9*#2+ 253- ; &$*#+ +*2& 20-+ % (& *2 +( 1*2&(2&($3 6( 62&($9 #2($ -( 4(1&(0$6( 62$#4( (& -( &(2+(0$ 6( 6#C0+#*2 % (2 )3$&32& 6( - 121$#&0$( #2&25$3-(

X(t + τ) − x =

∫ t+τ

t

{h [X(t′), t′] + g [X(t′), t′]Γ(t′)} dt′,

-( )*#2&
x
2&32& -3 43-(0$ )$#+( )3$ -( )$* 1(++0+

X
; - 1#2+&32&

t
? W2 #2+3$( (2+0 #&( 632+ 1(&&( (8)$(++#*2 -(+624(-*))(9 (2&+ 6(+ /*21&#*2+

h
(&

g
)3$ $3))*$& ; -3 )$(9 #3$( 43$#3,-( % 30 4*#+#235( 6(

x
%

h [X(t′), t′] = h (x, t′) + {[X(t′) − x] .∇x} .h (x, t′) + · · · (& 6( 9 N9( )*0$ -3 /*21&#*2
g.

W2 3 #2&$*60#& #1# - 1*) 2$3&(0$ 4(1&*$#(- F23,-3G %
∇x

% 6*2& -(+ 1*9)*+32&(+ +*2& -(+ 62$#42(+ )3$&#(--(+ )3$$3))*$& 308 1*9)*+32&(+ 6(
x
? D*99( 632+ -( 13+ 02#6#9 (2+#*22(- % *2 6*#& 3-*$+ $(9)-31($ #&2$3&#4(9(2& %)3$ -3 9 N9( 9 2&'*6( % -(+ #21$29(2&+ #2&($9 26#3#$(+

X(t′)−x
50# +*2& 3))3$0+ ? 0(+ 3$509 (2&+ 62: ; 0&#-#+2+3-*$+ )*0$ 2 -#9 #2($ 02 5$326 2*9,$( 6( &($9 (+ 6(+ 9*9(2&+ 6 1*$6$( 02 (& 6(08 $(+&(2& 43-3,-(+ % ,#(2 50(-(+ 2*&3&#*2+ 6(4#(22(2& 02 )(0 -*0$6(+ ? W2 *,&#(2& 3#2+# - 1(8)$(++#*2 6(+ 1*(8 1#(2&+ 6( U $39($+7H *.3-6 1*$6$( 02 (& 6(08 I& #+�(2 % >K�KM %

Di(x, t) = hi(x, t) +

p∑

j=1

p∑

k=1

gkj(x, t)
∂gij

∂xk
(x, t)

(&
Di,j(x, t) =

p∑

k=1

gik(x, t)gjk(x, t) ,
�:L�

&*0+ -(+ 1*(8 1#(2&+ 6 1*$6$( &$*#+ (& )-0+ 2&32& 20-+ ? 0(+ )$*1(++0 + 6*2& - 124*-0&#*2 (+& $25#( )3$ 02( 2503&#*26( 0325(4#2 *2& 6*21 02( 6(2+#&2 6( )$*,3,#-#&2 50# +0#& 02( 2503&#*2 6( �*��($7< -321� % -(+ 1*(8 1#(2&+6( 1(--(71# 2&32& 6*222+ )3$ -(+ (8)$(++#*2+ 1#76(++0+ ?
� ����� �$ � ! '() $ !!�! S �� (&!" ,&#�T- &* $�
#�$%	 	
% � �
 ��	
% �
������
Y2 13+ )3$&#10-#($ 50# 2*0+ #2&2$(++($3 632+ -3 +0#&( (+& 1(-0# 6(+ )$* 1(++0+ 6 1W $2 +&(#27Y'-(2,(1� % 6*2&- 124*-0&#*2 (+& 5*04($22( )3$ 02( 2503&#*2 6( 0325(4#2 -#223#$( % ; 1*(8 1#(2&+ 1*2+&32&+ (& #262)(2632&+6( -3 43-(0$ 60 )$* 1(++0+ ? < -0+ )$21#+29(2& % -( )$* 1(++0+

p
76#9 (2+#*22(-

X = (X1, . . . , Xp)
(+& 62&($9 #22)3$ - 1(2+(9,-( 6 12503&#*2+ 6#C2$(2&#(--(+ +0#432& %

dX

dt
= −γX + Γ(t)

+*#& % (8) -#1#&(9(2& % dXi

dt
= −

p∑

j=1

γijXj + Γi(t),
�:��

1( 50# $(4#(2& ; )$(26$(
h(X, t) = −γX

6 102( )3$& (&
g(X, t) = 1

6 130&$( )3$& ? W2 4*#& 1-3#$(9 (2& 50(-3 4#&(++( 6 102( )3$&#10-( ,$*�2#(22( % 632+ -( 9*63 -( 621$#& )3$ - 12503&#*2 �<�� (+& 3#2+# 02 )$* 1(++0+6 1W $2+&(#27Y'-(2,(1� ? Z 32+ 1( 13+ )3$&#10-#($ % *2 )(0& 62&($9 #2($ % 30 9*#2+ /*$9 (--(9(2& % -(+ +*-0&#*2+6( �:� � +3&#+/3#+32& ; 02 : (0 6( 1*26#&#*2+ #2#&#3-(+
X(0) = x

? W2 )$*136( 6( 9 32#3$( 1-3++#50( % (2 6(082&3) (+ ? �*0& 6 13,*$6 % -3 +*-0&#*2 5222$3-(
X0(t)

60 +.+&39( -#223#$( '*9*532( 3++* 1#2 + 121$#& 1*99(
X0(t) = G(t)x,

*� -3 9 3&$#1(
G
6(+ /*21&#*2+ 6( � $((2 +3&#+/3#& ; dG

dt
+ γG = 0.



���� ���� � ���� ����� ��	 #� ���������	�� ���

"31'32& 50 1; - 1#2+&32& #2#&#3-
G
6*#& N&$( 253-( ; - 1#6(2&#&2 % -3 +*-0&#*2 /*$9 (--( 6( 1(&&( 2503&#*2 6#C2$(2&#(--((+& 02( (8)*2(2&#(--( 6( 9 3&$#1(

G(t) = exp (−γt)
? W2 1'($1'( (2+0#&( -3 +*-0&#*2 60 +.+&39( 1*9)-(& (20&#-#+32& -3 9 2&'*6( 6( 43$#3&#*2 6(+ 1*2+&32&(+ ? <*+32& 02( +*-0&#*2 6( -3 /*$9 (

X(t) = G(t)c(t),
*2 (2 6260#&

G(t)
dc

dt
= Γ(t),

6 1*�
X(t) = G(t)x +

∫ t

0

G(t′)Γ(t − t′)dt′ ,

(2 2*&32& 50( - 1#24($+( 6( -3 9 3&$#1(
G(t)

(+& % 6 13)$3+ -3 /*$9 ( (8)*2(2&#(--( % 253-( ;
G(−t)

?
����	
% �� 
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 � 	��
D*99( *2 - 13 40 % -(+ 1*(8 1#(2&+ 6( U $39 ($+7H *.3- 6 1*$6$( &$*#+ (& )-0+ 3++* 1#2+ ; 02( 2503&#*2 6( 0325(4#25222$3-( +*2& 20-+ ? D 1(+& 6*21 (2 )3$&#10-#($ 4$3# 632+ -( 13+ 6( )$* 1(++0+ 6 1W $2+&(#27Y'-(2,(1� ? [032& 304(1&(0$ 6(+ 1*(8 1#(2&+ 6( 62$#4( (& 30 &(2+(0$ 6(+ 1*(8 1#(2&+ 6( 6#C0+#*2 % #-+ + 121$#4(2& $(+) (1&#4(9(2&�
Di(x, t) = −

p∑

j=1

γijxj
(&

Di,j(x, t) = δij
6 1*� ∂W

∂t
= ∇x. (γxW ) + ∆xW,

- 1*)2$3&(0$ -3)-31#(2
∆x

2&32& 253- 30 )$*60#& +13-3#$( 6(
∇x

)3$ -0#79 N9( ? < -0+ (8)-#1#&(9 (2& % - 12503&#*26( �*��($7< -321� 21$#&( 1#76(++0+ (+&
∂W

∂t
=

p∑

i=1

p∑

j=1

γij
∂(xjW )

∂xi
+

p∑

i=1

∂2W

∂x2
i

.
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<*0$ &($9 #2($ 1( &$3+ $3)#6( &*0$ 6 1'*$#�*2 % $(4(2*2+ 30 13+ 6( -3 4#&(++( 6 102( )3$&#10-( ,$*�2#(22( %50 1*2 3 2&06#2 30 � ���?� ? 0 12503&#*2 6( 0325(4#2 �<�� 50# -3 62&($9 #2( (+& 6( -3 /*$9 ( 50 1*2 4#(2& 6( 4*#$ %1( 50# /3#& 60 )$* 1(++0+ 02#6#9 (2+#*22(-

v
02 )$* 1(++0+ 6 1W $2 +&(#27Y'-(2,(1� ? W2 )(0& 6*21 3))-#50($ -(+$2+0-&3&+ 1#76(++0+ % 9 3#+ #- 1*24#(2& 3432& 1(-3 6( $(9 3$50($ 50 1#- /30& +( )$2* 110)($ 6( -3 2*$9 3-#+3&#*2 ?V2 (C(& % 632+ - 12503&#*2 �<� � % -( &($9 ( +&* 1'3+&#50( % 1 1(+&7;76#$( -3 /*$1( 6( 0325(4#2 % )*++36( 02( /*21&#*26 130&* 1*$$2 -3&#*2 6*2& -3 43-(0$ (2 = (+&

AΓ(0) = E
{
Γ2(t)

}
= q =

2γkBT

m

6 13)$3+ 1( 50 1*2 3 21$#& 30 � ���?� ?
<3$ 1*2+250(2& % +# - 1*2 4(0& +( )-31($ 632+ -(+ 1*26#&#*2+ (831&(+ 6(+ $2+0-&3&+ 60 � ���?� % #- (+& :06#1#(086( 1*2+#62$($ -(+ 43$#3,-(+ 2*$9 3-#+2(+
v′ =

v

αv

(&
Γ′ =

Γ

αv
,

34(1
αv =

√
γkBT

m
,

6( +*$&( 50( dv′

dt
= −γv′ + Γ′(t),

34(1 -(+ )$*)$#2&2+ +0#432&(+ %
E {Γ′(t)} = 0

(&
E {Γ′(t)Γ′(t′)} = 2δ(t − t′)

? 03 +*-0&#*2 /*$9 (--( 6( 1(&&(2503&#*2 6( 0325(4#2 (+& 3-*$+ 6*222( )3$ -(+ $2+0-&3&+ 6( -3 +(1&#*2 � ���?� ?� % ; +34*#$
v′(t) = v′0e

−γt +

∫ t

0

e−γt′Γ′(t − t′)dt′
6 1*�

v(t) = v0e
−γt +

∫ t

0

e−γ(t−t′)Γ(t′)dt′,

3)$3+ 02 1'325(9(2& 6( 43$#3,-( 2 -29(2&3#$( (& (2 $(90-&#)-#32& )3$ -( /31&(0$ 6( 2*$9 3-#+3&#*2 ? W2 4*#&50( +32+ +0$)$#+( *2 $(&$*04( -3 +*-0&#*2 /*$9 (--( 62: ; *,&(20( 6#$(1&(9 (2& ? V2 1( 50# 1*21($2( - 12503&#*26( �*��($7< -321� % - 13))-#13&#*2 6( -3 /*$9 ( &$*042( )-0+ '30& 6*22( #99 26#3&(9 (2&
∂Wv′

∂t
= γ

∂(v′Wv′ )

∂v′
+

∂2Wv′

∂v′2
,
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*$ -(+ 6#+&$#,0&#*2+ 6( )$*,3,#-#&2
Wv

(&
Wv′

+*2& $(-#2(+ )3$
Wv′ = αvWv

% 6( +*$&( 50 1(2 $(4(232& 30843$#3,-(+ 0+0(--(+ % *2 $(&$*04( ,#(2 - 1(8)$(++#*2 �<;� %
∂Wv

∂t
= γ

∂(vWv)

∂v
+ α2

v

∂2Wv

∂v2
= γ

∂(vWv)

∂v
+

γkBT

m

∂2Wv

∂v2
.
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