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�,%'%6"#) %#% + (& !(&6'% *# ( 2)$ + (#% 5)&%#% *# ( 2&)'6# + (# "&((#' -6*-$$% *#% '6-"%"(� #% #' (# � -)!#� #$'#66&'"*)# *#% *#6$"(6#% %)+ %#$' , (#% !-$%"*%6#6 !-�� # *#% -"$ #'% *"-%6#$'% 7 . 2&)'6#% &%'6#% #$!-6# $#5 #)!#$' � &$*)#6 * 2/'6# 6#� &6*)%% , ( 20 "( $) 1 (& 2-"# �&!'%# + *)" % 2%'#$* * 2)$ "-)' , ( 2&)'6# *) !"#( +#' *-$' ( 2&%5#!' %"$4) ("#6 #%' , ( 2-6"4"$# *# $-�"6#) �,')#% 3 (#% !-�('#% #' (#% %)5#6$-!4 + (-$4'#� 5%&$$-$!"&'6"!#% *# 46&$*% "-)(#!#6%#� #$'% 3 (#% 5$%")(#)%#%6 + #$#$ + , ( 2&%5#!' *"-)% + #' *-$' (# $-� �/� #'6&) "' (& �%!-$$&"%%&$!# *# (#)6 $&')6# !%6"'&" (# 7
7!#! (#% 56-46(% *#% �%')-*#% * 2-" %#6!&'"-$ + � &6*)%% #$ 5&6'"!)("#6 5&6 (& !-$%'6)!'"-$ *# (& ()$#''# *#
8&("(%# + !#''# ! "%"-$ *) � -$*# % 2#%' &+ $%# + (#% 5(&$('#% %-$' %-)*&"$ &55&6)#% 5 ()% 56-!)#% #' -$ & 5)-" %#6!#6 (#)6% %&'#(("'#% 7 9)&$' , (& 2-"# �&!'%# + #((# % 2#%' 6%!% (%# /'6# (& !-�" "$&"%-$ *#% %!(&'% *# � "(("&6*%* 2%'-"(#% (- "$'&"$#% 7 :$ ("#$ & &"$%" %'% 3&"' #$'6# *#% -"$ #'% ; < =>?=> #$'"(6#� #$' *"-%6#$'% + #' (& $&"%%&$!#*# (& 5),%"*)# � -*#6$# & 5#6� "% *# !-$%-("*#6 !# !)&$4#� #$' *# 5-"$' *# !)# 7 @$ %-$4# #$ 5&6'"!) ("#6 ,(& !-$!#5'"-$ $#/'-$"#$$# *# (& 46&! "'% + *)" & )$"#% *#% 5)%$-�($#% '#66#%'6#% #' !% (#%'#% &55&6#�� #$'%&$% ("#$ #' -)!#6' (& !-"# , )$# %')*# 5),%"*)# *#% &%'6#% 7
�#% *%!-)!#6'#% * 2A*/ "$ B)"" (# + &) !-)6% *#% &$$%#% CDEF #' CDGF + 5 #6� "6#$' #((#% &)%%" *# !-66"4#6 (&!(&%%"# !&'"-$ *#% -"$ #'% &%'6-$-� "*)#% + #$ "*#$'"#&$' !#6'&"$#% *#% $%")(#)%#% -" %#6!%#% !-�� # &)'&$'* 25)$"!#6%'H (#%6 %#�" (&" (#% , $-'6# 56-56# 4&(& "# #' # '6/� #� #$' (-"$'&"$% IB)"" (# + CDGJK 7 �#% &)'6#% +-"$ #'% #$&(#� #$' 6#(&'"!#� #$' 56- !)#% + -$' 5#) , 5#) %'% 5#6L)#% !-�� # (#% 56#)!#% ! "%"" (#% *)# ( 2#%5&!#"$'#6%'#((&"6# #%' (- "$ * 2/'6# ! "*# 7 � 2-)!#6')6# * 2&)'6#% *-� &"$#% %5#!'6&) * 2-" %#6!&'"-$ + #$ "$36&6-)4# #'#$ 6&*"- $-'&�� #$' + #$ & #$ #-#' + 5&6 (& %)"'# + 6%!% (% (& 6"!)#%%# 7
��M NO PO�Q��R ��R SO TO�� �U�R
��M �O V� WXW�YPR ��PZTR[R R� Q�\ �O��Q�W\
]#((# *) 2-$ (& !-$L-"' *%%-6� &"% I^ "$$#, _ ]6#� &"$# + CD`aK + (& 4&(& "# %# 56%%#$'# !-�� # )$ %,%'(� #
) "%6&6!) "*)# + *-$' -$ 5#)' *"%'"$4)#6 5()%"#)6% $"!#&) * 2-64&$"%&'"-$ 7 b *#% %!)#((#% *# ( 2-6*6# *# ( 2)$"'%&%'6-$-� "*)# c
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' 150.106 .� d + (#% %'-"(#% #' (#)6% !-6'(4#% 5(&$%'&"6#% 3-6� #$' (#% !-$%'"')&$'%
% (%� #$'&"6#% *) %,%'(� # 4&(&!'"*)# 7 e#()"'!" #%' 3-6�% * 2)$ ")(" # %5)%6"*)# !#$'6&( + * 2)$ *"%*)# #$ 6-'&'"-$ +*-$' (# *"&�('6# #%' *# ( 2-6*6# *# (& '6#$'&"$# *# ."(-5&6%#!% c

1
5 !f

3, 08.1013 .�d #' &) %#"$ *)*)#( *#%-$*#% *# *#$%"'% 3-6� #$' *#% "6&% %5"6&) + * 2)$ )&(- %'#((&"6# #' * 2)$ )&(- *# � &'"(6# $-"6# 7 �#% %'-"(#%*) *"%*)# #' *) ")("# c5-5)(&'"-$ gd %-$' 5() % $ #)$#% *)# !#((#% *) )&(- c5-5)(&'"-$ ggd 7 � 2# "%'#$!# *)
)&(- *# � &'"(6# $-"6# #%' %)44%6%# 5&6 ( 2&" %#$!# *# !))'# *# (& ! "'#%%# *# 6-'&'"-$ , 46&$*# *"%'&$!# *)!#$'6# 4&(&!'"*)# Ih &$$)#"� + CDDaK 7  #(-$ (#% #%'"� &'"-$% + (& � &%%# *# !# )&(- 5-)66&"' &''#"$*6# DFi *#(& � &%%# '-'&(# *# $-'6# 4&(& "# 7 7) %!)#((#% "$'#6�%*"&"6#% + #$'6# (#% %'-"(#% + (# � "("#) "$'#6%'#((&"6# ch 1 d#%' (- !&("%% 56"$!"5&(#� #$' *&$% (# *"%*)# 4&(&!'"*)# I�#*)#) jk ;lm+ EFFEK #' #%%#$'"#((#� #$' !-$%'"')%*# 4&n %-)% 5()%"#)6% 5)&%#%o &"$%" *)# *# 5-)%%"(6#% 7 e#''# "� &4# ) "#6&6!) "%%# $ 2#%' !#5 #$*&$' *) 2)$#56#� "(6# &556- "� &'"-$ + *)" 5#)' %# 6%!% (#6 '6-� 5#)%# + !&6 (#% *"-%6#$'#% !-� 5-%&$'#% !"'*#%%)% %-$' #$"$'#6&!'"-$ !-$%'&$'# 7 �& 4&(& "# *&$% %-$ #$%#�" (# 5#)' /'6# !-$%"*%6%# !-�� # )$ %,%'(� # 3#6�%p + #$
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3&"%&$' &" %'6&!'"-$ *#% #-#'% 46&! "'&'"-$$#(% *� % &) &)'6#% 4&(& "#% 7 A$ 6#!&$!)# + (#% %!)&$4#% *# � &%%# #'* 2%$#64"# #$'6# (# � "("#) "$'#6%'#((&"6# #' (#% %'-"(#% + * 2)$# 5&6' + #' (# '6&$%3#6' *# ( 2%$#64"# 46&! "'&'"-$$#((#4(-"&(# *# (& 4&(& "# !#6% (#% %!)#((#% 5()% 5 #'"'#% + * 2&)'6# 5&6' + 3-$' *) h 1 )$ %,%'(� # 3-$*&� #$'&(#� #$'-)!#6' #' )-6% * 2%*)"(""6# 7
��M �� NR �� TR � � P �T�R � ���R �W�R TTO ��R
� 2"$'#6&!'"-$ 5&6'"!) ("(6#� #$' !-� 5(# # *) � "("#) "$'#6%'#((&"6# &!#! (#% &)'6#% !-� 5-%&$'#% *) %,%'(� #4&(&!'"*)# #%' &) !0)6 *) 56-" ((� # *# (& 3-6� &'"-$ %'#((&"6# I�#&$% + CDFEK 7 e 2#%' &) %#"$ *#% 6%4"-$% (#%5()% *#$%#% *) h 1 *)# (#% %'-"(#% $&"%%#$' *# (& !-$'6&!'"-$ 46&! "'&'"-$$#((# *# $)&4#% *# 4&n 7 A$ 6#'-)6 +(# 6&,-$$#� #$' % (#!'6-� &4$%'"*)# %� "% 5&6 (#% %'-"(#% *"%%- !"# #' "-$"%# (#% #%5 (!#% !) "� "*)#% 56%%#$'#%*&$% (# � "("#) #$! "6-$$&$' I!&$ . "%)-#!. _ ^ (&!. + CD``K + '&$*"% *)# (#% !#$'% %'#((&"6#% #' (#% %)5 #6$-!4* 2)$# 5&6' #$6"!) "%%#$' !# *#6$ "#6 #$ % (%� #$'% (-)6*% 3-6�%% *&$% (#% 6%&!'"-$% ')#6� -$)!(%&"6#% #$ (#)6!#$'6# + #' * 2&)'6# 5&6' , "$$ #!'#$' *# ( 2%$#64"# %-)% 3-6� # *# � -)!#� #$'% ')6")(#$'% 7 7 ( 2&)'6# "-)' *# (&
) "%6&6!) "# + (& 6-'&'"-$ *"-%6#$'"#((# *# (& 4&(& "# #' (#% -$*#% *# *#$%"'% , ( 2-6"4 "$# *# (& %'6)!')6# %5"6&(# *)*"%*)# I� "$ _  )) + CDJ�K %-$' %)%5 #!'%#% *# 5&6'"!"5 #6 , ( 2&4"'&'"-$ � &!6-%!-5"*)# *) � "("#) "$'#6%'#((&"6##' , (& 3-6� &'"-$ *# !-$*#$%&'"-$% (- !&(#% IA (� #46##$ + EFFEK 7 e#''# 5-%"'"-$ %'6&'%4"*)# *) h 1 *&$% (#%,%'(� # 4&(&!'"*)# !-$'6&%'# 3-6'#� #$' &!#! %-$ 5#) * 2"� 5-6'&$!# #$ � &%%# c#$! "6-$ �i *# (& � &%%# *#%
%'-"(#% #' F +�i *# (& � &%%# '-'&(# *# (& 4&(& "# d I�#*)#) jk ;lm+ EFFEK 7
��� NR SO� ���R �W�R TTO ��R
��� �O V� P �T�R � � TO ZQXW �U �R ��QO� �� �R TTR
. &$% ( 2#$%#�" (# + (# 4&n *) h 1 #%' )$ � "("#) '6(% 5#) *#$%# + -� (& *#$%"'% *# 5&6'"!)(#% !&6"# � =?��?
� ?�? #$'6# *)#(*)#%

10−3 #'
104 5&6'"!)(#% 5&6 !#$'"�('6# !)"# + � &"% *-$' ( 2%'#$*)# #%' %" 46&$*# c-$!-� 5'# #$ � -,#$$# %#)(#� #$' )$# %'-"(# 5&6 5&6%#! !)" # &) !-"%"$&4# *)  -(#"(d *)# (& *#$%"'% *# !-(-$$# +

*)" 6#56%%#$'# (& *)&$'"'% *# � &'"(6# "$'#6!#5'%# 5&6 )$# ("4$# *# ! "%%# + #%' ',5"*)#� #$' *# ( 2-6*6# *#
*)#(*)#%

1021 cm−2 + %)+ %&$'# 5-)6 *)# *#% 5)%$-�($#% '6(% 3&"" (#% *#! "#$$#$' � #%)6&" (#% 7 e 2#%' (# !&% +5&6 # #� 5(# + *# (& 6&"# , EC !� + !-66#%5-$*&$' , (& '6&$%"'"-$ #$'6# (#% *#) %-)%'$"!#&) ),5#6#$% *#( 2%'&' 3-$*&� #$'&( *# ( 2),*6-4($# &'-� "*)# $#)'6# c�  d Ie-)#$']&$$-)*$ " jk ;lm+ CDaGK 7 ])%-6"*)#� #$' +)$ &'-� # * 2),*6-4($# *-$' (#% %5 "$% *) 56-'-$ #' *# ( 2% (#!'6-$ %-$' 5&6&((( (#% 5 #)' %)" "6 )$# '6&$%"'"-$ *#6#'-)6$#� #$' *# %5"$ + ( 2%$#64"# %'&$' (""%6%# %-)% 3-6� # * 2)$ 5)-'-$ 6&*"- *# (-$4)#)6 * 2-$*# EC !� cC�EF
hBnd 7 e#''# *%%# !"'&'"-$ 6&*"&'"!# #%' !#5 #$*&$' 3-6'#� #$' "$'#6*"'# #' (& *)6%# *# ! "# *) $"!#&) *# 5()%
)&)'# %$#64"# #%' *# ( 2-6*6# *#

107 &$% 7  )6 ]#66# + #' �/� # *&$% (#% ! "*#% (#% 5()% 5-)%%%% + (#% !-(("%"-$%#$'6# &'-� #% #� 5/!)#$' * 2-" %#6!#6 !#''# '6&$%"'"-$ 7  #)( (# � "("#) "$'#6%'#((&"6# 5 #)' -- 6"6 %"�)('&$%� #$'(#% 3&"" (#% *#$%"'%% #' (#% 46&$*#% *)&$'"'%% *# � &'"(6# 5 #6� #''&$' !#''# -" %#6!&'"-$ I!&$ . # B)(%' + CD�CK 7
. # �/� # + (# h 1 #%' (# ("#) "*%&( *# 3-6� &'"-$ * 2#%5(!#% !) "� "*)#% )&)'#� #$' "$%'&" (#% *&$% (#% !-$*"'"-$%*) (&"-6&'-"6# I�#*)#) _ !-)#- + CDD CK 7
��� �� "�PZ�W �� �� � �Q�P �U�R
b ( 2# !#5'"-$ *# ( 2#$6"!) "%%#� #$' #$ % (%� #$'% (-)6*% 5&6 (#% %'-"(#% + (& !-� 5-%"'"-$ !) "� "*)# *) 4&n "$'#6'%'#((&"6# 6##('# " "#$ (#% !&6&!'%6"%'"*)#% *# (& $)!(%-%,$')(%# 56"� -6*"&(# IB&6/ "' _  5&&$% + EFFGK 7 � 2),*6-'4($# 6#56%%#$'# aFi *# %& � &%%# + ( 2)% (")� E`i + '&$*"% *)# (#% Ei 6#%'&$'%$ %-$' 56"$!"5&(#� #$' !-$%'"')%%*# !&6"-$# + * 2- ,4($# + * 2&n-'# + &"$%" *)# * 2&)'6#% % (%� #$'% 5()% (-)6*% I%6"%!) _  (&! "$ + EFFGK 7 .# 5()% +( 2)% (")� $# 5&6'"!"5&$' 5&% &) 6%&!'"-$% !) "� "*)#% #' %'&$' " "#$ !-)5(% , ( 2),*6-4($# 5&6 (#% !-(("%"-$ % +"( #%' 5-%%"" (# *# ( 2"$!()6# *&$% (# '6&"'#� #$' *) %#)( 4&n * 2),*6-4($# #$ � -*"#&$' %"� 5(#� #$' (& � &%%#
� -,#$$# 5&6 5&6'"!)(# 7 9)&$' , ( 2),*6-4($# () "'� /� # + -$ (# '6-)!# * 2)$# 5&6' %-)% )$# 3-6� # &'-� "*)# #'"-$"%%# + -" %#6!%# *&$% (# ! "%"" (# 46&!# , (& 6&"# *# 6#!-�" "$&"%-$ B

α
, J�J +E $� + * 2&)'6# 5&6' %-)% (& 3-6� #&'-� "*)# #' $#)'6# *%$ , %!-*)%# + #' #$#$ %-)% 3-6� # � -(%!)(&"6# + *-$' ( 2%� "%%"-$ #%' *"+ !"(#� #$' -" %#6'

!&" (# *"6#!'#� #$' c!-"6 (& %#!'"-$ �7� 7' d 7 �#% '6&$%"'"-$ % #$'6# !#% *"-%6#$'#% #%5 (!#% -$' ("#) #$ 3-$!'"-$*# ( 2#$! "6-$$#� #$' "-$"%&$' *#% %'-"(#% 56- !)#% #' *# (& *#$%"'% *) 4&n 7
x�}{{z�~s �s � ��u�us �s

4.1010 L�

� �(
L�

��{}��s �z ��v }��{}t� {��z}us )
1 L� = 3, 845.1026 * + �, -� ��� ��vvs ~���s~t}�sv s�t wv �tz��| s� z{tu�xy�{}��s �
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��� �� NRW � ��\ �R ��RW ZQOWRW �� SO� ���R �W�R TTO ��R
�-"$ *# 3-6� #6 )$ #$%#�" (# )-� -4($# + (# 4&n "$'#6%'#((&"6# 56%%#$'# *"-%6#$'#% 5)&%#% #$ '#� 5 %6&')6##' #$ *#$%"'% + "%%)#% *# (& !-� 5 %'"' "-$ #$'6# *"!#6% 56- !#%%)% *# !)&)-&4# #' *# 6#36- "*"%%#� #$' *# %#%!-$%'"')&$'% I-(# 6# jk ;lm+ CDD�K 7 1( # "%'# '-)' * 2&"-6* )$# !-� 5-%&$'# #$'"(6#� #$' "-$"%%# + '6(% 5 #)*#$%# c

n ∼ 6.10−3 cm−3d #' # '6/� #� #$' !)&)*# c
T ∼ 106 � d + &55 #(%# � "("#) !-6-$&( 5&6 6&556- !)#� #$'&!#! (#% !-$*"'"-$% 5),%"*)#% 6#$!-$'6%#% *&$% (& !-)6-$$# %-(&"6# + -) 5()% 56-%&�*)#� #$' B 1h 5-)6 B-'1-$"n#* h #*")� 7 e#''# !-� 5-%&$'# + 3-6'#� #$' )-6% * 2%*)"(""6# + #%' "$'#656%'%# !-�� # (# 56-*)"' *#% ")((#%*# 4&n !)&)* #$4#$*6%#% 5&6 (#% %)5#6$-!4 Ih !� ## _ @ %'6".#6 + CDaaK 7

. #) 5)&%#% � -"$ % !)&)*#% #' 5() % *#$%#% %-$' %'&" (#% ')#6� "*)#� #$' #' #$ %*)"(""6# *# 56#%%"-$ ( 2)$#&!#! ( 2&)'6# 7 1( % 2&4"' *# (& !-� 5-%&$'#  �h c&6� �#)'6&( h #*")� d 5-)6 (&*)#((#
n ∼ 0, 25 cm−3#'

T ∼ 8000 � + #' *# (& !-� 5-%&$'# e�h ce-(* �#)'6&( h #*")� d + 5 ()% *#$%# c
n ∼ 25 cm−3d #' 5()%36-"*# c

T ∼ 80 � d 7 1( $ 2#%' %4&(#� #$' 5&% 6&6# *# !-"6 � #$'"-$$%# )$# '6-"%"(� # 5)&%# *"'#  1h c&6�1-$"n#* h #*")� d 7 e#5#$*&$' + (& *"%'"$!'"-$ -" %#6!&'"-$$#((# *# !#''# 5)&%# 5&6 6&55-6' &)  �h #%' 5 #)!(&"6# + (# *#46% * 2"-$"%&'"-$ *# ( 2),*6-4($# 5-)!&$' !&6"#6 *# � &$"(6# !-$'"$)# 7 7 *#% 56#%%"-$% 5()% % (#!%#% +-$ '6-)!# * 2)$# 5&6' (& 5)&%# � -(%!) (&"6# + *)" 56%%#$'# *#% *#$%"'%% %)5 %6"#)6#% ,
1000 cm−3 5-)6 *#%'#� 5%6&')6#% "$3%6"#)6#% , CFF � + #' * 2&)'6# 5&6' + *&$% ( 2#$! "6-$$#� #$' *#% %'-"(#% � &%%"!#% *# ',5# @ #'

^ + (#% 6%4"-$% �   * 2),*6-4($# "-$"%% + *-$' (& *#$%"'% 5#)' !&6"#6 * 2#$! "6-$
1 cm−3 ,

104 cm−3 #' *-$'(& '#�5 %6&')6# #%' *# ( 2-6*6# *# CFFFF � 7 � 2#%'"� &'"-$ *#% � &%%#% '-'&(#% *#% *"-%6#$'#% !-�5-%&$'#% *)
h 1 *# (& 4&(& "# #%' *-$$%# *&$% (# '&" (#&) 6%!&5"') (&'"3 !"'*#%%-)% + -� ( 2-$ 6&55#((# *) 2)$# � &%%# %-(&"6##%' %4&(# , C h

� = 1, 989.1030 .4

��� � C � �j� �>� �=j� kj� �?�< ?�;� kj� �� � ;� >� kj=�kjl l;>=j
&)&%# . #$%"'% c

cm−3d ]#� 5 %6&')6# c� d h &%%# '-'&(# ch
�
d

 �h F +E� `FFF C +� 7CF9e�h E� `F C +� 7CF9h -(%!) (&"6#
> 1000 6 100

CF9 c 0d
 1h F +FG `FFF CF9B 1h J 7CF−3 CF6 CF8 c 0d

!%4"-$% �   C� CF4 CF4 � 7CF7

��� �� NRW P�XR�W � ���WR ��O� �� �
�& *"!#6%"'% *#% !-$*"'"-$% 5),%"*)#% 6#$!-$'6%#% *&$% (# � "("#) "$'#6%'#((&"6# %# '6&*)"' 5&6 )$# $%!#%%&"6#&*&5'&'"-$ *#% � -,#$% * 2-" %#6!&'"-$ &) !-� 5-%&$'#% *) h 1 7 e)&!)$# *# !#((#%'!" $# 5 #)' /'6# %')*"%#
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  � � � �7E � � jl;k>?� j� k=j l; k;>l lj �j� �k=��k�=j� � ?l��� l;>=j� jk l; � ;��j �j � ;� B
2 �� 	jl lj� �?� k>j�� j� km �j�

�?���j� �?� k j��j� k>jl lj� j� k >���j� �j � j��=j� j� 12CO
� 13CO

jk
C18O

�;�; jk ;lm� ��� �� �?=j� � �����
� j>k� ;��j� jk ;lm� ���� � �>l l>;� � jk ;lm� ���� � �;l� ;=?�j � � �=;� lk� ��� �� �;l� ;=?� j jk ;lm� ���� �
	 ;� j jk ;lm� ����� � ?l?� ?� jk ;lm� ��� �� 
 ;� jk ;lm� ��� �� �j� � j jk ;lm� ���� � �;�� jk ;lm� �����
�;=�� � ?�< �?� jk ;lm� ����� m �j� =�� �=j��j� < =��>�j� �?� k �?���j� < ;= �;l� ;=?�j� ����� � �?� k j�k j� k=;>kj
�jkkj � ��=jm

(& '&"((# *#% %'6)!')6#% "*#$'"#%#% #' (& � &%%# *# *"),*6-4($# *) 2#((#% !-$'"#$$#$' + %&!)&$' *)# !#''# #%5(!#3-6� # (& � &$ #)6# 5&6'"# *) 4&n � -(%!)(&"6# 7 @$ 6#� &6*)# $-'&�� #$' *)# !#''# (-" * 2%!)#((# $# 5 #)' /'6#&$)%'%# , ( 2&"*# * 2)$# %#)(# *6-"'# 7  " ( 2-$ %!6"'
MH2

∝ Lγ + -$ *-"' &(-6% &*� #''6# *)#
γ
!&6"# + &!#!

γ ' 2
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γ ' 2, 3
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@$ 5#)' %4&(#� #$' + 5&6 !#% �%')-*#% * 2"*#$'"#!&'"-$ *# %'6)!')6#% !-$$# #% + -"'#$ "6 )$# #%'"� &'"-$ *)

�rs{ s�x�{z�t{ �s ~s{ ��}{ � ��~ys��s {��t �}�{ � �� ��v"us zxx s�� �}v s�{}�� �uz~tz�s � ���t �z �z�s�u s{t �� }��}~zts�u �s �zv z�}�us ���t ~s{ s�{sv" �s{ usvx�}{{s�t � �s{xz~s � �zu s�svx�s � �� �uz~tz� �s �}v s�{}��
d
{tu}~tsv s�t ~�vxu}{s s�tus  st �{tu}~tsv s�t s{t wx��{ �u�{| �� ���s {�u�z~s � v z}{ }� �s usvx�}t xz{ ��� x��{ �� ����v s � � �z}��s�u{ � �z us�zt}��

MH2
∝ Lγ

�z}t�s
γ
��s �}v s�{}�� �uz~tz�s � ~s �� ��� �t}�}{suz �z�{ �z {�}ts �



��� � �� �� � �� �� 
� ���� ��� ��
 	����
 �� ������ ���
 ��

L
)x~+

∆
v

��
�
�−

1

�


  � � � �7G � � jl;k>?� j� k=j l; k;>l lj �j� �k=��k�=j� � ?l��� l;>=j� jk lj�= �>�< j=� >?� �j 
>kj��j �?��k� j=� >��jm�j� ��� �?lj� �?� k lj� � �� j� ��j < ?�= l; � ��=j � �7E m � >��=j >���j �j �;l� ;=?�j� ����� m

%5#!'6# *# � &%%# *#% $)&4#% � -(%!)(&"6#% + *) 2-$ *%#$"' !-�� # %'&$' (& *)&$'"'%
f(M) = dN/dM

+ -�
dN#%' (# $-�"6# *# $)&4#% *-$' (& � &%%# #%'

M
,

dM
56(% 7 . "-%6#$'#% %')*#% -$' 5 #6� "% *# � -$'6#6 *)# !#%5#!'6# %'&"' " "#$ � -*% ("%% 5&6 )$# (-" *# 5)"%%&$!#

f(M) ∝ M−α + &!#!
α

!-� 56"% #$'6#
1, 80

#'
1, 84

+ 5-)6*#% � &%%#% &((&$' *#
10−3 M�

,
2.106 M�

+ %-"' %)6 5() % *# D -6*6#% *# 46&$*#)6 I -(-� -$ jk ;lm+ CD`a +
B #"')&)%#$ jk ;lm+ CDD` + B#,#6 jk ;lm+ EFF CK 7 e#''# !&(#)6 #%' , !-� 5&6#6 &!#! !#((# '6-)!%# (-6%*) 2-$ %')*"#(# %5#!'6# *# � &%%# *#% !0)6% *#$%#% Ih -''# jk ;lm+ CDD` + ]#%'" _  &64#$' + CDD`K + *)" *-$$# )$ # 5-%&$'

α%# %"')&$' 5 ()'�' #$'6# E +C #' E +� 7 1( 3&)' $%&$� -"$% 56#$*6# 4&6*# &) 3&"' *)# (#% �%')-*#% *# � #%)6# %-$'
%4&(#� #$' *"-%6#$'#% 7
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P(k) ∝ |k|−β + -�
k

*%%"4$# (# !#!'#)6 * 2-$*# #' -� ( 2"$*"!# %5 #!'6&(
β

#%' )$ $-�"6# !&6&!'%6"%'"*)#*# (& %'6)!')6# -" %#6!%# 7 & ()% !#()"'!" #%' 46&$* + 5()% (#% 46&$*#% %!)#((#% *-� "$#$' (#% 5 #'"'#% + #' 5()% (&%'6)!')6# #%' 5 ("%%#6 + !-�� # -$ 5#)' (# !-"6 #$ !-� 5&6&$' (#% *"-%6#$'#% "� &4#% *# (& #4)6# � � �7E 7
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β
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?l� k>?� �j l 	>��>�j �< j�k=;l ;
j� l 	��� jl ljm �j� �>� �=j� k� �j�� j� k� =j< =��j� kj� k lj�
� j��=j� � ;>kj� ��= lj� >� kj�� >k�� >� k�� =�j� j� 12CO

jk 13CO
�j ��;� j� � � ;� kj l;k>k��j �k=;>k�

< lj>�� � ��� � �j ��;� j� �;�� jk ;
j� � ?=� ;k>?� � 	�k?>lj� ?��j=
�� �?k;� � j� k < ;=  j���� jk ;lm� �����
� l�� j jk ;lm� ����� ;>�� > ��j < ;= � >l�� l;� k �k=;>k� < ?>� k>l l�� � ��� m �j k=;>k � >� kj � =;� =j< =��j� kj l 	�� >��
� >?� �j� < ?��� >�=j� � ���

µ� 
�j < ;= ��� � �;� k>j= jk ;lm� ����� m �� � ?� k=j �� ;lj� j� k lj� =��� l�
k;k� ?�kj��� ��= lj �  j� �� >�� >?� �;�� lj �
 � � l� j� =jj� jk ;lm� ����� �k=;>k < ?>� k>l l� � =;�� � �;�� lj
�
 � � k;� >� >=?
 >� � �;�;=>;� � ����� �k=;>k k>=jk� � =;�� � ;>�� > ��j < ?�= ��j �?�=�j � ;l;�k>��j� � �;
?>= lj
� ?=k� � ?l;= �< �= 
 >
>l lj�	 j��� ��j� jk ;lm� ����;� �k=;>k < lj>� � =;�� m �j �  � ;l;�k>��j j� ;��?=< k>?� �k=;>k
k>=jk� � �� ; �� ;lj� j� k �k� >��l��� � < ;=k>= �j� ?��j=
;k>?�� �j 	 j��< ;��j jk ;lm� ����� m �jkkj � ��=j j�k
>���j �j �;l� ;=?� j jk ;lm� ����� m
�& #4)6# � �7� #%' %4&(#� #$' 6%!% (&'6"!# *) ("#$ *)" # "%'# #$'6# (& ')6")(#$!# *) � "("#) &'-� "*)# #' !#((#*#% $)&4#% � -(%!)(&"6#% 7 @$ !-"' #$ #-#' *)# (#% !&(#)6% *# ( 2"$*"!# %5#!'6&(

β
-"'#$)#% , 5&6'"6 *#% !&6'#%*) 4&n &'-� "*)# �  !) 6#%5#!'"!#� #$' #$ %� "%%"-$ #' #$ &" %-65'"-$ %-$' *"-%6#$'#% 7 � '&$' *-$$% *)#( 2%� "%%"-$ , EC !� '6&!# , (& 3-"% (#% 5)&%#% 36-"*# ce�hd #' '"(*# c �hd + '&$*"% *)# ( 2&" %-65'"-$ *# !#''#

�/� # 6&"# #%' )$# %"4$&')6# *# (& %#)(# 5)&%# e�h + !#!" � -$'6# *)# (#% !-�5-6'#� #$'% *#% *#) 5)&%#%%-$' %#$%"" (#� #$' *"-%6#$'% 7 . 2&)'6# 5&6' + (#% "$*"!#% %5#!'6&) !-66#%5-$*&$' &) $)&4#% � -(%!) (&"6#% %-$'!-� 5&6&" (#% , !#) *# (& 5)&%# 36-"*# #' *# ( 2%� "%%"-$ *#% 5-)%%"(6#% #$ "$36&6-)4# (-"$'&"$ &) �/� #%
%!)#((#% + !# *)" %#�" (# &!!6%*"'#6 ( 2"*%# *)# (& !&6"&'"-$ *#

β
&!#! ( 2%!)#((# *&$% (#% $)&4#% � -(%!) (&"6#%$ 2#%' 5&% *)# , *#% #-#'% * 2-5&!"'% *#% 6&"#% *# e@ 7

e#''# !&6"&'"-$ #%' 5()% 56-"&" (#� #$' *)# , )$ !&6&!'(6# �)('"36&!'&( *#% $)&4#% � -(%!) (&"6#% 7 �& $-''"-$ * 2#$%#�" (# �)('"36&!'&( !-66#%5-$* � =?��? � ?�? , ( 2"�"6"!&'"-$ *# 5()%"#)6% #$%#�" (#% 36&!'&(% *#*"� #$%"-$% *"-%6#$'#% (#% )$% *&$% (#% &)'6#% 7 A$ #-#' + *&$% (# !&*6# *# !)&� 5% %,$')%'"*)#% *) ',5# � -)'
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β
+ ( 2# 5-%&$'

α
*) %5#!'6# *# � &%%# #' ( 2# 5-%&$'

γ
*# (& 6#(&'"-$ '&"((#'� &%%# + , %&!-"6

β = γ(3 − α)
7 @ 6 + (# %5 #!'6# *# � &%%# #%' "$!)&$4% %)6 D -6*6#% *# 46&$*#)6 + #' (& !&6"&'"-$ *#

β
&!#!( 2%!)#((# #%' *-$! , � #''6# &) !-� 5'# *#

γ
+ (#% !&(#)6% # '6/� #% *# ( 2"$*"!# %5 #!'6&( +

β = 2, 4
#'

β = 3, 6
+!-66#%5-$*&$' 6#%5 #!'"!#� #$' ,

γ = 2
#'

γ = 3
7 � '&$' *-$$% *)# ( 2# 5-%&$'

γ
!&6&!'%6"%# (& 3&L-$ *-$' (#%%'6)!')6#% 6#�5("%%#$' ( 2#%5&!# + "( #%' ("% , (& *"� #$%"-$ 36&!'&(# I ')'n." jk ;lm+ CDD`K 7 A$ 5&%%&$' , (& ("'
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� ��� ��ZZ��� �����QR �P �U�R �RW ��OSRW P� T\��TO ��RW
���� �O "QOPZ �R � ��RWWR �����TR��
@$ & !) *)# (#% *"%5#6%"-$% *# ! "'#%%# -" %#6!%#% #$ *"6#!'"-$ *#% $)&4#% � -(%!)(&"6#% %'&"#$' " "#$ %)5 %6"#)6#%&) *"%5 #6%"-$% *# ! "'#%%# ')#6� "*)#% + #' ( 2)$# *#% # 5("!&'"-$% 5-%%"" (#% *# !# %)65()% * 2%$#64"# "$'#6$#56#$* (& 3-6� # * 2)$ !)&� 5 *# ! "'#%%# ')6")(#$' + *-$' -$ & *%$ , %!-*)% ( 2# "%'#$!# , 5()%"#)6% 6#56"%#% 7 A$'#$&$' !-� 5'# *# (& ! "%!-%"'% � -(%!) (&"6# + -$ -" %#6!# #$ #-#' *#% $-�" 6#% *# ! #,$-(*%op '6(% 46&$*% + *#( 2-6*6# *#

108 ,
1012 + !# *)" !-66#%5-$* (&64#� #$' &) 6%4"� # ')6")(#$' *#% %!-)(#� #$'% #)"*#% 7 . 2&)'6#5&6' + !-$'6&"6#� #$' , ( 2&4"'&'"-$ ')#6� "*)# + (#% � -)!#� #$'% ')6")(#$'% -$' )$ %5 #!'6# *# 5)"%%&$!# $-$5(&' + !-�� # -$ #$ '6-)!# -" %#6!&'"-$$#((#� #$' + #' "(% 5 #6� #''#$' (& 3-6� &'"-$ *# %'6)!')6#% !-)%6#$'#% 7

. &$% (& ')%-6"# !(&%%"*)# *# �#&$% I�#&$% + CDFEK + -$ *%� -$'6# *)# (#% 46&$*#% %!)#((#% * 2)$# %'6)!')6# %-$'"$%'&" (#% ! "%','! "% *# (& 46&! "'% + (& '&"((# ("� "'# %'&$' *-$$%# 5&6 (& (-$4)#)6 *# �#&$% +

LJ = cs

√

π

Gρ0

-�
cs

#%' (& ! "'#%%# *) %-$ #'
ρ0

(& *#$%"'% "$ "'"&(# + %)55-%%# )$"3-6� # 7
� 2"$'6-*)!'"-$ *# � -)!#� #$'% ')6")(#$'% & (& 5&6'"!)(&6"'% + *) 3&"' *) %5 #!'6# *# 5)"%%&$!# $-$ 5(&' + *#5-)!-"6 "$!#6%#6 (# !6"'(6# *# �#&$% + *# %-6'# *)# (#% 5()% 46&$*#% %!)#((#% %-"#$' %'&" "("%%#% 7 A$ #-#' + (&
! "'#%%# *) %-$ *-"' &(-6% /'6# &)4� #$'%# * 2)$ '#6� # ')6")(#$' *%5#$*&$' *) $-�"6# * 2-$*#

k
+ !# *)"6%*)"' �j � ;�k? (& 5(&4# * 2%!)#((#% "$%'&" (#% 7 A$ 5&6'"!)("#6 + (-6%*)# (& ')6")(#$!# #%' %)5 #6%-$"*)# #' *)# (#%5#!'6# *# 5)"%%&$!# #%' %)+ %&�� #$' 6&"*# + (#% 46&$*#% %!)#((#% *#! "#$$#$' %'&" (#% 7 !#� &6*)-$% *)# !#%!-$!()%"-$% *%5#$*#$' $-'&" (#� #$' *# ( 2%*)&'"-$ * 2%'&' *) 4&n !-$%"*%6% Ie) "(n# + CD`aK 7
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� ��� �� NO � �� �W �� � OP � �Z� TO ��R
�# !)&� 5 � &4$%'"*)# *) � "("#) "$'#6%'#((&"6# + #$ 5&6'"!)("#6 *&$% (& 5)&%# � -(%!) (&"6# + #%' !-)5(% &) 4&n
! "& (#% 5&6'"!)(#% "-$"%%#%o� 7 A$ #-#' + !#((#%'!" %-$' " "#$ #$'#$*) ("%#% &) ("4$#% *# !)&� 5 + � &"% &)%%" &)6#%'# *) 4&n *) 3&"' *#% !-(("%"-$% #$'6# 5&6'"!)(#% 7 &&6 !-$%%*)#$' + (# !)&� 5 � &4$%'"*)# 3-)6$"' &) $)&4#%
� -(%!)(&"6#% )$ !#6'&"$ %)55-6' ! "%','! "% *# (#)6 &)'-46&! "'% 7 e#5 #$*&$' + %" (# !-)5(&4# *#! "#$' '6-5 (&!)# +! 2#%'','*"6# %" (# '&) *# !-(("%"-$% *#! "#$' '6-5 3&"" (# + (#% $#)'6#% 5 #)!#$' *"-)%#6 &) '6&!#6% *#% ("4$#% *#!)&� 5 + %#(-$ )$ 56- !#%%)% &55#(% *"-)%"-$ &�" "5 -(&"6# 7 e# !-)5(&4# & $%&$� -"$% 5-)6 #-#' *# 6&(#$'"6 (&
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nH2
' 3.104 cm−3d #' "&%%# '#�5 %6&')6# c

T ' 8 � d 7 @$ 5&6(# *# � -*( (#
B.�] 5-)6 � >�� �j�� >k� l?� kj�< j=;k�=j7 e#5 #$*&$' + "( %#�" (# I%&(4&6-$# jk ;lm+ EFF CK *) 2"( %- "' 5-%%"" (#* 2-"'#$ "6 *#% %-()'"-$% 5()% !&6"%#% + &((&$' $)%*) 2, *#% � -*( (#% �.B] cl?� �j�� >k� � >�� kj�< j=;k�=jd + 5-)6(#%*)#(%

nH2
' 180 cm−3 #'

T ' 250 � + #$ 6#%'6#"4$&$' ( 2%')*# &) &"(#% *#% 6&"#% + !#!" 5 -)6 % 2&- 6&$!) "6*#% 56-" ((� #% * 2%5&"%%#)6 -5'"*)# 7 e#''# "$*%'#6� "$&'"-$ #%' 56-"&" (#� #$' *)# &) 3&"' *)# (#% (-$4)#)6%*# !-66% (&'"-$ *#% !)&� 5% *# *#$%"'% #' *# ! "'#%%# *&$% !#% %'6)!')6#% -$' 56-"&" (#� #$' *#% #-#'% $-$$%4("4#&" (#% %)6 (#% 6&"#% *# e@ IB #4� &$$ _ � #4#( + EFFFK 7 A$ #-#' + (#% *"%'6"")'"-$% *# *#$%"'% #' *#
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v(x, t)
5&6 6&55-6' &) '#� 5% 7

∂v

∂t

5-)6 ( 2&556- !)# #) (%6"#$$# #' dv

dt
=

∂v

∂t
+ (v.∇)v

5-)6 ( 2&556- !)# (&46&$4"#$$#
,
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∇
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!-66#%5-$* , (& !&6"&'"-$ *# (& ! "'#%%# *) 3&"' *# ( 2&*!#!'"-$ *&$%( 2%!-)(#� #$' 7 �& *%6"!%# *# (& ! "'#%%# &55&6&"%%&$' *&$% ( 2%*)&'"-$ *) � -)!#� #$' * 2)$# 5&6'"!) (# #)"*##%' (& *%6"!%# '-'&(# !-66#%5-$*&$' , ( 2&556- !)# (&46&$4"#$$# 7 ]-)% (#% !)&�5% #� 5-6'%% 5&6 ( 2%!-)(#� #$'5 #)!#$' /'6# '6&"'%% *# ( 2)$# -) ( 2&)'6# � &$"(6# + $-'&�� #$' (& *#$%"'%
ρ
+

dρ

dt
=

∂ρ

∂t
+ (v.∇)ρ = −(∇.v)ρ
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∂t
+ ∇.(ρv) = 0.
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∫∫
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p
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e
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v
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&&6 &"((#)6% + !#% 46&$*#)6% !&6&!'%6"%'"*)#% 5 #)!#$' /'6# 6&55-6'%#% &) !&(#)6% ',5"*)#% *#% 46&$*#%
%!)#((#% + (#% 6&55-6'% -"'#$)% %'&$' >� � � j # 56"�%% 5&6 *#% 5)"%%&$!#% *) $-�" 6# *# !#,$-(*% +
ld
L

∼ Re−3/4 vd

U
∼ Re−1/4 #' τd

τ(L)
∼ Re−1/2

b (& ("� "'# * 2)$ $-�"6# *# !#,$-(*% "$#$" + (#% 6&55-6'%
ld/L

#'
ld/l0

*#! "#$$#$' $)(% + #' "( # "%'# *-$! )$#5(&4# * 2%!)#((#%
l
, (& 3-"% '6(% 46&$*#% *#!&$'

ld
#' '6(% 5#'"'#% *#!&$'

l0
7 �#% '-)6" "((-$% , !#''# %!)#((#

%'&$' '6(% 46&$*% *#!&$' !#) *# ( 2%!)#((# *"%%"5&'"!# + -$ 5#)' %)55-%#6 *)# (#)6 !-� 5-6'#� #$' $# *%5#$*5&% *# (& ! "%!-%"'% + !# *)" !-$%'"')# (& '6-"%"(� # #' *#6$"(6# ),5-')(%# 7
� ���� �� NRW T� �W � �\�QR TTR
b 5&6'"6 *# !#% ),5-')(%#% + -$ 5#)' *%*)"6# *#% (-"% * 2%!)#((# *%!6"!&$' (# !-� 5-6'#� #$' *#% '-)6" "((-$%*&$% (# *-� &"$# "$#6'"#( 7 1( #%' #$ #-#' 5-%%"" (# *# !-$%'6)"6# *#% %!)#((#% *# ! "'#%%# #' *# '#� 5% , 5&6'"6 *#%
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%#)(#% *-$$%#% *#
ε
#' *#

l
+ &"$ %"

v(l) = (εl)1/3 #'
τ(l) = (l2/ε)1/3 7 e#% 6#(&'"-$% 5 #6� #''#$' *# *%*)"6# *)#(# '&) *# '6&$%3#6' * 2%$#64"# , )$# %!)#((#

l
+ $-'%

ε(l)
#' !&(!) (% !-�� # (# 6&55-6' *# ( 2%$#64"# !"$%'"*)#

E(l) ∼ v(l)2
&) '#�5% *# 6#'-)6$#� #$'

τ(l)
+ #%' #$ 3&"' %4&( ,

ε
7 1( $ 2, & 5&6 !-$%%*)#$' $" &!!)�)(&'"-$$" *"%%"5&'"-$ * 2%$#64"# &) %!)#((#% "$#6'"#((#% + !# *)" #%' !-)%6#$' &!#! ( 2"� &4# *) 2-$ % 2#%' 3&"'# 5()% )&)'*# (& !&%!&*# ')6")(#$'# 7

�& *"%'6"")'"-$ *# ( 2%$#64"# !"$%'"*)# *#% '-)6" "((-$% #$ 3-$!'"-$ *# ( 2%!)#((# #%' *-$$%# + -$ ! "#$' *# (# *"6# +
5&6 (& (-" * 2%!)#((#

E(l) ∼ (εl)2/3 7 e-�� # -$ (# !#66& 5()% "&% + "( #%' !-��)$ *# %# 5(&!#6 *&$% ( 2#%5&!# *#
%-)6"#6 + *# %-6'# *)# (#% %!)#((#% %5&'"&(#% %-$' 6#5 %6%#% 5&6 )$ $-�" 6# * 2-$*#

k
"$!#6%#� #$' 56-5-6'"-$$#(

,
l
7 A$ '#6� #% *#% $-�"6#% * 2-$*# + (& *#$%"'% * 2%$#64"# !"$%'"*)# *%5#$* *# ( 2%!)#((# %)"!&$' )$# (- " #$

k−5/3 7 A$ #-#' + 5&6'&$' *# ( 2%4&("'% *%#$"%%&$' (& *#$%"'%
E(k)

+

E(k)dk = E(l)dl
#' #$ $-'&$' *)#

dk ∝
dl

l2
-$ &

E(k) ∼ E(l)l2 ∼ ε2/3l5/3 ∼ ε2/3k−5/3.

e#' # 5-%&$' *) %5 #!'6# * 2%$#64"#
E(k)

"� 5("*)# (& !-$!#64#$!# *#% "$'%46&(#% # 56"� &$' (#% *)&$'"'%%* 2%$#64"# !-$'#$)#% 6#%5#!'"!#� #$' &) 46&$*#% #' &) 5#'"'#% %!)#((#% *) *-� &"$# "$#6'"#( 7 @$ 5#)' $-''&�� #$' � -$'6#6 *)# ( 2#%%#$'"#( *# ( 2%$#64"# %# '6-)!# &) 46&$*#% %!)#((#% I&-5# + EFFFK 7
� ���� �� �R���P�TO� �� � �RW QXZ��QYWRW �R �� TP�S����
�# 5-"$' *# !)# � -*#6$# #%' )$ 5#) *"-%6#$' *# !#() " *# �-(� -4-6-! 7 @$ (# 3-6�)(# %4&(#� #$' &) '6&!#6%*# '6-"% ),5-')(%#% + *)" ! "#$$#$' 6#� 5(&!#6 !#((#% 56%!%*#�� #$' %$-$!%#% 7

.
. &$% (# 6%4"� # ')6")(#$' , (& ("� "'# *#% $-�"6#% *# !#,$-(*% "$#$"% + #' (-"$ *#% %-)6!#% *# (& ')6")(#$!#

c',5 "*)#� #$' (#% "-6*% *# ( 2%!-)(#� #$'d + (#% � -)!#� #$'% &) %!)#((#% "$#6'"#((#% #' *"%%"5&'"!#% 56%%#$'#$'%'&'"%'"*)#� #$' (#% �/� #% %,�%'6"#% *)# ( 2%*)&'"-$ *# �&! "#6' '-.#% +
.
� 2%!-)(#� #$' #%' &)'-%"� "(&"6# *&$% (# *-� &"$# "$#6'"#( +

.
�# '&) *# *"%%"5&'"-$ *# ( 2%$#64"# 6#%'# #$ � -,#$$# #$" (-6%*)# (& ! "%!-%"'% '#$* !#6% n%6- 7

e#% ),5-')(%#% &55#((#$' *)#(*)#% !-�� #$'&"6#% 7 ]-)' * 2&"-6* + (#% %,�%'6"#% *#% %*)&'"-$% *) � -)!#� #$'
c"$!&6"&$!#% 5&6 '6&$%(&'"-$ + 5&6 !)&$4#� #$' *# ( 2-6"4 "$# *#% '#� 5% + 5&6 !)&$4#� #$' *# 6%3%6#$'"#( 8&("(%#$ +5&6 5&6"'% #' 5&6 6-'&'"-$ d , $-)#$' )$ 6� (# !#$'6&( 7 e#% %,�%'6"#% %-$' %-)!#$' " 6"%%#% 5&6 (#% "$ %'&" "("'%%&55&6&"%%&$' &) !-)6% *# (& '6&$%"'"-$ !#6% (# !)&-% Ih &$$#! "((# + CDDFK + � &"% #((#% %-$' 6#%'&)6%#% *# � &$"(6#%'&'"%'"*)# + *&$% (# 6%4"� # ')6")(#$' + &) %!)#((#% %)+ %&�� #$' 5 #'"'#% 5-)6 $# 5&% /'6# "$#)#$!%#% 5&6 (&4%-�%'6"# 4(-"&(# *) %,%'(� # 7 e#''# ),5-')(%# %# !-� 56#$* 5&6 # #�5(# #$ -" %#6!&$' *#% 6#56%%#$'&'"-$%* 2%!-)(#� #$'% ')6")(#$'% 7  &$% "$3-6� &'"-$ %)55(%� #$'&"6# + "( #%' "� 5-%%"" (# *# *"6# *)#((#% %-$' (#)6%-6"#$'&'"-$% + '&$' ( 2&%5#!' #%' )-� -4($# #' "%-'6-5# + #$ )$ !#6'&"$ %#$% %'&'"%'"*)# 7 &-)6 "(()%'6#6 !#''#"*%# + -$ 5-)66& !-$%"*%6#6 (# 6%4"� # ')6")(#$' ! "%"" (# , *6-"'# *# (& #4)6# � � �7C 7 A$ "%-(&$' )$# 6%4"-$%)+ %&�� #$' 5#'"'# *# !#''# "� &4# op + -$ %#6&"' " "#$ #$ 5#"$# *# *-$$#6 (& *"6#!'"-$ *# ( 2%!-) (#� #$' 7
. # �/� # + "( #%' %-)!#$' "� 5-%%"" (# *# *%'#6� "$#6 + %&$% &)'6# "$3-6� &'"-$ + ( 2%!)#((# *# ( 2"� &4# %')*"%# 7
. &$% (# *-� &"$# "$#6'"#( + (#% 56-56"%'%% *#% %!-)(#� #$'% ')6")(#$'% (- !&(#� #$' "%-'6-5 #% %-$' *%'#6� "$%#%)$ "*)#� #$' 5&6 (& ! "%!-%"'%

ν
#' (# '&) *# *"%%"5&'"-$

ε
7 �& *#6$"(6# ),5-')(%# #%' #%%#$'"#((#� #$' * 2-6*6## 5 %6"� #$'&( + #' #((# 5#6� #' *# !-$%#6!#6 )$ '&) *# *"%%"5&'"-$ $-$ $%4("4#&" (# + �/� # 5-)6 (#% $-�"6#%*# !#,$-(*% "$#$"% + !-66#%5-$*&$' , )$# ! "%!-%"'% $)((# 7

� ���� �RW� ��Z� �� � W�O� �W� �U �R �R TO �����TR ��R
����� �O � �\WR��O� �� � �OZ��R �R TO P\�Q��R
�#% %!-)(#� #$'% ')6")(#$'% , 46&$* $-�"6# *# !#,$-(*% + -$ ( 2& *"' + $# 5#)!#$' /'6# !-66#!'#� #$' *%!6"'%
*)# *# � &$"(6# %'&'"%'"*)# 7 1( 3&)' *-$! !-$%"*%6#6 *)# (& ! "'#%%# '6"*"� #$%"-$$#((#

v(x, t)
&"$%" *)# (#%&)'6#% !)&� 5% + 5&6 # #� 5(# !#) *# *#$%"'%

ρ(x, t)
+ *# '#� 5%6&')6#

T (x, t)
-) *# 56#%%"-$

p(x, t)
+ %-$' *#%!)&� 5% &(%&'-"6#% + *) 2"( !-$! "#$' *# *%!6"6# , ( 2&"*# *#% -)'"(% %'&'"%'"*)#% %')*"%% &) !)&5"'6# � 7 A$ 56#$&$'*# ( 2&!&$!# %)6 !# *)" %#6& *"' 5()% '&6* + -$ *%#$"' &"$%" *#% *#$%"'%% *# 56-"&" "("'% $-'%#%

Wp
'#((#% *)# (&
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*)&$'"'%
Wp(v1, . . . , vp; x1, . . . , xp; t1, . . . , tp)dv1 . . . dvp

6#56%%#$'# (& 56-"&" "("'% *)# (& ! "'#%%# 56#$$# (&
!&(#)6

vi
,

dvi
56%% , (& 5-%"'"-$

xi
#' , ( 2"$ %'&$'

ti
7

]-)'#% (#% 56-56"%'%% %'&'"%'"*)#% *) !)&� 5 *# ! "'#%%# * 2)$ %!-)(#� #$' ')6")(#$' %-$' !-$'#$)#% *&$% (&!-$$&"%%&$!# *#% *"!#6%#% 3-$!'"-$%
Wp

7 . # �/� # + -$ *%#$"' *#% *#$%"'%% *# 56-"&" "("'% &%%- !"%#% &) &)'6#% !&6"&" (#% *# ( 2%!-)(#� #$' + &"$%" *) 2&) !-�" "$&"%-$% *# 5() %"#)6% !&6"&" (#% 7 @$ !& %# !-$!#$'6#6 %)6(# %#)( !)&� 5 *# ! "'#%%# *&$% (& %)"'# *# !# !)&5"'6# + � &"% -$ !-$%"*%6#6& )('%6"#)6#� #$' *#% *)&$'"'%%*%5#$*&$' %4&(#� #$' *# (& *#$%"'% + $-'&�� #$' &) !)&5"'6#% � + � � #' �� 7
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Wp%-$' "$!&6"&$'#% 6#%5 #!'"!#� #$' 5&6 !)&$4#� #$' *# ( 2-6"4 "$# *#% !--6*-$$%#% #' 5&6 6-'&'"-$ *) %,%'(� #* 2& #% 7
e#5#$*&$' + *&$% (& 56&'"*)# + (#% *#$%"'%% *# 56-"&" "("'% $# %-$' 5&% 3&!"(#� #$' &!!#%%"" (#% + #' "( 3&)' 6#!-)6"6&) !&(!)( *# 46&$*#)6% � -,#$$#% %)6 ( 2%!-)(#� #$' + *-$' -$ � -$'6# o$ *) 2#((#% 5#)!#$' % 2# 56"� #6 !-�� #*#% "$'%46&(#% %)6 *#% # 56#%%"-$% !-$'#$&$' (#% 3-$!'"-$%

Wp
7 @$ & *# !#''# � &$"(6# "$*"6#!'#� #$' &!!(%&) 56-56"%'%% *#% *#$%"'%% *# 56-"&" "("'% 7

&&6� " (#% 46&$*#)6% � -,#$$#% !-)6&�� #$' )'"("%%#% + -$ $-'#6& #$ 5&6'"!)("#6 (#% 3-$!'"-$% *# !-66% (&'"-$,
n

5-"$'% + *%#$"#% "!" #$ 6#$*&$' "� 5("!"'# (& *%5#$*&$!# #$ '#� 5%o� + 5&6
Avi1

,...,vip
(x1, . . . , xp) = E{vi1(x1) . . . vip

(xp)},

#' *-$$&$' (& � -,#$$# o� *#% 56-*)"'% *#
n

!-� 5-%&$'#% *# (& ! "'#%%# 56"%#% #$
n

5-"$'% 7  " ( 2-$ %# 5(&!#*&$% (# !&% -� '-)'#% (#% !-� 5-%&$'#% !-$%"*%6%#% %-$' (#% �/� #% + -$ 5&6(#6& *# 3-$!'"-$% * 2&)'- !-66% (&'"-$
,

n
5-"$'% 7 . 2&)'6# 5&6' + #$ %)55-%&$' ( 2%!-)(#� #$' )-� -4($# + !#% 3-$!'"-$% $# 5 #)!#$' *%5#$*6# *)# *#%

n−1
%%5&6&'"-$%

ri = xi −x1
5-)6

2 6 i 6 n
7 A$ 5&6'"!)("#6 + -$ )'"("%#6& (& 3-$!'"-$ *# !-66% (&'"-$ , *#) 5-"$'%

Avi,vj
(x1, x2) = E{vi(x1)vj(x2)}

+ *) 2-$ %!6"6& (# 5()% %-)!#$' %-)% (& 3-6� #
Avi,vj

(r)
+ -�

r
#%' %4&(, (& %%5&6&'"-$

x2 − x1
7 A$#$ + -$ !-$%"*%6#6& %-)!#$' (& 3-$!'"-$ * 2&)'-!-66% (&'"-$ , *#) 5-"$'% + *) 2-$

%!6"6& &!#! )$ %#)( "$*"!#
Avi

(r) = Avi,vi
(r)

+ #' *) 2-$ &55#((#6& &")%"!#� #$' 3-$!'"-$ * 2&)'-!-66% (&'"-$ +%&$% 5()% *# 56%!"%"-$ 7
@$ %# %#6' %4&(#� #$' *#% 3-$!'"-$% *# %'6)!')6# + *%#$"#% 5&6 (& 6#(&'"-$ 4%$%6&(#
Svi1

,...,vip
(r) = E

{

[vi1(x + r) − vi1 (x)] . . .
[

vip
(x + r) − vip

(x)
]}

,

-� ( 2-$ & )'"("%% ( 2),5-')(%# * 2)-� -4%$% "'% #$ $# 3&"%&$' 5&% *#
x

)$ &64)� #$' *# (& 3-$!'"-$ 7 e-�� # 5-)6(#% 3-$!'"-$% *# !-66% (&'"-$ + -$ % 2"$'%6#%%#6& %-)!#$' &) !&% -� (#% !-� 5-%&$'#% *# (& ! "'#%%# %-$' '-)'#% (#%
�/� #% + ! 2#%'','*"6# &) 3-$!'"-$% *# %'6)!')6# * 2-6*6#

p
%# � #''&$' %-)% (& 3-6� # o� +

S(p)
vi

(r) = Svi,...,vi
(r) = E {[vi(x + r) − vi(x)]

p
} .

. 2&)'6# 5&6' + *&$% !# *#6$"#6 !&% + "( #%' "$'%6#%%&$' *# !-$%"*%6#6 ( 2-6"#$'&'"-$ *# (& %%5&6&'"-$
r
6#(&'"!#� #$'

, ( 2& #
i
7 @$ *%#$"' &"$ %" (#% 3-$!'"-$% *# %'6)!')6# * 2-6*6#

p
(-$4"')*"$&(# #' '6&$%!#6%# +

L(p)
vi

(r) = E {[vi(x + rui) − vi(x)]p}
#'

T (p)
vi

(r) = E {[vi(x + ruj) − vi(x)]p} (i 6= j).
7!#! ( 2),5-')(%# * 2"%-'6-5"# + !#% *#) 3-$!'"-$% %-$' #$ 3&"' "$*%5#$*&$'#% *# (& !-� 5-%&$'# 5&6'"!)("(6#*# (& ! "'#%%# *) 2-$ !-$%"*(6# + #' -$ 5-)66& -� #''6# ( 2"$*"!# !-66#%5-$*&$' 7 �& #4)6# � � �7G � -$'6# )$ %!)%� &6#56%%#$'&$' (#% *#) !&% + (-$4"')*"$&( #' '6&$%!#6%# 7 �-'-$% #$#$ *)# + *&$% (# !&% * 2)$ !)&� 5 *# ! "'#%%#%'&'"%'"*)#� #$' )-� -4($# + "( # "%'# )$# 6#(&'"-$ ("$%&"6# %"� 5(# #$'6# (& 3-$!'"-$ *# %'6)!')6# * 2-6*6# *#) * 2)$# !-� 5-%&$'# *)#(!-$*)# #' (& 3-$!'"-$ * 2&)'- !-66% (&'"-$ *# !#''# �/� # !-�5-%&$'# + , %&!-"6
S(2)

vi
(r) = 2 [Avi

(0) − Avi
(r)] ,%)6 (&*)#((# -$ 6#! "#$*6& &) � 7� 7	 #' *) 2-$ � #''6& , 56-#' &) !)&5"'6# � 7
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E
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S

(p)
vi
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Pvi,vj
(k) =

∫

Avi,vj
(r)e−2iπk.rdr

-� ( 2"$'%46&'"-$ #%' 3&"'# %)6 ( 2#$%#�" (# *#% %!)#((#% "$#6'"#((#%
r.

e#''# *)&$'"'% #%' !-� 5(# # #' '#((# *)#
Pvi,vj

(k) = P∗
vj ,vi

(k) = Pvj ,vi
(−k)

+ #$ 6&"%-$ *#% 56-56"%'%% *#
%,�%'6"# *#% 3-$!'"-$% *# !-66% (&'"-$ , *#) 5-"$'% + #' *) 3&"' *)# !#((#%'!" %-$' 6%#((#% 7 .# 5()% + (& � &'6"!#!-$%'"')%# *#% *"!#6% %5#!'6#% #$ ! "'#%%# #%' %#� "'*%#$"# 5-%"'"!# + *# %-6'# *) 2#$ 5&6'"!)("#6 %#% % (%� #$'%*"&4-$&) %-$' *#% 6%#(% 5-%"'"3% -) $)(% 7 @$ &55#((# !-)6&�� #$' !#% *#6$"#6% %5 #!'6#% *# 5)"%%&$!# *#%!-� 5-%&$'#% *# (& ! "'#%%# &) *)#((#% "(% %# 6&55-6'#$' +

Pvi
(k) =

∫

Avi
(r)e−2iπk.rdr

5-)6 !)&*)# !-� 5-%&$'#
i.

A$#$ + (& '6&!#
Pv(k)

*# !# '#$%#)6 #%' %4&(# , (& '6&$%3-6�%# *# %-)6"#6 *# (& *)&$'"'%
E {v(x + r).v(x)}#' 5 #)' (%4"'"� #� #$' /'6# &55#(%# %5#!'6# *# 5)"%%&$!# *# (& ! "'#%%# + %&$% 5() % *# 56%!"%"-$ 7 !#� &6*)-$%!#5 #$*&$' *)# + *&$% (& %)"'# + -$ $ 2&)6& &!!(% *) 2, )$# %#)(# !-� 5-%&$'# *# (& ! "'#%%# + , %&!-"6 !#((# 5&6&((( (#

, (& ("4$# *# ! "%%# + #' -$ 3#6& )$ &")% *# (&$4&4# #$ 5&6(&$' *# %5#!'6# *# 5)"%%&$!# *# (& ! "'#%%# 5-)6*%%"4$#6 (# %5 #!'6# *# 5)"%%&$!# *# !#''# !-� 5-%&$'# o� 7
� 2"$3-6� &'"-$ !-$'#$)# *&$% (#% %5#!'6#%

Pvi,vj
(k)

+ *)" !-$%'"')#$' )$ '#$%#)6 * 2-6*6# *#) *%5#$*&$'* 2)$ !#!'#)6 '6"*"� #$%"-$$#( + 5 #)' %!#$')#((#� #$' /'6# 6%*)"'# , )$# 3-$!'"-$ %!&(&"6# * 2)$ %!&(&"6# + #$ % ("'
� "$&$' '-)'# "$3-6� &'"-$ *# *"6#!'"-$ 7 @$ *%#$"' &"$%" (# %5 #!'6# #$ %$#64"# *# ( 2%!-) (#� #$' #$ !-$%"*%6&$'( 2"$'%46&'"-$ *) %5#!'6# *# 5)"%%&$!# *# (& ! "'#%%# %)6 '-)'#% (#% *"6#!'"-$% 5-%%"" (#% *) !#!'#)6 * 2-$*#

k
+(-6%*)# (& $-6� #

k
*# !# *#6$"#6 #%' # %# + %-"'

E(k) =

∫

Pv(k)δ(|k| − k)dk.

@$ & *%$ , %!-*)% !#''# *)&$'"'% 5()% )&)' + #$ %!6"!&$' *)# + * 2&56(% �-(� -4-6-! + %-$ !-� 5-6'#� #$' *&$%(# *-� &"$# "$#6'"#( %) "' )$# (-" *# (& 3-6� #
E(k) ∝ k−5/3 7 A$ !-$%%*)#$!# + (# %5#!'6# *# 5)"%%&$!# *# (&

! "'#%%# %)"' (& (-"
Pv(k) ∝ |k|1−n−5/3 + -�

n
#%' (& *"� #$%"-$ *# ( 2#%5&!# 7

� ���� �� � �R TU�RW �\W� T�O�W
. # � &$"(6# 4%$%6&(# + (#% %5 #!'6#% #$ ! "'#%%#

Pvi,vj
(k)

!-$'"#$$#$' " #&)!-)5 5()% * 2"$3-6� &'"-$ *)# (#
%5#!'6# #$ %$#64"#

E(k)
7 e#5 #$*&$' + *&$% (# !&% *# (& ')6")(#$!# "%-'6-5 # + -$ � -$'6# *)# (& !-$$&"%%&$!#*# !# *#6$"#6 #%' %)+ %&$'# 7 A$ #-#' + %'&$' *-$$%# ( 2"%-'6-5"# + ( 2"$3-6� &'"-$ *# *"6#!'"-$ !-$'#$)# *&$% (#%%5#!'6#% #$ ! "'#%%# $# 5 #)' *%5#$*6# *)# *#

k
7 @ 6 + (#% %#)(% '#$%#)6% * 2-6*6# *#) "$!&6"&$'% 5&6 6-'&'"-$

q� ��xx�{��{ ��s � ��� ~ysu~ys ��s {���t}�� yzuv��}��s � � ����zt}�� �s � z�}su��t��s{ � s� ��tzt}�� ~�vx�s�s � rs tsuv s ����}��z}us
(v.∇)v

{s tuz��}t z��u{ s� tsuv s{ �s �s~ts�u{ � ����s xzu �� ~��x�z�s �s{ v��s{ � ~�uus{x���z�t z� ~��x�z�s �s{�~ys��s{ ��~u}t xzu �z ~z{~z�s t�u"��s�ts ���x s � ���� �q��� {�xx�{z�t � �}{�tu�x}s � �� z �s t��ts{ �s{ v z�}�us{ �z us�zt}��
Pv (k) = 3Pvi

(k)
� ��s��s ��s {�}t �z ~�vx�{z�ts

i
�
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*)# ( 2-$ 5#)' 3-6� #6 , 5&6'"6 *) !#!'#)6 * 2-$*# %-$' (# '#$%#)6 )$"'%
1
#' (# '#$%#)6 *-$' (#% % (%� #$'% %-$'

kikj
+ * 2-� (& 3-6� # $%!#%%&"6# *) '#$%#)6 *#% %5 #!'6#% #$ ! "'#%%#

Pvi,vj
(k) = B(k)δij + C(k)kikj .

. 2&)'6# 5&6' + (& '6&*)!'"-$ #$ %-)6"#6 *# (& !-$*"'"-$ * 2"$!-� 56#%%"" "("'% *# ( 2%!-) (#� #$' +
∇.v = 0

+ % 2-"''"#$' #$ 6#� &6*)&$' *)# (& *%6"!&'"-$ 5&6 6&55-6' , )$# !--6*-$$%# * 2#%5&!#
xj

6#! "#$' , �)('"5("#6 5&6
ikj

#$ %-)6"#6o� 7 1( % 2#$%)"' *)# (& !-$*"'"-$ * 2"$!-� 56#%%"" "("'% % 2%!6"'
k.v = 0

+ %- "' #$!-6#
∑

i

kiPvi,vj
(k) =

∑

j

kjPvi,vj
(k) = 0,

#$ �)('"5("&$' 5&6 )$# !-� 5-%&$'# *# (& ! "'#%%# 7

b 5&6'"6 *# !#% %*)&'"-$% #' *# (& *%#$"'"-$ *) %5#!'6# #$ %$#64"# + -$ -"'"#$' (#% 3-6� #% *#
B

#'
C
+

Pvi,vj
(k) =

E(k)

4πk2

(

δij −
kikj

k2

)

.

. #% 3-6� #% %"� "(&"6#% %-$' -"'#$)#% *&$% ( 2#%5&!# *"6#!' + #$ &55("*)&$' (#% ),5-')(%#% *# �-(� -4-6-!&) 3-$!'"-$% *# %'6)!')6# 7 . &$% !# !&% + ( 2),5-')(%# * 2"%-'6-5"# "� 5("*)# Ih -$"$ _ �&4(-� + CDa�K *)# (#'#$%#)6 * 2-6*6# *#) 3-6�% *#% 3-$!'"-$%
Svi,vj

(r)
#%' $%!#%%&"6#� #$' )$# !-�" "$&"%-$ ("$%&"6# *#% *#) %#)(% '#$%#)6% "$!&6"&$'% 5&6 6-'&'"-$ 3-6�%% , 5&6'"6 *) !#!'#)6

r
+ , %&!-"6 (# '#$%#)6 )$"'% #' (# '#$%#)6*-$' (#% % (%� #$'% %-$'

rirj
7 : '"("%&$' (#% 3-$!'"-$% *# %'6)!')6# * 2-6*6# *#) (-$4"')*"$&(# #' '6&$%!#6%# +-$ &

Svi,vj
(r) = T (2)(r)δij +

[

L(2)(r) − T (2)(r)
] rirj

r2
.

A$ 3&"' + *&$% (# !&*6# * 2)$# ')6")(#$!# (- !&(#� #$' )-� -4($# #' "%-'6-5# + -$ 5#)' � -$'6#6 I&-5# + EFFFK
*)#

Svi,vj

#%' #$'"(6#� #$' *%'#6� "$%# 5&6 (& 3-$!'"-$ *# %'6)!')6# * 2-6*6# *#) (-$4"')*"$&(# 7 @ 6 + * 2&56(%(& *#) "(� # ),5-')(%# *# �-(� -4-6-! + -$ 5#)' %!6"6# )$# 6#(&'"-$ *"� #$%"-$$#((# *-$$&$' (& 3-6� # *#!#''# 3-$!'"-$ &) 46&$*% $-�"6#% *# ! #,$-(*% +
L(2)(r) = (εr)2/3f(r/ld),

#$ 6&55#(&$' *)#
ld

#%' ( 2%!)#((# *# �-(� -4-6-! 7
. &$% (& ("� "'# *#% $-�"6#% *# !#,$-(*% "$#$"% + !# *)" !-66#%5-$* , )$# ! "%!-%"'% #' , )$# %!)#((# *#*"%%"5&'"-$

ld
$)((#% + (& *#6$"(6# ),5-')(%# *# �-(� -4-6-! "� 5("*)# *)#

f
'#$* !#6% )$# !-$%'&$'#

C)$"!#6%#((# #' *)# *&$% !# !&% -$ & #$&(#� #$'

Svi,vj
(r) = C(εr)2/3

(

4

3
δij −

1

3

rirj

r2

)

.

�& 3-6� # *# (& 3-$!'"-$ *# %'6)!')6# (-$4"')*"$&(# %!6"'# 5()% )&)' %# 4%$%6&("%# &) -6*6#% #$'"#6%
p*)#(!-$*)#% 7 A$ #-#' + *&$% (# !&*6# *#% ),5-')(%#% *# �-(� -4-6-! + , (& ("� "'# *#% $-�" 6#% *# !#,$-(*%"$#$"% + #' %" ( 2-$ %# 5 (&!# *&$% (# *-� &"$# "$#6'"#( + (& 3-$!'"-$ *# %'6)!')6# (-$4"')*"$&(# * 2-6*6#

p
$# 5#)'*%5#$*6# *)# *#

ε
#' *#

r
+ !# *)" *-$$# + *"� #$%"-$$#((#� #$'

L(p)(r) = Cp(εr)
p/3 -�

Cp
#%' )$# !-$%'&$'# )$"!#6%#((# 7 cGd

A$ 5&6'"!)("#6 + -$ & (& (-" *"'# 5*#% *)&'6#'!"$*)"(� #%6 *# �-(� -4-6-! +
L(3)(r) = −(4/5)εr

+ # &!'# *&$%(# !&% *# ( 2)-� -4%$% "'% #' *# ( 2"%-'6-5"# (- !&(#% , '-)'#% (#% %!)#((#% + � &"% %4&(#� #$' '6(% " "#$ !%6"#%## 5 %6"� #$'&(#� #$' 7
� ���� �� NRW T�P ��RW �R TO �Q\���R �R �� TP�S����
. # $-�"6#)%#% � #%)6#% # 5 %6"� #$'&(#% c!-"6 5&6 # #� 5(# I7$%#(� #' jk ;lm+ CD`�Kd � -$'6#$' *)# (#% 3-$!''"-$% *# %'6)!')6# (-$4"')*"$&(#% %)"!#$' #-#!'"!#� #$' *#% (-"% *# 5)"%%&$!# #$ 3-$!'"-$ *# ( 2%!)#((#

r
+ � &"%&!#! *#% # 5-%&$'%

ζp
*"-%6#$'% *# !#) 56%*"'% 5&6 �-(� -4-6-! 7 @$ !-$%'&'# #$ #-#' *)#

ζp < p/3
*(%

q	�s~} xzu~s �� ��� ~ysu~ys �s{ {���t}��{ �� ~yzvx �s �}ts{{s {��{ �z ��uv s
exp (ik.x)

�
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*) 2-$ *%5&%%# ( 2-6*6#
p = 4

7 @$ -" %#6!# *-$! )$# *%! "&'"-$ *) !-� 5-6'#� #$' &''#$*) *&$% (# *-� &"$#"$#6'"#( 7 . &$% (# *-� &"$# *"%%"5&'"3 + ! 2#%'','*"6# &) 5#'"'#% %!)#((#% + -$ % 2"$'%6#%%# &) *%6"!%#% (-$4"')'*"$&(#% *# (& ! "'#%%#p� 7 @$ -" %#6!# &(-6% # 5 %6"� #$'&(#� #$' *)# 5-)6 *#% -6*6#%
p > 4

+ (#% *#$%"'%% *#56-"&" "("'% *# !#% *%6"!%#% 56%%#$'#$' *#% &"(#% $-$'4&)%%"#$$#% 3-6'#� #$' � &6*)%#% 7 A$ 3&"' + !#% &"(#% &5'5&6&"%%#$' %4&(#� #$' *&$% (#% *#$%"'%% *# 56-"&" "("'% *#% "$!6%� #$'% *# ! "'#%%# #) '�/� #% + , !-� 56"% &) 
%!)#((#% "$#6'"#((#%po 7
e#% *"!#6%#% -" %#6!&'"-$% %-$' "$'#656%'%#% I� "� #$#n + CDD`K !-�� # *#% %"4$&')6#% * 2)$ 5)%$-�($# * 2"$'#6'
� "''#$!# + !# *)" %"4$ "## *)# (#% '6&$%3#6'% * 2%$#64"# %-$' %5&'"&(#� #$' #' '#� 5-6#((#� #$' )%'%6-4($#% 7 1!" +(# � -' 5'6&$%3#6'6 *-"' /'6# 56"% *&$% )$ %#$% (&64# + !&6 "( % 2&4"' $-$ %#)(#� #$' *# (& !&%!&*# %$#64%'"*)#&) %!)#((#% "$#6'"#((#% � &"% %4&(#� #$' *# (& *"%%"5&'"-$ 7 . &$% (& ! "%"-$ "$'#6� "''#$'# *# (& ')6")(#$!# + (#%'6&$%3#6'% * 2%$#64"# #' (& *"%%"5&'"-$ %-$' (- !&("%%% *&$% ( 2#%5&!# #' (# '#�5% + !# *)" !-$'6#*"' ( 2),5-')(%#* 2&)'-%"� "(&6"'% *# �-(� -4-6-! 7 e# *#6$"#6 I�-(� -4-6-! + CDJEK + &"$%" *) 2@").)-! I@").)-! + CDJEK + & 56-'5-%% *# 6&+ $#6 !#''# ),5-')(%# #$ %)55-%&$' *)# (#% "$!6%� #$'% *# ! "'#%%# *%5#$*#$' * 2)$ !-#+ !"#$' *#*"%%"5&'"-$ (- !&(

εr
, )$# !#6'&"$# %!)#((#

r
+ 5 ()'�' *)# *) !-#+ !"#$' *# *"%%"5&'"-$ 4(-"&(

ε
7

� 2)%'%6-4%$% "'% *# (& *"%%"5&'"-$ * 2%$#64"# *&$% (#% %!-)(#� #$'% ')6")(#$'% + *) 2-$ ! "#$' *# 6#� &6*)#6 + %)4'4(6# *# % 2"$'#66-4#6 %)6 (& %'6)!')6# *#% n-$#% *"%%"5&'"!#% 7 A 5%6"� #$'&(#� #$' + -$ -" %#6!# *#% # (&� #$'%*# 3-6'# !-6'"!"'% + &) *)#(% %-$' &%%- !"%% *#% '&) *# *"%%"5&'"-$ % (#!%% 5&6 6&55-6' , (#)6 #$! "6-$$#'
� #$' Ie&*-' jk ;lm+ CDD�K 7 @$ 5#$%# *)# !#% %'6)!')6#% # (&� #$'#)%#% !-)%6#$'#% %-$' ("%#% , ( 2"$'#6� "''#$!#*# (& *"%%"5&'"-$ I&-6'#6 jk ;lm+ CDD�K 7
1( !-$! "#$' !#5#$*&$' *# 6#� &6*)#6 + !-�� # (# 3&"' &-5# I&-5# + EFFFK + *)# %#)(#% (#% %'&'"%'"*)#% * 2-6*6#
% (#!% + 56"%#% &) 5#'"'#% %!)#((#% + %-$' !%6"'&" (#� #$' "$#)#$!%#% 5&6 (#% *%3&)'% *# (& ')%-6"# *# �-(� -4-6-! 7
. &$% (# !-$'# '# *# (& !&%!&*# * 2%$#64"# &) %#"$ *#% %!-) (#� #$'% ')6")(#$'% + "( #%' 5()% "� 5-6'&$' *#% 2"$'%6#%%#6 &) 5)%$-�($#% *%'#6� "$&$' (# '&) *# '6&$%3#6' %$#64%'"*)# *) 2, ( 2"$'#6� "''#$!# + !#!" 5&6!#
*)# (#% *%! "&'"-$% # 5%6"� #$'&(#% 5&6 6&55-6' , (& ')%-6"# *# �-(� -4-6-! %-$' 3&"" (#% &) 46&$*#% %!)#((#% 71( 3&)' $%&$� -"$% 56#$*6# 4&6*# &) 3&"' *)# + 6%!"56-*)#� #$' + (#% �%!&$"%� #% * 2"$$ #!'"-$ * 2%$#64"# , !#%
%!)#((#% *%5#$*#$' ; < =>?=> 3-6'#� #$' *) %,%'(� # %')*"% 7
� ���� NO �����TR��R POS�\�� QX� ���X�OP �U�R ����PZ�RWW �� TR
� ���� �O NRW \U�O� �� �W �R TO POS�\��QX� ���X�OP �U�R ����PZ�RWW �� TR ��\O TR
�& 56%%#$!# *# !)&� 5 � &4$%'"*)# *&$% )$ � "("#) 5&6'"#((#� #$' "-$"%% + '#( *)# (# h 1 + #$ � -*"## %#$%"" (#'
� #$' (# !-� 5-6'#� #$' *,$&� "*)# + *) 3&"' *#% 3-6!#% % (#!'6-� &4$%'"*)#% *) 2"( #%' $%!#%%&"6# *# !-$%"*%6#6*&$% ( 2%*)&'"-$ *) � -)!#� #$' *#% "-$% 7 �& 56%%#$!# * 2#%5 (!#% $#)'6#% + -"% "%%&$' , )$# %*)&'"-$ $ 2"$!()&$'5&% !#% 3-6!#% + � &"% $%&$� -"$% !-)5(%#% &) "-$% 5&6 *#% 3-6!#% *# 36"!'"-$ + !-� 5("*)# #$!-6# (# 56-" ((� # 71( #%' !#5 #$*&$' 5-%%"" (# + &) 56" *# !#6'&"$#% &556- "� &'"-$%pp + * 2-"'#$"6 (#% %*)&'"-$% 6%4"%%&$' (& � &'4$%'-),*6-*,$&� "*)# chB. d "*%&(# , 5&6'"6 *#% %*)&'"-$% *# "&%# *# (& �%!&$"*)# *#% #)"*#% #' *#%
%*)&'"-$% *# h & /#(( + (#%*)#((#% % 2%!6"!#$'

∇.E =
ρe

ε0
, ∇.B = 0, ∇ ∧ E = −

∂B

∂t
, ∇ ∧ B = µ0j +

1

c2

∂E

∂t
,

-�
ρe

#%' (& *#$%"'% *# !)&64#% #'
j
(& *#$%"'% *# !-)6&$' 7 &-)6 %"�5("##6 + -$ !-$%"*(6# 5-)6 ( 2"$%'&$' (# !&%* 2)$ � "("#) #$'"(6#� #$' "-$"%% 7 . &$% '-)% (#% !&% + -$ 5#)' %!6"6# (& !-$%#6!&'"-$ *# (& !)&64# + #$ 56#$&$'(& *"!#64#$!# *# (& *#6$"(6# %*)&'"-$ *# h & /#((p$ +

∇.(∇ ∧ B) = µ0∇.j +
1

ε0c2

∂ρe

∂t
= 0 ⇒

∂ρe

∂t
+ ∇.j = 0.

 " (& !-$*)!'"! "'% % (#!'6"*)# *) � "("#) #%' %)+ %&�� #$' 46&$*# + (#% %!#$')#((#% !-$!#$'6&'"-$% *# !)&64#%(- !&(#% %-$' #-&!%#% '6(% 6&5"*#� #$' + *# %-6'# *) 2-$ & )$ � "("#) 4(-"&(#� #$' $#)'6# +
ρe = 0

7 . # 5()% + %"
��� xst}ts �~ys��s � � �}�~u�v s�t �s �}ts{{s zxxzuz}{{z�t �z�{ � �s�xus{{}�� �s{ ���~t}��{ �s {tu�~t�us ����}t��}�z�s{ { ��~u}t~�vvs �s xu���}t �s ~stts ��u}��s xzu �z {�xzuzt}��

r
� ~s ��} ��{t}�s � �}�t�u�t �� ��� �s�u x�uts �� q� ��s{ � }{xzuz}{{s�t ��z�v�}{ z�� x��{ �uz��s{ �~ys��s{���z{ t��� ��u{ ��{t}��s{ ����,���{ �t}�}{su��{ ��}��sv s�t �s {�{t�v s �� � � ~�vvs }� s{t us~�vvz��� �
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( 2-$ %)55-%# *)# (#% � -)!#� #$'% *) #)"*# %-$' $-$ 6#(&'"! "%'#% + "( #%' 5-%%"" (# *# $%4("4#6 (# !-)6&$' *#*%5(&!#� #$' + *# %-6'# *) 2-$ &
∇ ∧ B ' µ0j

+ (& *#$%"'% *# !-)6&$'
j

%'&$' 56-5-6'"-$$#((# + *) 3&"' *# (&$#)'6&("'% 4(-"&(# *) � "("#) + , (& *"-%6#$!#
ui−ue

*#% ! "'#%%#% *#% "-$% #' *#% % (#!'6-$% 7 .&$% (#% !-$*"'"-$%*) � "("#) "$'#6%'#((&"6# #' &) %!)#((#% -" %#6!%#% + !#''# ! "'#%%# *"-%6#$'"#((# #%' (&64#� #$' $%4("4#&" (# *#!&$'(#% ! "'#%%#% !&6&!'%6"%'"*)#% *#% %!-)(#� #$'% 7
� '&$' *-$$% *)# (#% !-(("%"-$% #$'6# "-$% #' % (#!'6-$% %# 3-$' &!#! )$ '#� 5% !&6&!'%6"%'"*)#

τc
5()% !-)6'
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